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Adaptive Robust Model Predictive Control
via Uncertainty Cancellation
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Abstract— We propose a learning-based robust predic-
tive control algorithm that compensates for significant
uncertainty in the dynamics for a class of discrete-time
systems that are nominally linear with an additive non-
linear component. Such systems are commonly used to
model the nonlinear effects of an unknown environment on
a nominal linear system. Inspired by certainty equivalent
“estimate-and-cancel” control laws pioneered in classical
adaptive control, we optimize over a class of nonlinear
feedback policies to significantly improve performance in
the presence of uncertainties of large magnitude, a setting
in which existing learning-based predictive control algo-
rithms often struggle to guarantee safety. In contrast to
previous work in robust adaptive model predictive control,
our approach allows us to take advantage of structure
(i.e., the numerical predictions) in the a priori unknown
dynamics learned online through function approximation.
Our approach also extends typical nonlinear adaptive con-
trol methods to systems with state and input constraints
even when we cannot directly cancel the additive uncertain
function from the dynamics. Moreover, we apply contem-
porary statistical estimation techniques to certify the sys-
tem’s safety in the form of persistent constraint satisfaction
with high probability. Finally, we show in simulation that
our method can accommodate more significant unknown
dynamics terms than existing methods.

Index Terms— Adaptive Control, Machine Learning,
Meta-Learning, Model Predictive Control, Robust Control

I. INTRODUCTION

Developing control systems capable of autonomous opera-
tion in diverse, unstructured environments requires control al-
gorithms that learn from experience. Therefore, rapid advances
in machine learning algorithms (e.g., see [2], [3]) have driven
a concomitant explosion in research on the use of learning
algorithms to control dynamical systems (e.g., see [4]–[22]).
These learning-based control algorithms leverage operational
data to improve closed-loop performance, typically by refining
estimates of the environments’ nonlinear and a priori unknown
effects on the dynamics online.

The authors are with the Autonomous Systems Lab at Stan-
ford University, Stanford, CA, {rhnsinha, jharrison, spenrich,
pavone}@stanford.edu. This research was supported in part by
the National Science Foundation (NSF) via Cyber-Physical Sys-
tems (CPS) award #1931815, and the National Aeronautics and
Space Administration (NASA) via University Leadership Initiative
grant #80NSSC20M0163 and via an Early Stage Innovations grant.
Spencer M. Richards and James Harrison were also supported in part
by the Natural Sciences and Engineering Research Council of Canada
(NSERC). This article solely reflects our own opinions and conclusions,
and not those of any NSF, NASA, or NSERC entity. This paper extends
an earlier conference version of this work [1].

Fig. 1. High-level illustration of our approach. We learn the effect of
environmental uncertainty online and curb its influence through certainty
equivalent adaptive control. Then, we account for any remaining uncer-
tainty and guarantee constraint satisfaction using tube MPC.

Upon deployment, these methods should provide rigorous
safety guarantees while quickly adapting in the face of uncer-
tainty. The problem of safe learning in control was initially
considered in adaptive control theory, a mature discipline that
has historically emphasized safety in the form of closed-
loop stability guarantees [23]–[25]. These classical adaptive
control methods have seen continued interest in recent work
on learning to control for their simplicity and asymptotic
convergence behavior for systems with matched uncertainty
(e.g., see [4], [10], [18], [26]–[28]). However, these approaches
generally cannot guarantee the satisfaction of constraints on
states and inputs, even though this finer-grained notion of
safety is essential in practice to ensure unsafe regions of the
state space are avoided under limits on the control authority.

In contrast, model predictive control (MPC) algorithms
were developed to provide such set-avoidance guarantees [29].
Therefore, many recently proposed learning-based control
algorithms strive to integrate online learning algorithms with
robust MPC strategies (e.g., see [5]–[8], [11], [13]–[15], [20],
[30], [31]). However, guaranteeing constraint satisfaction then
generally requires estimating uncertainty in learned quantities
and propagating this uncertainty forward in time to charac-
terize the set (or distribution) of possible trajectories when
performing trajectory optimization. This is a challenging prob-
lem when we estimate the dynamics with expressive models
like deep neural networks. Thus, we reach a central tension
underlying modern learning-based control; we desire complex
nonlinear models with the broad representational capacity
necessary for autonomy in diverse and a priori unmodelled
environments, but these models are not readily integrated into
constrained control algorithms. This tension often results in
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learning-based control algorithms for constrained systems that
are either too conservative (e.g., yielding limited performance
to remain safe) or too fragile (e.g., infeasible in the face of
considerable uncertainty).

In this work, we leverage classical adaptive control tech-
niques to reduce the over-conservatism and fragility of
learning-based control algorithms for systems subject to state
and input constraints. We combine a simple nonlinear control
law inspired by “estimate-and-cancel” methods in nonlinear
adaptive control with robust MPC techniques to control a sys-
tem in an uncertain environment, represented as an unknown
nonlinear term in the dynamics. This strategy results in a
simple control algorithm that is recursively feasible, input-
to-state stable, and can safely leverage expressive nonlinear
models. We can view our approach through the lens of both
adaptive control and robust adaptive MPC. On the one hand,
we extend classical adaptive cancellation-based methods to a
setting with uncertain, unmatched dynamics subject to state
and input constraints. On the other hand, we introduce a
simple nonlinear feedback law to construct an adaptive robust
MPC scheme that can reduce the conservatism of existing
approaches by taking advantage of the learned structure in
a priori unknown dynamics. We demonstrate on various sim-
ulated systems that our method reduces the conservatism and
increases the feasible domain of the resulting robust MPC
problem compared to typical adaptive robust MPC methods.

A. Related Work

We briefly review two significant paradigms for the control
of uncertain systems, namely adaptive control and robust
control. We then discuss recent works that combine ideas
from both paradigms, oftentimes leveraging modern methods
in machine learning.

1) Adaptive Control: Adaptive control concerns the joint
design of a parametric feedback controller and a parameter
adaptation law to improve closed-loop performance over time
when the dynamics are partially unknown [24], [25]. Design of
these components for nonlinear systems commonly relies on
expressing unknown dynamics terms as linear combinations of
known basis functions, i.e., features [24]. The adaptation law
updates the feature weights online, and the controller applies
part of the control signal to cancel the estimated term from
the dynamics [23], [24], [32], [33]. These simple methods
can achieve tracking convergence up to an error threshold that
depends on the representation capacity of the features relative
to the true dynamics [32], [33]. Recent works propose combin-
ing high-capacity parametric and non-parametric models from
machine learning with classical adaptive control designs. This
includes deep neural networks via online back-propagation
[10], Gaussian processes [26], and Bayesian neural networks
[18], [34] via online Bayesian updates and meta-learned fea-
tures [4], [19]. However, these approaches are fundamentally
limited by common assumptions in classical adaptive control,
namely that uncertain dynamics terms can be stably canceled
by the control input in their entirety, i.e., that these terms are
matched uncertainties [24], [25], [32], [33]. Moreover, most of
these works do not consider state and input constraints, which
are essential to safe control in practice. We generalize these

classical adaptive methods to incorporate safety constraints
even if the uncertainty is not fully matched.

2) Robust Control: Robust control seeks consistent perfor-
mance despite uncertainty in the dynamics. In this work,
we consider the robust control of constrained discrete-time
systems using tools from predictive control. In particular,
robust MPC algorithms for linear systems consider the control
of a system subject to bounded noise or uncertain dynamics
terms, i.e., disturbances, as an optimization program with
explicit state and input constraints. Some methods optimize
the worst-case performance of the controller [35], while others
tighten the constraints to accommodate the set of all possible
trajectories induced by the disturbances and optimize the
nominal predicted trajectory instead [36], [37]. To account
for future information gain and reduce conservatism, these
methods either fix a disturbance feedback policy [36] or
optimize over state feedback policies [38].

3) Adaptive Robust MPC (ARMPC): ARMPC, often referred
to as learning-based MPC, incorporates the online estimation
(i.e., learning) from adaptive control methods into robust MPC
to satisfy constraints in the presence of process noise and
model uncertainty during learning. Recent years have seen
a flurry of work on nonlinear predictive control methods
that apply contemporary machine learning techniques to learn
uncertain dynamics online [11], [13], [20], [22]. These meth-
ods typically result in non-convex programs for trajectory
optimization under the learned dynamics, while relying on
conservative approximate methods for uncertainty propagation
to guarantee constraint satisfaction. However, it is unclear how
to construct the necessary components, i.e., the robust positive
invariant and the terminal cost function, for predictive control
to make claims of persistent constraint satisfaction (i.e., safety)
or stability for arbitrary nonlinear systems. Some methods
ignore these topics and do not make rigorous safety guarantees
[11]. Other works, such as [20], [22], assume these ingredients
already exist or only consider trajectory optimization tasks
where a goal region needs to be reached in a finite number of
time steps [13]. Moreover, iterative methods used to solve for
local minima of non-convex programs can be computationally
prohibitive and often have limited performance guarantees.

To make rigorous safety guarantees, we will focus on
adaptive robust methods for systems that are nominally linear,
as considered in [5]–[8], [14], [15], [31]. A straightforward
approach is to maintain an outer bound on any unknown
nonlinear terms in the dynamics and use it as a disturbance
bound in any chosen robust MPC scheme [5]–[8], [14].
These methods avoid some of the difficulties associated with
trajectory optimization for nonlinear dynamics by ignoring
the actual values of the nonlinear terms at any point in the
state space. That is, these methods do not exploit the learned
structure in the a priori unknown dynamics, often rendering
them overly conservative or fragile.

B. Contributions

We present an ARMPC method for systems with an additive
unknown nonlinear dynamics term, subject to state and input
constraints. Rather than construct an outer envelope for such
terms, as is normative in ARMPC literature for linear systems
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[5], [30], we develop theoretical guarantees for a broad class
of function approximators, including set membership and
least-squares methods for certain noise models. Our key idea
is to decompose uncertain dynamics terms into a matched
component that lies in a subspace that can be stably canceled
by the control input, and an unmatched component that lies in
an orthogonal complement to this subspace. We apply certainty
equivalent adaptive control techniques to stably cancel the
matched component from the dynamics and then apply robust
MPC, considering the unmatched component as a bounded
disturbance. Therefore, our method explicitly uses estimates
of the unknown dynamics term throughout the state space
for control, i.e., it takes advantage of the learned structure
in the dynamics. We prove our method is recursively feasible
and input-to-state stable. Moreover, we demonstrate on various
simulated systems that our method reduces the conservatism
and increases the feasible domain of the resulting robust MPC
problem compared to typical adaptive robust MPC methods.

