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In this paper we study distributed control policies for spacecraft forma-
tions that draw inspiration from the simple idea of cyclic pursuit. First,
we study cyclic-pursuit control laws for both single- and double-integrator
models in three dimensions. In particular, we develop control laws that
only require relative measurements of position and velocity with respect to
the two leading neighbors in the ring topology of cyclic pursuit, and allow
convergence to a variety of symmetric formations, including evenly spaced
circular and elliptic formations, and evenly spaced Archimedes’ spirals. Sec-
ond, we discuss potential applications, including spacecraft formation for
interferometric imaging and convergence to low-effort relative trajectories.
Finally, we present and discuss experimental results obtained by implement-
ing the aforementioned control laws on the SPHERES testbed on board the

International Space Station.

I. Introduction

In recent years, the idea of distributing the functionalities of a complex agent among mul-

tiple, simple and cooperative agents is attracting increasing interest in several application
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domains. In fact, multi-agent systems present several advantages. For example, consider-
ing an aerospace application, a cluster of spacecraft flying in formation for high-resolution,
synthetic-aperture imaging can act as a sparse aperture with an effective dimension larger
than the one that can be achieved by a single, larger satellite.! In general, the intrinsic par-
allelism of a multi-agent system provides robustness to failures of single agents; moreover,
it is possible to reduce the total implementation and operation cost, increase reactivity and
system reliability, and add flexibility and modularity to monolithic approaches.

In this context, the problem of formation of geometric patterns is of particular interest,
with engineering applications including distributed sensing using mobile sensor networks,
and space missions with multiple spacecraft flying in formation (on which we will focus
the paper). Within the robotics community, many distributed control strategies have been
recently proposed for convergence to geometric patterns. Justh et al.% presented two strate-
gies to achieve, respectively, rectilinear and circular formation, using all-to-all communica-
tion among agents. Jadbabaie et al.” formally proved that the nearest neighbor algorithm
by Viesek® causes all agents to eventually move in the same direction, despite the absence
of centralized coordination and despite the fact that each agent’s set of nearest neighbors

110 used

l.ll

change with time as the system evolves. Olfati-Saber et al.” and Leonard et a
potential function theory to prescribe flocking behavior in connected graphs. Lin et a
exploited cyclic pursuit (where each agent i pursues the next ¢ + 1, modulo n) to achieve
alignment among agents, while Marshall et al.'*!3 extended the classic cyclic pursuit to a
system of wheeled vehicles, each subject to a single non-holonomic constraint, and studied
the possible equilibrium formations and their stability. Paley et al.'* introduced control
strategies to stabilize symmetric formations on convex, closed curves. Ren!®!6 introduced
Cartesian coordinate coupling to existing consensus algorithms and derived algorithms for
different types of collective motions (a more detailed discussion on the two-part paper!® 6
is given in Section IV.C).

The problem of formation of geometric patterns has been the subject of intensive re-
search efforts also within the aerospace community, see'” and references therein; see also the

very recent work of Chung et al.,'®

where the authors present a contraction theory approach
to achieve synchronized formations that, however, requires a form of higher level agree-
ment on the set of predetermined trajectories. Broadly speaking, spacecraft formation algo-
rithms can be divided into three main architectures:'” (i) Multiple-Input Multiple-Output
(MIMO), in which the formation is treated as a single multiple-input, multiple-output plant,
(ii) Leader/Follower, in which individual spacecraft controllers are connected hierarchically,
and (iii) Cyclic, in which individual spacecraft controllers are connected non-hierarchically.
By allowing non-hierarchical connections between individual spacecraft controllers, Cyclic

algorithms can perform better than Leader/Follower algorithms, and can distribute control

2 of 4l

Control of Spacecraft Formations via Cyclic Pursuit, Ramirez et al.