The performance of the adaptive control strategy, which
learns a structured representation of the unknown dynamics
term, relies on the quality of the features used in online learn-
ing. Thus, in addition to investigating standard techniques for
feature construction, we introduce a Bayesian meta-learning
algorithm [34] for feature learning. This method, which learns
features that are broadly useful across tasks (or instantiations
of unknown dynamics) produces useful features and well-
calibrated priors, and satisfies our desiderata for learning
algorithms. Beyond the central algorithmic contributions of
this paper, we also show the utility of these meta-learning
algorithms in adaptive and learning-based control.

C. Organization
In §II, we pose the general robust infinite-horizon optimal

control problem central to this work. In §III, we discuss a
standard robust MPC solution to this problem that is a core
tool in the development of our approach. Moreover, we outline
several tools that are used in the analysis of our approach.
In §IV, we describe our approach, prove the stability of the
method, and discuss different possible assumptions on the
learning setting and the impact on the controller. In §V, we
discuss two estimators that we use in our experiments – set-
membership and linear regression. We also compare these
estimators, and introduces meta-learning as a powerful black-
box tool for feature learning and prior calibration. Finally, we
present simulation results in §VI, and we conclude the paper
and discuss directions for future work in §VII.

II. PROBLEM FORMULATION

We consider the robust control of nonlinear discrete-time
systems of the form

x(t+ 1) = Ax(t) +Bu(t) + f(x(t)) + v(t), (1)

where x(t) ∈ Rn is the system state, u(t) ∈ Rm is the
control input, A ∈ Rn×n and B ∈ Rn×m are known constant
matrices, and v(t) ∈ V is a disturbance in a known compact
convex set V containing the origin. In addition, an unknown,
nonlinear dynamics term f : Rn → Rn acts on the system,
representing the unmodelled influence of the environment on

the nominally linear dynamics of system (1). For example,
f(x) can model the effect that wind conditions have on the
linearized dynamics of a drone. We assume the disturbances
have zero mean and are independent and identically distributed
(iid) according to some distribution p(v), i.e., v(t)

iid∼ p(v)
and E[v(t)] = 0 for all t ≥ 0. Our goal is to regulate the
system to the origin according to the robust optimal control
problem

minimize
x,u

E
[ ∞∑

t=0

h(x(t), u(t))
]

subject to x(t+ 1) = Ax(t) +Bu(t) + f(x(t)) + v(t)

u(t) ∈ U , x(t) ∈ X , v(t) ∈ V, ∀t ∈ N≥0

, (2)

where X ⊆ Rn and U ⊆ Rm are compact convex sets
containing the origin, and h(x, u) = x⊤Qx + u⊤Ru is a
quadratic stage cost parameterized by positive semi-definite
matrix Q ∈ Sn⪰0 and positive-definite matrix R ∈ Sm≻0. The
problem (2) is computationally intractable to solve because
the horizon is infinite and the nonlinear function f makes
the problem non-convex. To approximately solve (2), we need
additional assumptions on the unknown, nonlinear dynamics
term f . In particular, to derive a controller that is robust to
any possible value of f(x), we need f to be bounded on X .
Moreover, to construct guarantees on the online estimation
of f and establish properties of a controller using this estimate,
we also need to assume some structure of f . For these reasons,
we make the following assumption.

Assumption 1 (structure): The nonlinear dynamics term
f : Rn → Rn is linearly parameterizable, i.e.,

f(x) = Wϕ(x), ∀x ∈ Rn, (3)

where ϕ : Rn → Rd is a known nonlinear feature map,
and W ∈ Rn×d is an unknown weight matrix. Moreover,
∥ϕ(x)∥ ≤ 1 for any x ∈ X , where ∥ ·∥ is the Euclidean norm.

Representing a nonlinear function using a feature map is
common both in adaptive control [24], [32] and contemporary
machine learning [21], [34], as they can represent arbitrary
functions if properly designed. Without loss of generality,
we assume the upper norm bound on the features is one for
simplicity. This parameterization admits function classes such
as neural networks with scaled sigmoid outputs.

A. Matched and Unmatched Uncertainty

While it is common in adaptive control to assume the
uncertain function f in (1) can be stably cancelled in its
entirety [24], [33], we will generalize this approach to a
setting where perfect cancellation is not possible. We use the
following definition to distinguish between components of the
uncertain dynamics f that can and cannot be cancelled.

Definition 1 (matched and unmatched uncertainty): The
uncertain function f(x) in (1) is a matched uncertainty if
f(x) ∈ Range(B) for all x ∈ X . Conversely, if there exists
an x ∈ X such that f(x) /∈ Range(B), then f(x) is an
unmatched uncertainty.

In this work, we assume the matrix B in (1) has full column
rank, i.e., there are no redundant actuators; this guarantees that
the Moore-Penrose pseudoinverse B† := (B⊤B)−1B⊤ exists.
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If f(x) is a matched uncertainty, then the function g(x) =
B†f(x) satisfies f(x) = Bg(x) for any x ∈ X .

Controlling systems with matched uncertainty is a classical
problem in the adaptive control literature, much of which
relies on the observation that setting u(t) = ū(t) − g(x(t))
in (1) would cancel the nonlinear term to yield linear dynamics
with respect to the nominal input ū(t). Certainty equivalent
controllers approximately cancel g(x) with an estimate ĝ(x)
and can yield simple nonlinear adaptive laws that achieve
asymptotic tracking performance for matched systems. Even
though systems are often designed to be easy to control, un-
matched uncertainty affects many practical systems of interest,
such as underactuated robots (e.g., quadrotors and cars). We
propose to decompose the uncertain function f into matched
and unmatched components, apply certainty equivalent cancel-
lation to the matched component, and curb the impact of the
unmatched component with robust MPC. Applying part of the
input to cancel matched uncertainty instantaneously prevents
part of f from leaking into the dynamics, avoiding the need
to react to large observed disturbances.

III. ROBUST MPC BACKGROUND

We now briefly review how we could approximately solve
the optimal control problem (2) with existing robust MPC
techniques that treat d(t) := f(x(t))+v(t) as a single bounded
disturbance term, since d(t) lies in the set

D := {f(x) + v ∈ Rn | x ∈ X , v ∈ V} (4)

for all t ∈ N≥0. Indeed, D is bounded under Assumption 1
and the boundedness of X and V .

A. Receding Horizon Control
We focus on receding-horizon robust MPC schemes,

whereby an approximate version of (2) with finite horizon
N ∈ N>0 is solved online with full state feedback. Rather
than search over open-loop input sequences, which can incur
issues with feasibility and stability, we search over closed-
loop feedback policies [8], [36], [38]. In particular, we follow
[38] in optimizing over time-varying, causal, affine disturbance
feedback policies of the form

ut+k|t = ūt+k|t +
∑k−1

j=0Kkj|tdt+j|t, (5)

via the robust MPC problem

minimize
{Kkj|t}N−1,k−1

k=0,j=0 ,

{ūt+k|t}N−1
k=0

VN (x̄t+N |t) +

N−1∑

k=0

h(x̄t+k|t, ūt+k|t)

subject to x̄t+k+1|t = Ax̄t+k|t +Būt+k|t

xt+k+1|t = Axt+k|t +But+k|t + dt+k|t

ut+k|t = ūt+k|t +
∑k−1

j=0Kkj|tdt+j|t

xt+k|t ∈ X , ut+k|t ∈ U
∀k ∈ {0, 1, . . . , N − 1}
x̄t|t = x(t), xt|t = x(t), xt+N |t ∈ O
∀{dt+k|t}N−1

k=0 ⊂ D

. (6)

The problem (6) optimizes a time-varying feedback policy
with a cost on the nominal trajectory (x̄, ū) subject to state

and input constraints on the realized trajectory (x, u). We use
the subscript t + k|t for quantities at the k-th step of the
prediction horizon when (6) is solved online at time t ∈ N≥0.
If the function VN : X → R, the terminal set O, and the
disturbance set D are convex, then (6) is a convex problem;
we refer readers to [38] for implementation details. One might
also consider a formulation of (6) where the feedback gains
are fixed, yielding a more basic tube MPC problem [36].

Solving (6) in a receding horizon fashion encodes the
closed-loop feedback policy u⋆ : X × N≥0 → U , where
u⋆(x(t), t) = u⋆

t|t is the first element of an optimal control
input sequence from solving (6) with the initial condition
(x(t), t). This feedback policy is robust since the constraints
in (6) are enforced for every possible N -step sequence of
disturbances.

B. Invariant Sets
The choice of terminal ingredients VN and O in (6) is

pivotal to guarantee that the closed-loop system formed by the
dynamics (1) and the MPC policy satisfies x(t) ∈ X , u(t) ∈ U
for all t ≥ 0, and is stable. In particular, to establish these
recursive feasibility and stability guarantees, the terminal set
O must be invariant with respect to the underlying dynamics
(1) under some policy that satisfies the input constraints on O.
Moreover, the terminal cost VN must be a Lyapunov function
associated with the stage cost on O under the policy associated
with O. We review some invariant set notions below.

Definition 2 (invariant sets [29]): Consider the dynamical
system x(t + 1) = q(x(t), v(t)), where v(t) is a disturbance
signal that takes values in some set V , subject to the state
constraint set X ⊆ Rn. Then a robust positive invariant (RPI)
set for the constrained system is any set O ⊆ X satisfying

x(0) ∈ O =⇒ x(t) ∈ O, ∀t ∈ N≥0, (7)

for any possible sequence {v(t) | t ∈ N≥0} ⊂ V . The maximal
RPI set O∞ ⊆ X is the RPI set satisfying O ⊆ O∞ for any
other RPI set O ⊆ X .

Invariant sets are essential to predictive control design,
as planning a trajectory into an RPI set associated with a
fixed stabilizing feedback policy guarantees that there exists
a robust MPC policy that satisfies the constraints for all time.
Moreover, computing the maximal RPI set for a linear time-
invariant system is algorithmically straightforward [29].

C. ISS Stability
Due to the disturbance term v(t), the system (1) typi-

cally cannot be regulated to the origin even asymptotically.
Therefore, we briefly review relevant results of input-to-state
stability (ISS) theory, which is often used to analyze robust
control algorithms [7], [37], [38]. We propose an adaptive
approach that refines an estimate of the unknown function f
online. As a result, the closed-loop system is time-varying.
First, we review standard comparison function notation [39].
A function α : R≥0 → R≥0 is a class-K function if it is
continuous, strictly increasing, and α(0) = 0. In addition, α is
class-K∞ if it is class-K and limx→∞ α(x) = ∞. A function
β : R≥0 × N≥0 → R≥0 is class-KL if β(·, t) is class-K for
any fixed t ≥ 0, β(x, ·) is decreasing for any fixed x ≥ 0, and
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limt→∞ β(x, t) = 0 for any fixed x ≥ 0. We now use these
function classes to state the ISS definitions.

Definition 3 (input-to-state stable (ISS) [39]): The system
x(t+ 1) = q(t, x(t), v(t)) with disturbance v(t) is glob-
ally input-to-state stable (ISS) if there exists a class-
KL function β : R≥0 × N≥0 → R≥0 and a class-K function
γ : R≥0 → R≥0 such that

∥x(t)∥ ≤ β(∥x(0)∥, t) + γ(supk∈{0,1,...,t}∥v(k)∥), (8)

for all x(0) ∈ Rn and t ∈ N≥0.
In essence, a system is ISS if it is nominally asymptotically

stable and the influence of the disturbance is bounded. This
makes ISS a convenient framework to analyze the stability of
systems subject to random disturbances. Similarly to nonlinear
stability analysis for deterministic systems, we can show a
system is ISS if there exists an ISS-Lyapunov function.

Definition 4 (ISS-Lyapunov function [39]): The function
V : N≥0 × Rn → R is an ISS-Lyapunov function for the
system x(t+ 1) = q(t, x(t), v(t)) if it is continuous in x,
continuous at the origin for all t ∈ N≥0, and there exist three
class-K∞ functions α1, α2, α3 and a class-K function σ such
that

α1(∥x(t)∥) ≤ V (t, x(t)) ≤ α2(∥x(t)∥)
V (t+ 1, x(t+ 1))− V (t, x(t)) ≤ −α3(∥x(t)∥) + σ(∥v(t)∥) ,

(9)
for all x(t) ∈ Rn.

Theorem 1 ([39]): A time-varying system is globally ISS
if it admits an ISS-Lyapunov function.

The above definitions naturally extend to local ISS stability;
for a detailed discussion, we refer readers to [37], [39], [40].

IV. ADAPTIVE ROBUST MPC
In this section, we first describe assumptions on and nec-

essary features of the learning procedure in a way that is
agnostic to the choice of learning algorithm. We then introduce
our adaptive robust MPC approach, and prove stability of the
combined learning and control framework.

A. Learning Desiderata
Since the nonlinear dynamics term f is unknown, our

method takes a certainty equivalent approach by substituting
an estimate f̂ that is refined online as more data becomes
available. To guarantee the adaptive robust MPC framework
satisfies state and input constraints for all time (i.e., safety), we
make several assumptions on f̂ . We discuss two commonplace
estimators that satisfy these assumptions later in §V.

We maintain the estimate

f̂(x, t) = Ŵ (t)ϕ(x) (10)

of f(x), where Ŵ (t) ∈ Rn×d is our estimate of W at time t.
To this end, we need bounds on our initial uncertainty, i.e., the
difference between f(x) and f̂(x, 0) for all x. For a general
statistical estimator, this entails specifying a risk tolerance
δ ∈ (0, 1) and computing confidence intervals on the estimate.

Assumption 2 (prior knowledge): Let wi, ŵi(t), and w̃i(t)

be the i-th rows of W , Ŵ (t), and W̃ (t) := Ŵ (t) − W ,
respectively, for i ∈ {1, 2, . . . , n}. At t = 0, we know an
initial estimate Ŵ (0) ∈ Rn×d and bounded sets {Wi(0)}ni=1

with Wi(0) ⊂ Rd, such that W̃ (0) ∈ W(0) with probability
at least 1− δ, where we define the sets

W(t) :=
{
W̃ ∈ Rn×d | w̃i ∈ Wi(t), ∀i ∈ {1, . . . , n}

}
, (11)

for all t ∈ N≥0.
Assumption 2 provides only an initial bound on the error of

the estimate, which we explicitly label as the estimate at t = 0.
Later, we will define W(t) for all t ∈ N≥0 when we adaptively
update our estimate Ŵ (t) and the bounds {Wi(t)}ni=1 online.
Our approach leverages the certainty equivalent “estimate
and cancel” control laws pioneered in classical unconstrained
adaptive control [24], [33]. As such, Assumption 1 and As-
sumption 2 are necessary to bound our approximation error.
However, since we specify the risk tolerance δ, we cannot
guarantee exact constraint satisfaction for all time. Instead,
we slightly relax our definition of safety.

Definition 5: Under a risk tolerance of δ ∈ [0, 1], the system
(1) is safe when

Prob
(
x(t) ∈ X , u(t) ∈ U , ∀t ≥ 0

)
≥ 1− δ. (12)

That is, the probability of a constraint violation should be no
more than δ over the entire realized trajectory.

To guarantee closed-loop safety, we assume we have an
online adaptation strategy that ensures the quality of the
estimate Ŵ (t) cannot get worse over time.

Assumption 3 (online learning): We have an online param-
eter estimator that maps an initial estimate Ŵ (0), the associ-
ated 1−δ confidence interval W(0), and the trajectory history
{x(k), u(k)}tk=0 to an online estimate Ŵ (t) and confidence
interval W(t) at time t, such that ŵi(t)− wi ∈ Wi(t) for all
time t ∈ N≥0 and i ∈ {1, 2 . . . , n} with probability at least
1 − δ. We assume the confidence intervals on Ŵ (t) are not
growing with time, i.e., that

W(t+ 1) ⊆ W(t), (13)

for all t ∈ N≥0.
Intuitively, Assumption 3 states that more data should

not decrease the confidence in our estimate of W . We dis-
cuss two commonplace estimators that satisfy Assumption 3
in §V. Formulating separate confidence intervals for each row
of Ŵ (t) is a natural approach, as fitting Ŵ (t) to historical
data decomposes into n separate least-squares problems (one
for each row) if the cross-covariance of v(t) is zero.

Crucially, Assumption 3 allows us to treat the confidence
intervals W(t) as exact bounds in the control design, since a
robust controller that guarantees constraint satisfaction condi-
tioned on the event that ŵi(t)−wi ∈ Wi(t) for i ∈ {1, . . . , n}
and all time then satisfies (12). More formally, let SAFE
denote the event that x(t) ∈ X and u(t) ∈ U for all t ≥ 0.
Then, apply the law of total probability to see that

Prob
(
SAFE)

≥ Prob
(
SAFE | Ŵ (t)−W ∈ W(t), ∀t ≥ 0

)

× Prob
(
Ŵ (t)−W ∈ W(t), ∀t ≥ 0

)

≥ Prob
(
SAFE | Ŵ (t)−W ∈ W(t), ∀t ≥ 0

)
︸ ︷︷ ︸

=1 using robust MPC in §IV-B

(1− δ)

, (14)

since application of the estimators in §V that satisfy Assump-
tion 3 ensures Prob

(
Ŵ (t)−W ∈ W(t), ∀t ≥ 0

)
≥ 1− δ.
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Therefore, we treat the chance constraint (12) as a proxy
for robust constraint satisfaction and construct our approach
for the remainder of §IV conditioned on the event that ŵi(t)−
wi ∈ Wi(t) for all time and i ∈ {1, . . . , N}. This approach
was also taken in [13], [16].

Assumption 3 does not require the estimated range of
the unknown function f to shrink over time. Therefore, our
estimation procedure differs from methods such as [6], [7],
[14] that refine a non-increasing bound exclusively on the
range of f without taking direct advantage of the structure
in the nonlinear dynamics.

B. Certainty Equivalent Cancellation

We propose optimizing over feedback policies that cancel
as much of the nonlinear term f(x) as possible.

Definition 6: The set of matching certainty equivalent (CE)
policies is the time-varying function class whose elements π :
X × N≥0 → U are of the form

π(x(t), t) = u⋆(x(t), t)−B†f̂(x(t), t) (15)

The matching CE policies simply project f̂(x(t), t) onto
Range(B), and cancel out as much of the disturbance as
possible in the Euclidean norm sense, since

B†f̂(x(t), t) = argmin
z

∥Bz − f̂(x(t), t)∥. (16)

The matching CE law (15) results in the closed-loop dynamics

x(t+ 1) = Ax(t) +Bπ(x(t), t) + f(x(t)) + v(t)

= Ax(t) +Bu⋆(x(t), t) + d(t)
, (17)

where we define the compound disturbance term d(t) as

d(t) := v(t) + f(x(t))−BB†f̂(x(t), t)

= v(t) +BB†(f(x(t))− f̂(x(t), t))

+ (I −BB†)f(x(t))

. (18)

We have written d(t) above with three terms to highlight that
it is driven by the process disturbance v(t), the estimation
error f(x)− f̂(x), and the imperfect matching using B†.

Remark 1: If we know that f is a matched uncertainty (i.e.,
that f(x(t)) = Bg(x(t)) for some function g : Rn → Rm),
we can reduce the compound disturbance to

d(t) := v(t) +B(g(x(t))− ĝ(x(t), t)), (19)

since B†B = I . Therefore, the matching certainty equiva-
lent controller (15) generalizes approaches for systems with
matched uncertainty to those with unmatched uncertainty.

As mentioned in our learning desiderata, to guarantee safety
as defined in (12), we construct a controller that guarantees
constraint satisfaction when Ŵ (t)−W ∈ W(t) for all t ≥ 0,
which we will assume is the case for the remainder of this
section. To design a robust matching CE policy, we need to:

• Guarantee that the closed-loop dynamics (17) do not
violate state constraints.

• Tighten input constraints to account for the certainty
equivalent cancellation in (15).

Therefore, we introduce two simple polytopic approximations
that bound the support of the cancellation term in (15) and the
terms that make up the compound disturbance d(t).

Lemma 1: Consider online approximation of f(x) with
features satisfying Assumption 1, an estimator satisfying As-
sumption 3, and define the estimated support set as

F(t) := {z ∈ Rn : |zi| ≤ ∥ŵi(t)∥+ 2 max
w̃i∈Wi(t)

∥w̃i∥}. (20)

Then, for all x ∈ X and t, k ∈ N≥0 it holds that

f̂(x, t+ k), f(x) ∈ F(t). (21)
Proof: We show F(t) over-approximates the range of

values z = f̂(x, t+k) can take for any x ∈ X and k ≥ 0. Let
z = f̂(x, t+ k) = Ŵ (t+ k)ϕ(x). Then,

|zi| = |ŵi(t+ k)⊤ϕ(x)|
≤ ∥ŵi(t+ k)∥
≤ ∥ŵi(t)∥+ ∥ŵi(t+ k)− ŵi(t)∥
≤ ∥ŵi(t)∥+ ∥ŵi(t+ k)− wi∥+ ∥ŵi(t)− wi∥.