17 Moreover, Cyclic algorithms are generally more robust than MIMO

effort more evenly.
algorithms, for which a local failure can have a global effect.!” Finally, Cyclic algorithms
can also be completely decentralized in the sense that there is neither a coordinating agent
nor instability resulting from single point failures.!” The two primary drawbacks of Cyclic
algorithms are that the stability of these algorithms and their information requirements are
poorly understood;!” in particular, the stability analysis of Cyclic algorithms is difficult since
the cyclic structure introduces feedback paths.

Motivated by the previous discussion, the objective of this paper is to present a class
of Cyclic algorithms for formation flight, for which a rigorous stability analysis is possible
and for which the information requirements are minimal. The starting point is our previous
work,* where we developed distributed control policies that draw inspiration from the simple
idea of cyclic pursuit and that guarantee convergence to symmetric formations. The key
features of the control laws in? are global stability and the capability to achieve a variety of
formations, namely rendez-vous to a single point, circles, and logarithmic spirals; moreover,
the control laws in* are distributed and require the minimum number of communication links
(n links for n agents) that a cyclic structure can have.

Specifically, the main contributions of this paper are threefold. First, building upon
the work in,* we rigorously study novel cyclic-pursuit control laws for formation flight, for
both single- and double-integrator models in three dimensions. We also extend our con-
trol laws to deal with the (linearized) relative dynamics of spacecraft, e.g., in the Earth’s
gravitational field. In particular, unlike the work of Chung et al.,'® our control laws do not
require any agreement on a set of predetermined trajectories. Second, we discuss potential
applications, including spacecraft formation for interferometric imaging and convergence to
low-effort relative trajectories. Finally, we present and discuss experimental results obtained
by implementing the aforementioned control laws on the SPHERES testbed?! on board the
International Space Station.

The organization of this paper is as follows. In Section II, we introduce basic concepts in
matrix theory and review the cyclic-pursuit control laws in,* which were devised for single-
integrator models in two dimensions. In Section III, we extend the aforementioned control
laws in three directions: (i) we address the case in which agents move in three dimensions,
(ii) we consider control of the center of the formation, and (iii) we study convergence to
evenly-spaced circular formations with a prescribed radius. Then, in Section IV, we extend
the control laws in* to double-integrator models in three dimensions. In particular, we
develop control laws that only require relative measurements of position and velocity with
respect to the two leading neighbors in the ring topology of cyclic pursuit, and allow the
agents to converge from any initial condition (except for a set of measure zero) to a single

point, an evenly-spaced circular formation, an evenly-spaced logarithmic spiral formation,
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or an evenly-spaced Archimedes’ spiral formation (an Archimedes’ spiral is a spiral with
the property that successive turnings have a constant separation distance), depending on
some tunable control parameters. Control laws that only rely on relative measurements are
indeed of critical importance in deep-space missions, where global measurements may not be
available. In Section V, we discuss potential applications, including spacecraft formation for
interferometric imaging and convergence to zero-effort orbits, and we argue that Archimedes’
spiral formations are among the most useful symmetric formations for applications. Finally,
in Section VI, we present and discuss experimental results obtained by implementing the
proposed control laws on three nanospacecraft on board the International Space Station

(ISS), and in Section VII we draw our conclusions.

II. Background

In this section, we provide some definitions and results from matrix theory. Moreover,

we briefly review cyclic-pursuit control laws for single integrators.

A. Notation

We let R and R>( denote the positive and nonnegative real numbers, respectively. We let
I,, denote the identity matrix of size n; we let AT and A* denote, respectively, the transpose
and the conjugate transpose of a matrix A. For an n X n matrix A, we let eig(A) denote the
set of eigenvalues of A, and we refer to its kth eigenvalue as Aay, £ € {1,...,n} (or simply

as Ay when there is no possibility of confusion). Finally, let j = /—1.