(22)

The non-increasing confidence interval property from Assump-
tion 3 gives Wi(t+ k) ⊆ Wi(t) for k ≥ 0, so

|zi| ≤ ∥ŵi(t)∥+ 2 max
w̃i∈Wi(t)

∥w̃i∥, (23)

which proves that f̂(x, t+k) ∈ F(t) for all k ≥ 0. In addition,
let y = f(x) = Wϕ(x) for some x ∈ X . Then,

|yi| = |w⊤
i ϕ(x)|

≤ ∥wi∥
≤ ∥ŵi(t)∥+ ∥ŵi(t)− wi∥
≤ ∥ŵi(t)∥+ max

w̃i∈Wi(t)
∥w̃i∥.

(24)

Hence, f(x) ∈ F(t).
The set F(t) in Lemma 1 contains all possible values

that our online estimate can take for all future times. It is
not straightforward to create a tighter approximation (i.e.,
eliminate the factor of 2) without additional assumptions. To
see this, consider a constant unit norm ball confidence interval.
In the worst case, the true parameter lies on the boundary of
the ball around the current estimate. This means all future
estimates may lie a Euclidean distance of 2 units away from
the current estimate, yielding the bound in Lemma 1.

Remark 2: Representing the set F(t) defined in Lemma 1
requires finding the max-norm element of a convex set. For
many convex confidence intervals this is straightforward to
compute, although it is not always efficient. For ellipsoids,
this amounts to an eigenvalue computation. For polytopes, this
requires vertex enumeration, incurring exponential complexity
in the dimension of the state space n.

Moreover, Lemma 1 does not require that F(t+1) ⊆ F(t),
so we provide the following corollary to help us create an
approximation that is non-increasing in size.

Corollary 1: At time t, the sets {F(i)}ti=0 are known, so

f̂(x, t+ k), f(x) ∈
t⋂

i=0

F(i) =: F̂(t) (25)

for all x ∈ X and k ∈ N≥0, where we define F̂(t) as the set

{z : |zi| ≤ min
j∈{0,...,t}

[∥ŵi(j)∥+ 2 max
w̃i∈Wi(j)

∥w̃i∥]}. (26)

Note F̂(t) can be computed recursively in time.
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To construct a robust MPC problem to optimize the CE
policy (15), we need to account for the compound distur-
bance d(t). We do this with the following lemma.

Lemma 2: Assume the online parameter estimator satisfies
Assumption 3 with features that satisfy Assumption 1 and
define the approximation error support as the set

D(t) := {z ∈ Rn | |zi| ≤ max
w̃i∈Wi(t)

∥w̃i∥,∀i ∈ {1, . . . , n}}.
(27)

If we control the system (1) using the certainty equivalent
control law (15), then at time t for all k ∈ N≥0, the compound
disturbance d(t+ k) in the dynamics (17) is contained in the
set D̂(t) ⊆ D̂(t− 1), defined as

D̂(t) := (I −BB†)F̂(t)⊕BB†D(t)⊕ V. (28)

Here ⊕ indicates the Minkowski sum and a matrix-set multi-
plication indicates a linear transformation of the set’s elements.

Proof: At any state x ∈ X and time t + k, let z =
f̂(x, t + k) − f(x) = (Ŵ (t + k) − W )ϕ(x) = W̃ϕ(x) for
some W̃ ∈ W(t+ k) ⊆ W(t). Then

|zi| = |w̃⊤
i ϕ(xt)| ≤ ∥w̃i∥ ≤ max

w̃i∈Wi(t)
∥w̃i∥.

So f̂(x, t + k) − f(x) ∈ D(t) for all k ∈ N≥0. Since
Wi(t) ⊆ Wi(t − 1) by Assumption 3, this implies D(t) ⊆
D(t− 1). Then, by Corollary 1, f(x) ∈ F̂(t). Therefore, d(t)
in the closed-loop dynamics (17) is contained in D̂(t) since
D(t) is symmetric. In addition, since both F̂(t) ⊆ F̂(t − 1)
and D(t) ⊆ D(t− 1), the support of d(t) is nested over time,
i.e., D̂(t) ⊆ D̂(t− 1).

Remark 3: If the estimation error is small, (28) shows that
the compound disturbances d(t) will only depend on the pro-
cess noise and the component of the unknown function f that
cannot be cancelled using the CE control law (15). Therefore,
if the estimation error is small and a significant component of
the uncertainty is matched, we generally expect our method
to tolerate nonlinear uncertainty with larger magnitude than a
conventional robust MPC scheme.

Remark 4: We could consider multiple variations on the
bounds in Lemma 1 and Lemma 2 that would yield equivalent
properties of the closed-loop system. For example, if a bound
on the true range of f is known a priori, we may project f̂
into a known box enclosing the support of f .

Remark 5: Lemma 1 and Lemma 2 result in box constraints
on the disturbances. Approximations of this form are often
more favorable from a practical perspective compared to (op-
erator) norm type bounds, since these box constraints are better
able to preserve the relative magnitudes of state variables that
represent physical quantities.

We now use the set F(t) from Lemma 1 and the set D̂(t)

from Lemma 2 to modify the robust MPC problem (6) into

minimize
{Kkj|t}N−1,k−1

k=0,j=0 ,

{ūt+k|t}N−1
k=0

VN (x̄t+N |t) +

N−1∑

k=0

h(x̄t+k|t, ūt+k|t)

subject to x̄t+k+1|t = Ax̄t+k|t +Būt+k|t

xt+k+1|t = Axt+k|t +But+k|t + dt+k|t

ut+k|t = ūt+k|t +
∑k−1

j=0Kk,j|tdt+j|t

xk|t ∈ X , ut+k|t ∈ U ⊖B†F̂(t)

∀k ∈ {0, 1, . . . , N − 1}
x̄t|t = x(t), xt|t = x(t), xt+N |t ∈ O(t)

∀{dt+k|t}N−1
k=0 ⊂ D̂(t)

. (29)

Compared to (6), in (29) we have tightened the input con-
straints to account for the matching term in the certainty
equivalent policy (15). As in standard robust MPC, we assume
we can compute a robust control invariant set O(t) and that
we have access to a convex terminal cost function VN .

Let {u⋆
t|t, . . . , u

⋆
t+N−1|t} be an optimal policy sequence

for (29). Online, we solve (29) at each time step t ∈ N≥0

and choose the robust control term of the certainty equivalent
control policy (15) as the receding horizon feedback law
u⋆ : X × N≥0 → U such that

u⋆(x(t), t) = u⋆
t|t. (30)

Assumption 4: The terminal cost VN : Rn → R+ is a con-
tinuous convex Lyapunov function for the nominal dynamics
under a policy uN (x) = −Kx. That is, there exists a class-
K∞ function αN (∥x∥) ≥ h(x, uN (x)) for which

VN ((A−BK)x)− VN (x) ≤ −αN (∥x∥), (31)

for all x ∈ Rn.
Assumption 5: For the policy uN (x) = −Kx in Assump-

tion 4, the terminal set O(t) ⊆ X is a maximal robust
positive invariant set for the closed-loop system x(k + 1) =
(A− BK)x(k) + d(k) for d(k) ∈ D̂(t) subject to x(k) ∈ X
and uN (x(k)) ∈ U ⊖B†F̂(t) for all t ≥ 0.

Assumption 4 and Assumption 5 are standard and easily
satisfied by taking uN (x) = −Kx and VN (x) = x⊤Px as
the solution to an LQR problem with h as the stage cost.
Then, O(t) can be computed efficiently using the standard
algorithms in [29].

Lemmas 1 and 2 imply that O(t − 1) ⊆ O(t) since
D̂(t) ⊆ D̂(t−1) and F̂(t) ⊆ F̂(t−1). Therefore, the terminal
constraint becomes less conservative over time.

C. Stability
We prove the stability of our algorithm through a recursive

feasibility and input-to-state stability argument.
Theorem 2: Consider the system (1), a parameter estimator

that satisfies Assumption 3 with features that satisfy Assump-
tion 1 in closed-loop feedback with the matching certainty
equivalent control law (15),(30). If the tube MPC problem
(29) is feasible at t = 0, then for all t ≥ 0 we have
that (29) is feasible and the closed-loop system (1),(15),(30)
satisfies x(t) ∈ X , and π(x(t), t) ∈ U .

Proof: Suppose the optimal control problem (29) is
feasible at time t, with solution {u⋆

t|t(·), . . . , u⋆
t+N−1|t(·)}. By



8 GENERIC COLORIZED JOURNAL, VOL. XX, NO. XX, XXXX 2017

Lemma 1 and Corollary 1 we have that f̂(x, t + k) ∈ F̂(t)
for all k ∈ N≥0. Therefore, the time-varying CE control law

πt+k|t(·) = u⋆
t+k|t(·)−B†f̂(x(t), t+ k) (32)

satisfies the input constraints for t ∈ [t, t+N − 1], since (29)
then implies u⋆

t+k|t(·) ∈ U ⊖B†F̂(t). Moreover, by Lemma 2
the disturbance support does not grow in time, i.e., D̂(t+1) ⊆
D̂(t). Therefore, we have that under policy (32) the closed-
loop trajectory formed by (1),(32) satisfies x(t + k) ∈ X for
all k ∈ [0, N ] and that x(t+N) ∈ O(t). Hence, if we apply
the CE policy (15),(30) at time t, then x(t + 1) ∈ X and
π(x(t), t) ∈ U .

By Assumption 5, for any x ∈ O(t) ⊆ O(t + 1),
applying the policy uN (x) ∈ U ⊖ B†F̂(t) implies that
Ax + BuN (x) + d ∈ O(t + 1) for any d ∈ D̂(t). There-
fore, Corollary 1 and Lemma 2 imply the policy sequence
{u⋆

t+1|t(·), . . . u⋆
t+N−1|t(·), uN (·)} is feasible for the tube

MPC problem (29) at time t + 1. Therefore, if the MPC
program (29) is feasible at time t = 0, it is also feasible for
all t ≥ 0 and the closed-loop system formed by the matching
CE law (1), (15), (30) must robustly satisfy state and input
constraints by induction.

Theorem 3: Consider a system of the form in (1), a pa-
rameter estimator that satisfies Assumption 3 with features
that satisfy Assumption 1 in closed-loop feedback with the
certainty equivalent control law (15),(30). Let XN ⊆ X denote
the set of states for which the tube MPC problem (29) is
feasible. Then the closed-loop system is locally input-to-state
stable with region of attraction XN .