B. Kronecker Product

Let A and B be m x n and p X ¢ matrices, respectively. Then, the Kronecker product A ® B
of A and B is the mp X ng matrix

CLHB e (llnB
A® B = :

amB ... ap.B
If A4 is an eigenvalue of A with associated eigenvector v4 and A is an eigenvector of B with
associated eigenvector vg, then A\gAp is an eigenvalue of A ® B with associated eigenvector

va4 ® vg. Moreover, the following property holds: (A ® B)(C ® D) = AC ® BD, where A,

B, C' and D are matrices with appropriate dimensions.
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C. Determinant of Block Matrices

If A, B, C and D are matrices of size n x n, and AC = C'A, then

A B
det = det(AD — CB). (1)
C D

D. Rotation Matrices

A rotation matrix is a real square matrix whose transpose is equal to its inverse and whose

determinant is +1. The eigenvalues of a rotation matrix in two dimensions are e*7®, where o

is the magnitude of the rotation. The eigenvalues of a rotation matrix in three dimensions are
+jia

1 and e™®, where « is the magnitude of the rotation about the rotation axis; for a rotation

about the axis (0,0,1)7, the corresponding eigenvectors are (0,0, 1), (1, +7,0)7 (1, —74,0)T.

E. Circulant Matrices

A circulant matrix C' is an n X n matrix having the form

Co C1 Co . Cn—1
Ch—1 Co C1
C= (2)
G
C1 Co ... ... Co

The elements of each row of C' are identical to those of the previous row, but are shifted one
position to the right and wrapped around. A detailed treatise on circulant matrices can be
found in.2° The following theorem summarizes some of the properties of circulant matrices

and will be essential in the development of the paper.

Theorem I1.1 (Adapted from Theorem 7 in??) Every n x n circulant matriz C has

etgenvectors

1 - ~
,lvz}k = — (17627Uk/n7...,ezﬂjk(n_l)/n)Tv ke {0,1,...,71— 1}7 (3)

NLD
and corresponding eigenvalues

n—1
M= 3 eyt 4)
p=0

and can be expressed in the form C = UAU*, where U is a unitary matriz whose kth column

1s the eigenvector vy, and A is the diagonal matriz whose diagonal elements are the corre-
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sponding eigenvalues. Moreover, let C' and B be n X n circulant matrices with eigenvalues

{A\gr}i_, and {\ck}}_,, respectively; then,

1. C' and B commute, that is, CB = BC, and CB 1s also a circulant matriz with eigen-
values eig(CB) = {\ck Apktry;

2. C'+ B is a circulant matriz with eigenvalues eig(C' + B) = {A\cx + Mg}y

From Theorem all circulant matrices share the same eigenvectors, and the same matrix

U diagonalizes all circulant matrices.

F. Cyclic Pursuit for Single Integrators

Let there be n ordered mobile agents[]in the plane, their positions at time ¢ > 0 denoted by
xi(t) = [wi1(t), 2:2(t)]" € R% i € {1,2,...,n}, where agent i pursues the next i + 1 moduld’]

n. The dynamics of each agent is described by a simple (vector) integrator:*

X; = W,
(5)

u; = R(a)(xi41 — x;),

where the dot represents differentiation with respect to time, and R(«), o € [—7, 7), is the

rotation matrix:

cos « sin o
R(a) =
—sina  coso
Let x = [x],xI,...,x.]"; the dynamics of the overall system can be written in compact

form as

x = (L ® R(a)) x,

where L is the circulant matrix

11 0 0
0 -1 1 0
L= (6)
1 0 0 ... -1 |

From Theorem [II.1|the eigenvalues of matrix L are {¢*7*/™ —1}7_ . Then, by the properties

of the Kronecker product, the 2n eigenvalues of L ® R(a) are {(e?™*/m — 1)etio}n_ . The

following is proven in:*

2Henceforth, we will use the words agent and spacecraft interchangeably.
PHenceforth, agent indices should be evaluated modulo n.
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Theorem I1.2 L ® R(«) has exactly two zero eigenvalues, and

1. if 0 < |a| < w/n, all non-zero eigenvalues lie in the open left-half complex plane;

2. if la| = 7/n, two non-zero eigenvalues lie on the imaginary axis, while all other non-

zero eigenvalues lie in the open left-half complex plane;