Proof: Our proof closely resembles [8, Thm. 2]. We argue
that the nominal system is stable by a standard MPC argument,
and that the closed-loop system is ISS since the disturbances
are bounded. Let J⋆

N (t, x(t)) be the optimal value of (29)
associated with the nominal prediction {x̄⋆

t|t, . . . , x̄
⋆
t+N |t}

and feedback policies {u⋆
t|t(·), . . . , u⋆

t+N−1|t(·)}. Since we
assume the stage cost is quadratic, there exist two class-
K∞ functions α1, α2 such that for all t ≥ 0, α1(∥x∥) ≤
J⋆
N (t, x) ≤ α2(∥x∥), a class-K∞ function α3 such that

h(x, u) ≥ α3(∥x∥), and J⋆
N (t, 0) = 0 (see [37, Prop. 1],

[8, Thm. 2]). As in the proof of Theorem 2, we have that
if we apply the CE control law (15),(30) at time t, then
the policies {u⋆

t+1|t, . . . , u
⋆
t+N−1|t, uN} are a feasible solution

for (29) at time t + 1. Let J̄(t, x) be the cost associated
with forward simulating the nominal system using the policies
{u⋆

t+1|t, . . . , u
⋆
t+N−1|t, uN} with x as initial condition. i.e.,

set u⋆
t+N |t = uN (·) and let x̄t+1|t+1 = x, x̄k+1|t+1 =

Ax̄k|t+1 +Bu⋆
k|t(x̄k|t+1) for k ∈ {t+ 1, . . . , t+N} so that

J̄(t, x) =

t+N∑

k=t+1

h(x̄k|t+1, u
⋆
k|t(x̄k|t+1)) + VN (x̄t+N+1|t+1).

This gives that J⋆
N (t+1, x(t+1)) ≤ J̄(t, x(t+1)). Moreover,

since the stage cost is quadratic and by Assumption 4, J̄(t, x)
is uniformly continuous in x for all t ≥ 0 on the state space
since the inputs are constrained in a compact set. It follows
that for x1, x2 ∈ X , there exists a K∞ function αJ such that
for all t ≥ 0, |J̄(t, x1)− J̄(t, x2)| ≤ αJ(∥x1 − x2∥) (see [37,

Lem. 1]). Therefore,
J⋆
N (t+ 1, x(t+ 1))− J⋆

N (t, x(t))

≤ J̄(t, x(t+ 1))− J⋆
N (t, x(t))

= J̄(t, x(t+ 1))− J̄(t, x̄⋆
t+1|t) + J̄(t, x̄⋆

t+1|t)− J⋆
N (t, x(t))

≤ |J̄(t, x(t+ 1))− J̄(t, x̄⋆
t+1|t)| − h(xt, ū

⋆
t|t(x(t)))

≤ αJ(∥d(t)∥)− α3(∥x(t)∥).
So the system is ISS by Theorem 1.

Remark 6: The ISS result in Theorem 3 does not explicitly
show that improvements in the confidence of the model lead
to better performance of the controller, since we only assume
the model confidence is non-decreasing in Assumption 3.
In adaptive control, stronger guarantees of performance im-
provement are typically made under persistence of excitation
assumptions [24].

Remark 7: The only property of the feature map ϕ that we
relied on to prove Lemmas 1, 2 was the boundedness assump-
tion ∥ϕ(x)∥ ≤ 1. Therefore, Lemmas 1, 2 and Corollary 1 also
hold when the feature map depends on an additional exogenous
signal z(t) ∈ Z ⊆ Rp beside the system state x(t), as long
as ∥ϕ(x, z)∥ ≤ 1 for all x ∈ X and z ∈ Z . This implies that
Theorems 2 and 3 also hold when the bounded feature map ϕ
depends on an exogenous signal z(t). Therefore, we can easily
incorporate observable time-varying environmental effects that
we know influence the dynamics, even when it is unclear
how these exogenous signals evolve over time, reminiscent
of approaches in parameter-varying control [41]. We take this
approach on the example in §VI-E.

D. Iterative/Episodic Learning
Oftentimes, a controller is used to perform the same task

repeatedly over many iterations (or episodes). We can apply
the algorithm we developed in §IV-B to such an iterative
learning (IL), or episodic, setting as long as the tube MPC
problem (29) is feasible at the start of each iteration. In this
subsection, we take advantage of the properties of the approach
presented in §IV-B to reduce the amount of online computation
required and update some of the MPC problem parameters
only offline between episodes, generalizing our method to a
family of algorithms suited to episodic operation.

Definition 7: In an iterative (or episodic) setting, the system
starts from the fixed initial condition x(j)(0) = x(0) ∈ X at
t = 0 and evolves for a finite duration T (j) ∈ N>0 for each
iteration j ∈ N≥0. We use the notation x(j)(t) to denote the
state at time t of iteration j, and apply this notation to time-
varying quantities in general, e.g., we use the notation u(j)(t)
for the input into the system.

Updating the sets F̂ , D̂, and in particular O online can
require significant computation. Therefore, it is attractive to
only update these sets offline between iterations in an episodic
setting, depending on available computational resources. We
summarize the complete online method we developed in §IV-
B as Algorithm 1.A and introduce two episodic variants as
Algorithms 1.B-C that reduce online computation by keeping
O fixed throughout an iteration. In particular,

• Alg. 1.B updates F̂ (j)(t), D̂(j)(t) at each timestep t
online and keeps O(j)(t) fixed as O(j)(0) during the j-th
episode.
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Algorithm 1: Adaptive CE MPC with online or
episodic updates

Require: initial estimate Ŵ (0)
Require: initial 1− δ confidence interval W(0)
Require: terminal cost VN and feedback gain K as in

Assumption 4
1: Initialize F̂ , D̂, O using (26), (28), and e.g., [29, Alg.

10.4].
2: for j = 0, 1, . . . , episodes do
3: Set initial condition x(j)(0) = x(0).
4: for t = 0, . . . , T (j) do
5: Compute u⋆ as (30) using (29).
6: Apply the matching CE policy π (15).
7: Observe the next state x(j)(t+ 1).
8: Update estimate f̂ and confidence interval W .
9: Alg. 1.A: Update {F̂ , D̂, O}.

Alg. 1.B: Update {F̂ , D̂}.
Alg. 1.C: Continue.

10: end for
11: Alg. 1.A: Continue.

Alg. 1.B: Update O.
Alg. 1.C: Update {F̂ , D̂, O} using
{f̂ (j)(·, t),W(j)(t)}T (j)

t=0 .
12: end for

• Alg. 1.C keeps F̂ (j)(t), D̂(j)(t), and O(j)(t) fixed as
F̂ (j)(0), D̂(j)(0), and O(j)(0) during the j-th episode.

It is straightforward to show that we retain the recursive fea-
sibility and stability guarantees in Theorem 2 and Theorem 3
when we apply the episodic variants of Algorithm 1.A.

Lemma 3: Consider episodic control of the system (1) in
closed-loop with Algorithm 1.B or Algorithm 1.C from the
initial condition x(0). If the tube MPC problem (29) is feasible
at t = 0 at iteration j = 0, then for all t ≥ 0 at iterations j ≥ 0
it holds that (29) is feasible, the closed-loop system satisfies
x(j)(t) ∈ X and π(j)(x(j)(t), t) ∈ U , and the optimal cost
functions J

⋆,B,(j)
N (t, x(t)) and J

⋆,C,(j)
N (t, x(t)) for (29) are

ISS-Lyapunov functions for the closed-loop systems formed
by Algorithm 1.B and Algorithm 1.C respectively.

Proof: First, we note that the proofs of Theorem 2 and
Theorem 3 only relied on the facts that D̂(j)(t), F̂ (j)(t) do not
grow over time during an iteration j, i.e., that F̂ (j)(t+ 1) ⊆
F̂ (j)(t) and D̂(j)(t+ 1) ⊆ D̂(j)(t), and that O(j)(t) does not
shrink, i.e., that O(j)(t) ⊆ O(j)(t+ 1).

Therefore, if we keep F̂ (j)(t) := F̂ (j)(0) and D̂(j)(t) :=
D̂(j)(0) fixed over iteration j, consequently fixing O(j)(t) :=
O(j)(0), Theorem 2 and Theorem 3 still hold, since Corol-
lary 1 implies that f(x(j)(t)), f̂ (j)(x(j)(t), t) ∈ F̂ (j)(0) and
Lemma 2 implies that d(j)(t) ∈ D̂(j)(0) for all t ≥ 0. Thus,
Alg. 1.C is recursively feasible and ISS over an iteration j.

Moreover, note that O(j)(0) is an RPI set for the closed-
loop system in Assumption 5 associated with disturbances
in D̂(j)(0), state constraints X , and input constraints U ⊖
B†F̂ (j)(0). Since F̂ and D̂ do not grow over time, it follows
that O(j)(0) is also RPI for the closed-loop system in As-
sumption 5 with disturbances in D̂(j)(t) and input constraints
U ⊖B†F̂ (j)(t) for all t ≥ 0. Hence, the proofs of Theorem 2
and Theorem 3 also apply to Algorithm 1.B.

Finally, note that updates to F̂ , D̂, and O can only increase
the feasible domain of (29). Therefore, if (29) is feasible for
Algorithms 1.B-C at t = 0 and j = 0, it will be also be feasible
at t = 0 for all j ≥ 0 since x(j)(0) = x(0) is constant. This
proves the lemma.

Lemma 3 shows that we can safely reduce the amount of
online computation required to apply our adaptive MPC in an
episodic setting, even though we still adapt the model online in
Algorithms 1.A-C. We can typically update the model estimate
efficiently using recursive filters such as those we discuss in
§V, though one could trivially keep the model fixed over an
iteration as well.

Remark 8: In general, we should expect the computational
benefits of applying Algorithms 1.B-C to come at the expense
of conservatism, since updates to F̂ , D̂, and O can increase
the size of the feasible set of problem (29). However, it is not
straightforward to mathematically relate the realized closed-
loop costs when we apply Algorithms 1.A-C to each other,
since the model estimates depend on the trajectory histories
induced by the applied controller.

We emphasize that under our learning desiderata, episodic
application of our robust adaptive MPC in combination with
an estimator that satisfies Assumption 3 ensures that we
satisfy the safety guarantee (12) with probability 1− δ jointly
for all episodes. For some estimators, such as the estimator
we discuss in §V-B, one could consider re-initializing the
initial estimate at each episode using all previously collected
data to yield tighter confidence intervals, thereby reducing
conservatism. However, by doing so, one can only guarantee
that state and inputs are satisfied with probability at least 1−δ
for each episode, as opposed to across all episodes.

V. ADAPTATION LAWS & LEARNING ALGORITHMS

In this section we describe two common online function
approximation schemes—one statistical and one not—that
satisfy the decaying confidence interval of Assumption 3 that
we used to construct our ARMPC algorithm.