3. if m/n < |a| < 27 /n, two non-zero eigenvalues lie in the open right-half complex plane,

while all other non-zero eigenvalues lie in the open left-half complex plane;

Moreover, it is possible to prove (see ref.?) that the matrix L ® R(«) is diagonalizable for
all values of a. Then, by exploiting the structure of the eigenvectors of a circulant matrix
(see Theorem [[L.1]), it is easy to show? that agents starting at any initial condition (except

for a set of measure zero) in R*" and evolving under exponentially converge:

1. if 0 < || < 7/n, to a single limit point, namely their initial center of mass;
2. if || = 7/n, to an evenly spaced circle formation;

3. if 7/n < |a| < 27/n, to an evenly spaced logarithmic spiral formation.

Note that (i) these results are derived for agents operating in R? and with single-integrator
dynamics, (ii) the center of the formation is determined by the initial positions of the agents,
and (iii) the radius of a circular formation is also determined by the initial positions of the

agents.

III. Cyclic-Pursuit Control Laws for Single-Integrator Models

In this section, we extend the results in* in three directions: (i) we address the case in
which agents move in R3, (ii) we consider control of the center of the formation, and (iii) we
study convergence to evenly-spaced circular formations with a prescribed radius. We start

by addressing issues (i) and (ii).

A. Cyclic pursuit in three dimensions with control on the center of the forma-

tion

Let there be n ordered mobile agents in the space, their positions at time ¢ > 0 denoted by

x;(t) = [zi1(t), 2i2(t), zis()]F €R?, i€ {1,2,...,n},

and let x = [x7,x2, ..., xT]T. The dynamics of each agent are described by a simple vector
integrator
Xi = kg u;, kg € R>O; (7)
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henceforth, without loss of generality, we assume k;, = 1. Consider the following three-

dimensional generalization of the cyclic-pursuit control law in equation :
u; = R(a) (Xi+1 — Xi) — k’c X;, k’c € Rzo, (8)

where R(«a), a € [—m, 7), is the rotation matrix (with rotation axis (0,0, 1)T without loss of

generality):
cos o sina 0
R(a) = | —sina cosa 0 |- (9)
0 0 1

The overall system can be written in compact form as
x = (L ® R(a) — k. I3,) x, (10)

where L is defined in equation @

We start the analysis with the following theorem, that characterizes the spectrum of

L ® R(a).
Theorem III.1 L ® R(«) has exactly three zero eigenvalues, and
1. if 0 < |a| < 7/n, all non-zero eigenvalues lie in the open left-half complez plane;

2. if la| = 7/n, two non-zero eigenvalues lie on the imaginary axis, while all other non-

zero eigenvalues lie in the open left-half complex plane;

3. if m/n <|a| < 27 /n, two non-zero eigenvalues lie in the open right-half complex plane,

while all other non-zero eigenvalues lie in the open left-half complex plane.
Moreover, L ® R(«) is diagonalizable for all o € [—7, 7).

Proof: By the properties of the Kronecker product, the 3n eigenvalues of L ® R(«) are:

)\k _ 627rjl<:/n -1,
A= (@ e ()

)\]; _ (627rjk/n o 1) e—joz7

where k£ € {1,...,n}. Note that for £ € {1,...,n — 1} the eigenvalues Ay lie in the open
left-half complex plane, while for & = n we have A\, = 0; moreover, the 2n eigenvalues