A. Set Membership Estimation
A common approach in the adaptive MPC literature is to

estimate constant, or slowly changing, disturbances through set
membership estimation [42], [43]. These estimators maintain
a feasible parameter set that is refined as more data becomes
available. The feasible parameter set contains all credible
model parameters that explain previous observations, which
means that the feasible parameter sets are nested over time.
We consider learning the parameters of a nonlinear uncertainty
model of the form in (3) directly using set-membership esti-
mation. Under the prior knowledge Assumption 2, the initial
feasible parameter set is given as Θ(0) = {Ŵ (0)} ⊕ W(0)
and the feasible parameter set at time t is obtained as

Θ(t) =
{
W ∈ Θ : x(k + 1)−Ax(k)−Bu(k)

−Wϕ(x(k)) ∈ V, ∀k ∈ {0, . . . , t− 1}
}
.

(33)

When Θ(0) and V are a hyperboxes, this estimator maintains
independent feasible sets for each row of W and can be
updated recursively in time with polytopical set intersections
by rewriting (33) in terms of the row-wise vectorization of
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W . Clearly, Θ(t) ⊆ Θ(t − 1). As is common practice in the
literature [7], we propose generating a point estimate of the
parameters as the Chebyshev center of the feasible parameter
set:

Ŵ (t) = argmin
Ŵ

max
W∈Θ(t)

∥Ŵ −W∥F . (34)

By definition, this approach minimizes the worst-case error
of the point estimates and is typically straightforward to
compute [44]. Denoting the Chebyshev radius for the feasible
parameter set associated with the i-th row of W as ri(t) =
minw maxwi∈Θi(t) ∥w−wi∥2, we take the confidence interval
on ŵi(t)− wi as Wi(t) = {w̃i : ∥w̃i∥2 ≤ ri(t)}.

By definition, since Θ(t) ⊆ Θ(t − 1), the Chebyshev radii
must be decreasing over time: ri(t) ≤ ri(t− 1). Therefore, a
set-membership estimator with point estimates as the Cheby-
shev center satisfies Assumption 3 with a risk tolerance δ = 0,
thus guaranteeing the safety of the system with probability 1
according to Definition 5.

B. Recursive Bayesian Linear Regression (BLR)

In the case of Bayesian estimation, we can generate con-
fidence intervals directly from the posterior distribution over
parameters if we know the disturbance distribution. We outline
this approach under a simple, standard assumption.

Assumption 6: We assume that each entry of the process
noise is bounded v(t) = [v1(t), . . . , vn(t)]

⊤ ∈ V = {v : |v| ≤
σi}, and that each entry vi(t) is independent of the others.
Hence, vi(t) is sub-Gaussian with variance proxy σ2

i .
Under Assumption 6, we can essentially treat the noise

as both normally distributed for convenient analysis and
provide safety guarantees for the algorithm proposed in
§IV. If we place subjective priors over the rows of W
of the form wi ∼ N (ŵi(0), σ

2
iΛ

−1
i (0)), then the resulting

posterior parameter distribution at time t is also Gaussian,
wi ∼ N (ŵi(t), σ

2
iΛ

−1
i (t)). We then use the mean of the

posterior—also corresponding to the maximum a posteriori
(MAP) estimate—as a point estimate for control: f̂(x, t) =

Ŵ (t)ϕ(x). Defining the measurement and prediction at time t

as y(t) := x(t+1)−Ax(t)−Bu(t) and ŷ(t) := Ŵ (t)ϕ(t), the
MAP estimate for each row can then be updated with constant
complexity in time using the recursive updates

ŵi(t+ 1) = ŵi(t)−
(ŷi(t)− yi(t))ϕ(t)

⊤Λ−1
i (t)

1 + ϕ(t)⊤Λ−1
i (t)ϕ(t)

Λ−1
i (t+ 1) = Λ−1

i (t)− Λ−1
i (t)ϕ(t)ϕ(t)⊤Λ−1

i (t)

1 + ϕ(t)⊤Λ−1
i (t)ϕ(t)

, (35)

where we write each entry of ŷ(t) as ŷi(t) = ŵi(t)
⊤ϕ(t)

and ϕ(t) := ϕ(x(t)). We can recover the frequentist ordinary
least-squares estimator if we assume a flat prior [45], which
requires the availability of some amount of prior data to yield
the initial values Ŵ (0), Λ(0).

Taking a risk tolerance of δ ∈ (0, 1), we could naively define
the confidence interval for the i-th row of Ŵ (t) as

Wnaive
i (t) := {w̃i ∈ Rn : w̃⊤

i Λi(t)w̃i ≤ σ2
i χ

2
n(1−

δ

n
)},

(36)

where χ2
n(1 − δ) is the 1 − δ quantile of the chi-square dis-

tribution with n degrees of freedom. However, the confidence
interval in (36) does not capture the fact that we want to certify
the safety of the policy for all time with high probability.
We cannot achieve this with a single confidence interval of
a point estimate at time t, as (36) ignores the correlations
between the model estimates over time. As we discussed in
our learning desiderata for robust control, we instead desire
confidence intervals such that

Ŵ (t)−W ∈ W(t), ∀t ∈ N≥0, (37)

with probability at least 1− δ.
Recent work applied a Martingale argument originating

from the Bandits literature to generate such confidence in-
tervals by scaling the naive confidence intervals with a time-
varying parameter [13]. The resulting safety guarantees are
subject to assumptions on the calibration of the prior, for
which we refer the reader to [13, Assumption 3]. This
assumption—that the prior contains the true parameter with
high probability—is trivially satisfied for flat priors (i.e., when
we have access to some data a priori). We also assume this
assumption is satisfied for the non-flat priors that we use in
this work. We may assume that these priors are constructed
either via empirical Bayes (as we discuss in §V-D) or via
expert knowledge.

Theorem 4: [13, Thm 1] For the recursive Bayesian linear
filter (35), we have the estimation error ŵi(t) − wi ∈ Wi(t)
for all t ≥ 0 with probability at least 1− δ, where

Wi(t) := {w̃i : (w̃
⊤
i Λi(t)w̃i)

1
2 ≤ σiβt(δ/n)}, (38)

with βt(δ) equal to
√

2 log
( det(Λi(t))1/2

δ det(Λi(0))1/2

)
+

√
λmax(Λi(0))

λmin(Λi(t))
χ2
n(1− δ).

(39)
The confidence intervals resulting from Theorem 4 un-

fortunately do not immediately satisfy the requirement that
W(t + 1) ⊆ W(t) in Assumption 3 without a persistence of
excitation or active exploration assumption as is made in [21].
A simple workaround is to update the estimate (35) fed into
to the controller only when the associated confidence intervals
(38) have shrunk, effectively disregarding new data until the
system has been excited sufficiently. This approach was shown
to perform well in practice [20]. Therefore, we can apply the
BLR estimator to guarantee the safety of the system with any
desired risk tolerance δ ∈ [0, 1] according to Definition 5. Still,
future work should explore strategies to guarantee confidence
intervals constructed using Theorem 4 (or other equivalent
results) satisfy Assumption 3 more naturally.

C. Toy Estimation Example
We compare the performance of the set-membership esti-

mator (34) with the Bayesian least squares estimator (35) on
the toy problem

y(t) = [w1, w2]

[
sin(4x1(t))
tanh(x2(t))

]
+ v(t). (40)

We set w = [0.5, 0.5]⊤, sample v(t)
iid∼ U[−0.4, 0.4] and

generate training samples x with each entry xi(t)
iid∼ U[−1, 1].
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Fig. 2. Left: The trajectory of the parameter estimate found using set-
membership with feasible parameter sets plotted in gray at 5 sample
intervals. Right: The trajectory of the parameter estimate found using
BLS with 95% confidence intervals plotted at 5 sample intervals.

For the set-membership estimator, we set the initial feasible
parameter set Θ(0) = {w̃ : ∥w̃∥∞ ≤ 1}. For the Bayesian
least-squares estimator we select a zero-mean prior such that
the 95% confidence interval W(0) = {w : ∥w∥2 ≤ 1}.
Figure 2 shows the evolution of the parameter estimates after
processing t = 25 samples. The set-membership estimator
quickly converges to an accurate estimate as measured by the
size of the feasible parameter set. In contrast, the BLS estimate
is slower to converge with a looser confidence interval.

However, if we add a small bias of α = 0.05 to the mea-
surements and run the experiment again, we observe highly
undesirable behavior from the set-membership estimator. As
shown in Figure 3, the feasible parameter set shrinks to a
set that does not include the true parameter. Moreover, in
our experiment the feasible parameter set collapsed to the
null set after t = 13 measurements, indicating there were
no parameters that could explain the data any longer. In
contrast, the BLS estimator performs similar to the well-
specified example. These experiments highlight the fragility of
the set-membership estimator, which we believe highlights the
need for greater consideration of probabilistic estimators such
as Bayesian regression in adaptive and learning MPC. Model
misspecification in the form of imperfect features and outlier
noise samples outside of the disturbance set V can generally
result in feasible parameter sets that vanish or are erroneous,
resulting in the loss of safety guarantees of an adaptive MPC
algorithm. In contrast, our example shows the BLS estimator
is more robust to imperfections in the control design, making
it a much more practical estimator for real-life applications.

D. Calibrated Priors using Meta-Learning

In our problem formulation and throughout §IV, we con-
sidered the uncertain function f in the dynamics (1) as a
linear combination of known, fixed basis functions for all time
and control iterations. Under this assumption (specifically,
Assumption 1), we designed an adaptive robust MPC that
provably guarantees the safety of the system when we use the
estimators in §V-A-§V-B that satisfy Assumption 3. However,
f commonly represents the unknown nonlinear effect of an
uncertain environment, so a chosen feature representation
ϕ may not satisfy Assumption 1 exactly in practice. Even
if trajectory data in a specific environment is available, a
learned feature representation might not capture the nonlinear
influence of another environment.
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Fig. 3. Left: The trajectory of the parameter estimate found using set-
membership with feasible parameter sets plotted in gray at 5 sample
intervals. Right: The trajectory of the parameter estimate found using
BLS with 95% confidence intervals plotted at 5 sample intervals.

Definition 8: A control task T = {k, x(0), ϵ} consists of a
number of iterations k ∈ N≥0, and an initial condition x(0)
and parameter ϵ ∈ Re that represent the environment, drawn
from a distribution ϵ ∼ ρ(ϵ). The environment ϵ is constant
over a control task and affects the dynamics (1) through the
unknown function f , so we take the unknown function as
f(x) := fϵ(x).

In applications, we typically either do not exactly know
how the environment influences the dynamics or we cannot
measure ϵ. Thus, a system designer is often left to choose
basis functions and encode prior assumptions on the effect size
arbitrarily, which may be difficult or inaccurate for complex
systems when the controller is deployed in a wide range of
operating conditions.

Therefore, we propose to cast the problem of learning
the structure of the disturbance through the lens of meta-
learning algorithms—methods that “learn to learn”—which
have gained prominence in recent years for their ability to
learn general representations that can rapidly adapt to new
tasks [46]. These approaches provide an automatic method for
identifying features and calibrating priors based on data from
the system acting in various environments [34]. Moreover, a
practitioner could generate such data from simulation, wherein
the assumptions on the system dynamics are automatically
mapped to numerically convenient basis functions [13].