{\F}7_, are the same as those in Theorem [[1.2] Then, the first part of the claim follows
from Theorem [L.2
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We now turn our attention to the diagonalizability of L @ R(«). We already now that
L® R(«) has three zero eigenvalues; note that the zero eigenvalues are all obtained for k = n.
Next, we study the algebraic multiplicity of the eigenvalues obtained for k < n (if any, i.e.,

if n > 1). The magnitude of the eigenvalues \g, k € {1,...,n}, is given by

| Akl = \/(COS(QW]C/TL) — 1)2 + sin? (27rk/n> = \/2 (1 - cos(27rk/n)> = 2 sin %k

Note that the eigenvalues A} (respectively A, ) are just a rotation with angle a (respectively
—a) of the eigenvalues ) (in particular |\;| = \x for every k); hence, as a is varied, the
eigenvalues A\ move on circles with radius r, = 2sin(7k/n) and center the origin. Since it
holds

sin (W(n k) /n) — sin (7k/n), (12)
there are only (n — 1)/2 distinct circles if n is odd, or n/2 distinct circles if n is even; we
call Cy, such circles, k € {1,...,k}, where k = (n —1)/2 if n is even and k = n/2 otherwise.
From equation , the eigenvalues that lie on the same circle Cy are, for all a € [—7, 7),

/\k7 )\n—k7 )\za >\+_k;7 )\];7 A;—k? k = 1727"‘7k; (13)

n

Therefore just 6 eigenvalues lie on the same circle (3 in the case that n is even and k = k).
Clearly, only the eigenvalues that lie on the same circle can coincide.
Assume that n is odd, or n is even and k < k. Then, the eigenvalues \; and \,_; are

distinct. Indeed, Ay, = A,_j implies sin(27k/n) = sin(27(n — k)/n); since we have
0<2mk/n<2r for ke{l,...,n—1},

the equality sin(27k/n) = sin(27(n — k)/n) is impossible under the assumptions. Similarly,
the eigenvalues )\;“ and /\;Lk are distinct, and the eigenvalues A\, and A\ _, are distinct. As «
is changed, the eigenvalues Ay and \,,_j, which are distinct, do not move along the circle Cy;

as « is increased, the eigenvalues A} and A'_, which are distinct, move counter-clockwise

n—k>
along the circle Cy, with fixed (non-zero) phase difference; finally, as « is increased, the
eigenvalues A\, and A _,, which are distinct, move clockwise along the circle Cj, with fixed
(non-zero) phase difference. We conclude that at most three eigenvalues can coincide; in

particular, the possible pairs of eigenvalues that can coincide are

()‘kv )‘2—)7 ()‘lﬁ )‘:fk)’ (Alw Alz)v ()‘kv )‘r_sz)a ()‘n—kv )‘Z—)a (An—kv /\;;k)’ (An—k’ /\l;)7

()\n—ka )‘;—k)> ()‘Z_’ )‘I;)a O‘Z_ﬂ Ar:—k)> ()\:L_—k’ AI;)’ ()‘:,_—k’ )‘;—k)'
(14)
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Similarly, the only triples of eigenvalues that can potentially coincide are

4 4
)\g — Ak /\g N )\k
A A
Ae — ;"“ and  Ap_p — ;"“ . (15)
/\;lk - " /\1—11:]@ - "
\ A \ Ao

If n is even and k = k, it is straightforward to see that the possible pairs of eigenvalues

on (/2 that can coincide are

(An/Qa )‘»:/2)7 (An/g’ )\7:/2)7 (>\7er/27 A;/2)7

while the three eigenvalues on €,/ coincide only when o = 0.

The last step before proving that L® R(«) is diagonalizable is to compute its eigenvectors.
T

Recall that the eigenvectors of L are v, :(LXkaXi» . ,XZ_1> . where y;, = >k | ¢
{0,...,n — 1} (we are omitting the constant 1/y/n). The eigenvectors of L ® R(«) are then
given by

/’Lk : djk ® (07 07 ]-)T = (07 07 ]'7 O? 07 Xk7 T 707 07 XZ?l)T’
MZ_ =Yk ® (17j7 O)T = (17j707Xk7ij707 s ’XZ_I’jXZ_170>T’
N’I; = ¢k X (17 _j;O)T = (17 _j707Xka _j Xkaoa o 7XZ_17 _] XZ_170)T’

where k£ € {1,...,n}. Given any triple of integers p, ¢, r € {1,...,k}, it is easy to see
that the three eigenvectors i, ,u:[, . are linearly independent (just observe the first three
components of each eigenvector). Hence, the zero eigenvalues (which have an algebraic multi-
plicity equal to three) have a geometric multiplicity equal to three; recalling that the possible
pairs or triples of non-zero coincident eigenvalues are given in equations and , we
conclude that whenever two or three eigenvalues coincide the corresponding eigenvectors are

linearly independent. Therefore, L ® R(«) is diagonalizable for all a € [—m, 7). O

Corollary II1.2 When o = w/n, the two eigenvalues that lie on the imaginary azxis are
A = —j2sin(n/n) and \| = j2sin(w/n), with corresponding eigenvectors )t and py .
When m/n < a < 27/n, the two eigenvalues with positive real part are A} | and \|, with
corresponding eigenvectors it | and py ; moreover, the real parts of X} | and \| are both

equal to 2sin(m/n)sin(a — /n).

Proof: The proof reduces to a straightforward verification in equation ([11}). O
We are now in a position to study the formations that can be achieved with control law ({]).

We study separately the case with k. = 0 and the case with k. > 0.
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1. Case k. =0, i.e., no control on the center of the formation.

Combining Theorem and Corollary (where, in particular, the eigenvectors corre-
sponding to the dominant eigenvalues are explicitly given), it is easy to show (the arguments
are virtually identical to those in Section 3.5 of? and are omitted in the interest of brevity)
that agents starting at any initial condition (except for a set of measure zero) in R3" and

evolving under exponentially converge:
1. if 0 < || < 7/n, to a single limit point, namely their initial center of mass;

2. if |a| = m/n, to an evenly spaced circle formation, whose radius is determined by the

initial positions of the agents;
3. if 7/n < |a| < 2m/n, to an evenly spaced logarithmic spiral formation.

The center of the formation is determined by the initial positions of the agents. The same

result has recently appeared in.'®

Remark 111.3 When k. = 0, the control law in equation only requires the measurement
of the relative position (X;11 — X;); however, it uses a rotation matriz that is common to all
agents. Hence, control law requires that all agents agree upon a common orientation, but

it does not require a consensus on a common origin.

2. Case k. > 0, i.e., control on the center of the formation.

We now study the case k. > 0; we will see that in this case the center of the formation is
no longer determined by the initial positions of the spacecraft, instead it always converges,
exponentially fast, to the origin. In fact, when k. > 0 the eigenvalues of L ® R(«a) are
shifted toward the left-hand complex plane by an amount precisely equal to k., while the

eigenvectors are left unchanged. Then, the following corollary is a simple consequence of

Corollary [[T1.2]

Corollary I11.4 Assume k. > 0; then, if 0 < |a| < w/n, all of the eigenvalues are in the
left-hand complex plane. If, instead, w/n < |a| < 27 /n we have

1. if k. > 2sin(w/n) sin(a — 7/n), all of the eigenvalues are in the open left-hand complex

plane;

2. if ke = 2sin(w/n)sin(a — 7/n), two non-zero eigenvalues lie on the imaginary axis,

while all other eigenvalues lie in the open left-hand complex plane;

3. if ke < 2sin(n/n)sin(a — w/n), two non-zero eigenvalues lie in the open right-hand

complex plane, while all other eigenvalues lie in the open left-hand complex plane;
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Accordingly, by appropriately selecting « and k., the agents, starting at any initial condition
(except for a set of measure zero) in R3" and evolving under , exponentially converge
to the origin, or to an evenly spaced circle formation centered at the origin, or to an evenly
spaced logarithmic spiral formation centered at the origin. Simulation results are presented

in Figure [1, where 7 agents reach a circular formation centered at the origin.

Remark 1I1.5 When k. > 0, the control law in equation requires that the agents agree
on a common reference frame (i.e., both a common origin and a common orientation); in
particular, each agent needs to measure its relative position (X1 —x;) and know its absolute

position X;.