In particular, we propose to leverage the ALPaCA meta-
learning algorithm [34]. This learning system consists of two
components: neural network features, which are fixed for the
duration of a control task, and a last layer which is updated
online. The model takes the form of a matrix last layer W ∈
Rn×d, applied to nonlinear neural network features, yielding
nonlinear predictive model f̂(x) = Wϕθ(x), where θ denotes
the neural network weights. The ALPaCA algorithm learns
both the feature representation ϕθ and a prior distribution
on the last layer p(W ) to approximate the distribution over
environment uncertainties fϵ induced by ϵ ∼ ρ(ϵ) as the
distribution over models Wϕθ(x) induced by the prior W ∼
p(W ). Following [13], we represent the prior with independent
Gaussian distributions on each row of W .

We outline the ALPaCA algorithm’s mechanics under
the assumption that each control task consists of a single
iteration of length T to simplify notation. Let H(j) =
{(x(j)(0), u(j)(0)), . . . , (x(j)(T ), u(j)(T ))} be the trajectory
data collected during task j. We assume access to a trajec-
tory dataset H(0), . . . ,H(k), each associated with a different
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unknown instantiation f (0)(·), . . . , f (k)(·) of the uncertain
function f in (1) resulting from the changing environments
ϵ(0), . . . , ϵ(k)

iid∼ ρ(ϵ). In the inner loop learning algorithm,
which is the learning that happens online within one en-
vironment, the posterior over W is computed based on an
assumption of Gaussian noise, as discussed in §V-B. Then,
the offline outer learning algorithm backpropagates through
the Bayesian linear regression learning procedure to train the
neural network features and learn the prior on W . As such,
the ALPaCA model learns a set of features that are suited
to the problem class expected to occur online, paired with a
prior over these features that is calibrated to the environment
distribution.

Feature-based function approximation is a well studied
problem in classical adaptive control [24], [32], with methods
that generally rely on a small number of hand-crafted basis
functions. For applications where the dynamics are poorly
understood, such as aircraft wake vortices [47], this makes
it necessary to reason about the misspecification of the model
even in unconstrained control [10], [32]. Another approach is
to use a large number of random features that can approximate
any function as the number of features goes to infinity [27].
This is undesirable in a constrained control setting, as the
confidence intervals we require in §V scale poorly in the
number of features. A meta-learning approach like ALPaCA
[34] offers a solution to this apparent trade-off, learning
an accurate and compact feature representation from data
offline. Therefore, we do not consider misspecification of the
features in this work, although future work could consider
tightening the constraints in the tube MPC (29) further with
an empirical bound on ∥ϕθ(x)−ϕ(x)∥ obtained, for example,
by a bootstrapping procedure.

VI. EXPERIMENTS

In this section, we simulate our approach on several example
systems to highlight the various benefits of our methods and
illustrate their properties.

A. Adaptive Robust MPC Benchmark

To benchmark our adaptive, robust MPC (ARMPC) algo-
rithm that matches as much of the uncertainty as possible, we
compare it against the normative approach in ARMPC; we
estimate the range of values that the uncertainty f can take and
naively treat it as a disturbance using tube MPC as in [6], [7],
[14], [31]. These methods improve their performance online by
refining a non-increasing bound on the range of f . To the best
of our knowledge, such algorithms have not been proposed
for uncertain terms that satisfy Assumption 1 in the literature.
Therefore, we apply the tube MPC strategy in [38] by solving
(6) online using the disturbance set D′(t) = F̂(t) ⊕ V , since
Corollary 1 implies that both f(x(t)) + v(t) ∈ D′(t) and that
D′(t) ⊆ D′(t−1) for all t ≥ 0. Analogous to our approach, we
construct the terminal cost and maximally RPI set O(t) using
D′(t) and the fixed (LQR) controller in Assumption 4. It is
straightforward to verify the recursive feasibility and input-
to-state stability of this adaptive benchmark via a symmetric
argument to the proofs of Theorem 2, Theorem 3.

−2.5 0.0 2.5

−2

0

2

−2.5 0.0 2.5 −2.5 0.0 2.5
Fig. 4. Phase plots of the closed-loop trajectories of different systems.
The realized system evolution is shown in black, the predicted nominal
trajectories are depicted in red, as are the predicted reachable sets
at t = 0. The predicted reachable sets at t = 50 are depicted in
purple. The dark blue line indicates the state constraints. The terminal
invariant O(50) is shown in cyan. Left: Adaptive CE MPC on the system
with matched uncertainty (41). Middle: Benchmark Adaptive MPC on
the matched system (41). Right: Adaptive CE MPC on the system with
unmatched uncertainty (42).

B. Double Integrator with Matched Uncertainty

We illustrate the properties of our algorithm on a double-
integrator system

x(t+ 1) =

[
1 0.2
0 1

]
x(t) +

[
0
1

]
u(t) + f(x(t)) + v(t), (41)

a typical example in the MPC literature that represents
simplified second-order dynamics [29]. First, we consider
the matched uncertainty f(x) = [0, w1]

⊤ tanh([0, 1]x). We
estimate the true parameter, w1 = 0.5, online to improve
performance. We take the disturbance as an isotropic Gaussian
with σ2 = 5×10−3 clipped at its 95% confidence intervals. In
addition, the system is subject to the state and input constraints
(−4,−3) ⪯ x ⪯ (4, 3) and −2 ≤ u ≤ 2, respectively. We
regulate the system to the origin from x(0) = [2, 2]⊤ while
minimizing the quadratic cost function h(x, u) = x⊤Qx +
u⊤Ru over a horizon of length N = 3. We take Q = I2,
R = 1. We use the BLR estimator with a flat prior and collect
k = 45 data points of the system evolution in a unit box near
the origin to form an initial estimate of the model parameters
and construct O(t) using Alg. 10.4 in [29].

We plot the closed-loop system evolution in Figure 4 (left,
middle). Our adaptive certainty-equivalent MPC algorithm
is able to effectively control the system. In contrast, the
benchmark ARMPC can only react to the learned dynamics
after f enters the system as a disturbance, resulting in consid-
erably larger closed-loop oscillations and uncertainty on the
predicted trajectory. In Figure 4, we also plot the reachable
sets associated with the predicted trajectory at the first and last
timesteps of the control task. The reachable sets show that our
adaptive MPC resolves prediction uncertainty in the system
since they shrink over time. Moreover, we emphasize that
online learning does not noticeably improve the performance
of the benchmark, as increasing the confidence in the model
does not significantly reduce the estimated range of values that
the nonlinear function takes.

Furthermore, we see that the shape of the terminal invariant
of our adaptive MPC is qualitatively different from that of the
benchmark in Figure 4 (left, middle). This is because in our
method, we tighten the input constraints of the robust input u⋆

in the CE law (15) to account for the imperfect matching using
f̂ . Our method therefore relinquishes some nominal control
authority so that it can account for a smaller disturbance set
when we are sufficiently confident in the model.To see this,
note that when W = {0}, i.e., when Ŵ = W , it holds that
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Fig. 5. Left: Closed-loop realized trajectory cost for the matched system
(41) as a function of w1. Exploding cost indicates infeasibility. The error
bars indicate 2σ bounds. Right: Solid lines indicate size of feasible
envelopes as a function of w1 for a matched system. Dashed lines
indicate the size of the feasible envelopes for the unmatched system
(42) as a function of the magnitude of the unmatched dynamics w1 with
w2 = 0.5.

D̂ = (I −BB†)F̂ ⊕ V ⊆ F̂ ⊕V = D′. The simulation shows
that matching uncertainty improves the transient convergence
behavior of the system.

In addition, we compare the asymptotic performance of our
algorithm with the benchmark ARMPC as a function of w1,
controlling the magnitude of the nonlinearity. To do this, we
set the number of data points used to generate the initial model
estimate to k = 103 and collect trajectory rollouts for various
values of w1 from the fixed initial condition. As Figure 5
(left) shows, our ARMPC is feasible for disturbances more
than twice the magnitude of those the benchmark ARMPC can
tolerate for the given initial condition. In addition, the realized
control cost does not differ significantly from the benchmark
for values of w1 when both controllers are feasible.

Finally, we illustrate how our algorithm tolerates larger
dynamic uncertainty by comparing the size of the feasible
envelope (i.e., the set of initial conditions for which the MPC
problem is feasible) as a function of w1. We set the number
of data points to inform our prior to a modest k = 50, grid the
state-space, and take the feasible region as the convex hull of
the initial conditions for which the MPC problem is feasible.
Then, we estimate the percentage of states x0 ∈ X in the
feasible envelope as the ratio of volumes between the feasible
envelope and the state space X , illustrated with solid lines
in Figure 5 (right). Our CE ARMPC algorithm can tolerate
much larger disturbances than the benchmark ARMPC. In
these experiments, the feasible envelope of the benchmark
becomes empty when the maximal robust invariant is null
(O(t) = ∅), indicating that there is no subset of X in which the
LQR policy associated with the stage cost h results in provably
safe behavior [29]. Hence, Figure 5 highlights the fragility of
existing ARMPC approaches under large disturbances.

C. Double Integrator with Unmatched Uncertainty
We now extend the simulations of the simple matched

system to the unmatched case to understand the effect of
additive nonlinear terms that cannot be canceled from the
dynamics. We keep the nominal dynamics identical to (41)
and take the nonlinear dynamics

f(x) =
1√
2
[w1 sin(4x1), w2 tanh(x2)]

⊤, (42)

where w1 and w2 are unknown parameters. Similar to the
previous experiments, we initialize the model with k = 45
data points sampled around the origin. In this example, the
certainty equivalent policy (15) can only compensate for the

second component of the nonlinear dynamics (42). We set
w1 = 0.2 and w2 = 0.3. In Figure 4 (right), the size of
the reachable sets increases if we simulate the system with
the unmatched dynamics (42). The benchmark ARMPC was
infeasible from this initial condition, showing that our method
still outperforms the benchmark. Next, we fix w2 = 0.5 and
vary w1 to understand the impact of an estimated, unmatched
dynamics component. Figure 5 (dashed, right) shows that in
our experiment, matching as much of the nonlinear dynamics
as possible allows us to handle unmatched dynamics terms of
about twice the magnitude as the benchmark. We conclude that
our method is a more effective strategy even if the uncertainty
is unmatched. Naturally, Figure 5 (right) also shows that the
absolute benefit of our method diminishes as the proportion
of the nonlinear dynamics f(x(t)) in Range(B) becomes
smaller.

D. Controlling a Planar Quadrotor

Next, we simulate a simplified example of a quadrotor in a
windy environment. For this example, we examine the episodic
setting discussed in §IV-D combined with an application of
the meta-learning algorithms in §V-D. We consider a planar
version of the quadrotor dynamics for simplicity [48], with 2D
pose (px, py, θ) and front and rear thrust inputs uf , ur:

p̈x = − 1

m
sin(θ)(uf + ur) +

1

m
fx(px, py, θ))

p̈y =
1

m
cos(θ)(uf − ur) +

1

m
fy(px, py, θ))− g

θ̈ =
l

I
(uf − ur)

We take the state as x = [px, py, θ, ṗx, ṗy, θ̇]
⊤, linearize

the dynamics around x̄ = 0, ū = mg
2 [1, 1]⊤, discretize

the simulation using Euler’s method, and add process noise.
The force field f induced by the wind varies spatially, mod-
elling real-world scenarios such as down-wash from another
quadrotor. We model the 2D wind disturbance force f(x) =
[fx(x), fy(x)]

⊤ as incident at a fixed angle with a maximum
velocity Vw that drops of according to an inverse square
exponential normal to the direction of incidence θw, i.e.,

vw(x) = Vw exp
(
− 1

2
(py cos(θw)− px sin(θw))

2
)
, (43)

resulting in a disturbance force of ∥f(x)∥ = clvw(x)
2 along

θw for length parameter l = 0.4 m and air resistance c =
0.5 N · s2/m3 (we consider the drone’s velocity negligible).
We only set constraints on the pose (px, py, θ) of the drone. Its
linear and angular velocities are unconstrained. The quadrotor
is an underactuated system, and therefore the discretized,
linearized, simulation has unmatched dynamics terms. Still,
similar to the illustration in Figure 6, a drone controller
can always match disturbance forces along the y axis in the
linearized simulation.

Spatially varying wind disturbances are challenging to
model in practice, so we take a Bayesian approach and model
the unknown wind disturbance using a feedforward neural
network. To do this, we model the wind disturbance as a linear
combination of d = 5 sigmoidal output activation functions
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Fig. 6. Learned trajectories of our adaptive MPC (blue) compared to a
naive tube MPC (red) in the xy-plane for a simulated planar quadrotor,
with axes in meters. The icons show the orientation of the quadrotor
over time. The contours and colorbar indicate the learned wind speed
in m/s. Left: Wind comes straight from above. Right: Wind comes at
θw = 22.5◦.

(scaled by 1/
√
d) of a 2 layer network with hidden ReLu

activations.
We generate training data by sampling wind disturbance

fields uniformly with wind speeds between 3 m/s and 5 m/s
coming in at angles of incidence between −45◦ and 45◦

relative to the y-axis. We use an ALPaCA model [34] to learn
an efficient Bayesian representation that can rapidly adapt to
any specific conditions encountered in the wild.

After meta-learning, we control the system for several
iterations in the same wind environment using Algorithm 1.C.
We compare our adaptive robust MPC with a naive tube
MPC similar to the controller in §III that disregards the wind
disturbance in the control design, since the support of the
estimated wind disturbance was too large for our benchmark
ARMPC to be feasible in our experiments. Therefore, this
simulation highlights the fragility of the benchmark approach,
which primarily results from non-existence of a terminal in-
variant set under disturbances of considerable magnitude [29].
This phenomenon was also observed previously in applied
work [30], requiring practical workarounds that lose safety
guarantees.

We run our algorithm with the learned features for 5 itera-
tions under the same wind conditions. As shown in Figure 6
(left), if the wind disturbance comes straight from above, the
adaptive MPC learns to match the wind forces and reaches the
origin quickly. In contrast, the naive tube MPC drifts signifi-
cantly, as it only reacts to observed disturbances. In addition,
if we set the angle of incidence of the wind as θw = 22.5◦,
Figure 6 (right) shows that our approach still achieves decent
control performance. The certainty equivalent controller (15)
cancels the y-component of the disturbance and converges to
a small steady-state offset in the x direction, showcasing the
intuitive behavior of the matching CE controller compared
to a naive tube MPC. In contrast, the benchmark ARMPC
algorithm could not guarantee safety for any of the tasks, and
a naive unsafe tube MPC that does not consider the wind
disturbance at all performs poorly.

Finally, we benchmark the efficacy of Bayesian meta-
learning algorithms on this problem. We compare the per-
formance of our meta-learned priors against two frequentist
counterparts: A frequentist version of ALPaCA that only meta-
learns features using a mean-square error (MSE) metric as
considered in [28], and a naive model that does not consider
the fact that the uncertain function changes between contexts
in the training data, directly minimizing the aggregate MSE.
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Fig. 7. Average closed-loop control cost of the learned adaptive
controllers for the simplified drone experiment per control iteration. Error
bars indicate 50% quantiles over 10 experiments. Blue: Controller using
Bayesian meta-learning. Red: Controller using frequentist meta-learned
features. Green: Controller using features that are not meta-learned.

To engineer a prior such that our safety guarantees hold for
these frequentist models, we fix a zero mean prior with a fixed
covariance and pre-train the frequentist models on k = 200
samples of the test environment—the vertical disturbance in
Figure 6 (left)—such that the bounds on the unknown function
match an a priori known bound (as in Remark 4, we then also
use these bounds in the control design). Our Bayesian model
does not receive any additional pre-training data before starting
the task.

As shown in Figure 7, the Bayesian meta-learned features
and prior result in a model that is able to adapt rapidly to
the control task, achieving high performance within a single
iteration. This showcases that the ALPaCA meta-learning al-
gorithm can effectively learn a compact feature representation
that can quickly learn in new contexts with high confidence.
In contrast, the engineered priors on the frequentist models
need several trajectory rollouts to drive the cost down.

E. Longitudinal Cruise Control
Finally, we consider the design of a longitudinal cruise con-

troller for an autonomous vehicle (AV). The cruise controller
needs to track a fixed reference velocity vref and can control
the torque τ applied to the wheels of the vehicle, resulting in
the second order dynamics

p̈ =
1

m
(Rτ − kṗ+ Fdist(p, ṗ)), (44)

where p is the position of the car, m = 103 kg is its mass,
R = 1/3 m is the wheel radius, k = 20 N · s/m is the friction
coefficient, and Fdist(p, ṗ) is an external disturbance force
[49]. In this example, we consider the disturbances caused
by hilly terrain that the AV passes by on a daily commute,
and write the disturbance as induced by an unknown constant
incline of θk on the k’th road segment p ∈ [p1k, p

2
k] as

Fdist(p,ṗ) =

− mg

2

∑

k

sin(θk)
(
tanh (p− p1k) + tanh (p2k − p)

)
︸ ︷︷ ︸

=:2
√
kϕk(p,ṗ)

(45)
and ignore the air-resistance term presented in [49] for sim-
plicity. We set τ = τ̄− m

R u, with u as our pseudo-acceleration
input into the system around the reference input τ̄ = k

Rvref ,
yielding the reference tracking dynamics x = vref − ṗ as

ẋ = − k

m
x+ u− 1

m
Fdist(p, vref − x).
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Fig. 8. Left: Velocity reference tracking performance over time in
seconds. Right: Pseudo-acceleration command over time in seconds.
Black: state and input constraints. Red: benchmark ARMPC. Blue: Our
CE ARMPC. Red dashed: Reference. Orange: Indicates time spent on
inclined road segments.

We discretize the dynamics with timestep dt = .1 s and inject
isotropic Gaussian noise with σ2 = 10−3 into the position
and velocity dynamics. In the spirit of Remark 7, we treat the
position of the vehicle as an exogenous signal, regulating and
constraining only the velocity and inputs of the vehicle. We
collect a 40 s trajectory of training data to initialize a BLR
prior over the features defined in (45). In Figure 8, we compare
the performance of our CE ARMPC with the benchmark, and
see that the tracking performance of the controller is improved
by learning that the uncertainty in the dynamics is matched.

Oscillations in the speed of the vehicle cause passenger dis-
comfort and increase the likelihood of traffic jams. Therefore,
we quantify the benefit of our method over the benchmark
by comparing the cumulative sum of squared accelerations
on the vehicle over the route, a common measure of ride
quality similar to ISO standards [50]. The lower this quantity
is, the better the ride quality. Figure 9 shows that our approach
improves the ride quality by about 30%, a significant improve-
ment. However, Figure 9 also shows that this discrepancy can
partially be attributed to the fact that our ARMPC accelerates
less aggressively from the initial velocity of 85 km/h in the
first 3 seconds of the simulation. The initial difference in
acceleration is caused by the fact that we tightened the MPC’s
input constraints in (29) to account for the matching input in
the CE policy (15). This is visible in Figure 8 (right), where
the control input applied by our method saturates at a lower
constant than the benchmark’s inputs in the first second of
the simulation. Still, after the initial acceleration, our method
clearly outperforms the benchmark on the hilly sections of the
route, as Figure 9 shows the relative benefit of our method over
the benchmark grows throughout the simulation.

VII. DISCUSSION AND CONCLUSIONS

The simulations in §VI show that our method achieves
substantial performance improvements compared to existing
ARMPC approaches, even when significant components of the
nonlinear dynamics are unmatched and cannot be cancelled
by a certainty equivalent control policy. We conclude that
by extending certainty equivalent control laws from classical
adaptive control, we can reduce the conservatism of robust
MPC approaches. As a result, we saw in our simulations that
our method can tolerate more significant nonlinear terms in the
dynamics. In addition, our experiments show that applying the
Bayesian meta-learning algorithm ALPaCA [34] allows us to
learn a feature based representation and a Bayesian prior on the
last-layer weights that serve as a sensible engineering solution
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Fig. 9. Cumulative sum of squared accelerations experienced by the
car in time (seconds), a measure of ride-quality. Blue: Our CE ARMPC.
Red: Benchmark ARMPC

to satisfy the initial assumptions we make to guarantee the
safety of our controller. Moreover, we saw that these models
can rapidly adapt to the environmental conditions encountered
during deployment.

Since our control algorithm allows for adaptation laws based
on statistical estimation techniques that are more robust to
outliers than set-membership estimation, future work should
extend our simulations to hardware experiments. In addition,
we did not consider a setting in which the uncertain function
can change during the control task. Future work can extend
our analysis to slowly changing environments, commonly con-
sidered using exponential forgetting in adaptive control [24].
In addition, many systems of interest are inherently nonlinear,
therefore, future work should consider applying our method
in a constrained nonlinear MPC setting. Furthermore, as we
have assumed in this work, exact measurement of the state is
often not possible in applications. Extending learning-based
MPC methods for nonlinear systems to the output feedback
setting remains a highly complex and largely open problem,
which we hope to investigate in future work.
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