Remark II1.6 Note that the center of the formation can be chosen to be any point in R3.
Assume, in fact, that we desire a formation centered at ¢ € R3. Then, if we modify the

control law according to
u; = R(a) (X1 — %) — ke (X — %), ke € Ry,

it is immediate to see that the center of the formation will converge exponentially to X..

40r : Vehicle trajectories
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Figure 1. Convergence to circular trajectories centered at the origin. Left Figure: First
coordinate as a function of time for each agent. Right Figure: Trajectories in 3D.

B. Convergence to circular formations with a prescribed radius

Circular trajectories occur only when two non-zero eigenvalues are on the imaginary axis and
all other non-zero eigenvalues have negative real part, which makes this behavior not robust
from a practical point of view. In this section we address the problem of robust convergence
to a circular motion on a circle of prescribed radius around the (fixed) center of mass of the

group, with all agents being evenly spaced on the circle. Here, by robust we mean that the
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circular formation is now a locally stable equilibrium of a non-linear system. The key idea
is to make the rotation angle a function of the state of the system.

Specifically, let there be n ordered mobile agents in the plane, their positions at time
t > 0 denoted by x;(t) = [z;1(t), zi2(t)]" € R% i € {1,2,...,n}, where agent i pursues the

next ¢ + 1 modulo n. The kinematics of each agent is described by

Xi = k'g u;,
(16)
u; = R(ai)(Xip1 — %),
where the rotation angle «; is now a function of the state of the system:
s
o; = ; + ka (T — Hxi+1 — XZH), ka, re R>0. (17)

Without loss of generality, we assume k, = 1. In equation the constant k, is a gain,
while r is the desired inter-agent distance. Intuitively, if the agents are “close to each other”
with respect to r, they will spiral out since a; > 7/n; conversely, if they are “far from each
other” with respect to r, they will spiral in since o; < 7/n. It is easy to see that a splay state
formation whereby all agents move on a circle of radius r/(2sin(7/n)) around the (fixed)
center of mass of the group, with all agents being evenly spaced on the circle, is a relative

equilibrium for the system. The next theorem shows that such equilibrium is locally stable.

Theorem III.7 A splay-state formation is a locally stable relative equilibrium for system

19 - -

Proof: 'We first consider a sequence of coordinate transformations such that a splay-
state formation is indeed an equilibrium point (and not a relative equilibrium). Consider the
change of coordinates p; = x;11 — X;, ¢ € {1,2,...,n}. In the new coordinates, the system

becomes (the index 7 is, as usual, modulo n)
. T
Pi = R(@iy1) piv1 — R(a) pi, where «a; = -t ko (r = |Ipil)- (18)

By introducing polar coordinates, i.e., by letting the first coordinate p;; = g; cos?; and the
second coordinate p; o = g;sin¥;, with o; € R>o and o; € R, the system becomes, after some

algebraic manipulations (see Appendix |A|for the details),

0i = 0iv1 cos((Viy1 — Vi) — aiy1(0i41)) — 05 cos(a(0i)), (19)
Ji = S sin((Din = 02) — v ois)) + sin(oi(00), (20)
T
a;(0i) = - + ko (1 — 0:), (21)
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where we have made explicit the dependence of a; on p;. Finally, by letting ¢; = ¥;11 — ¥,

we obtain
0i = 0it1 cos(p; — aiy1(0i+1)) — 0i cos(ai(0;)),
. Oi+2 . . Oi+1 . .
Vi = 0 +1 Sin(@it1 — @ip2(0it2)) + sin(@ip1(0i+1)) — g+ sin(g; — aiy1(0i41)) — sin(eu (i),
i+ i
T
ai(0) = — +ka(r— o)
n
Define o = (01,...,0,)" and ¢ = (¢1,...,0n)T; in the new system of coordinates o-
o, a splay state formation corresponds to an equilibrium point ¢* = (r,...,r)T and p* =
(&,..., =, —W)T. In compact form we write

| = flo, 9). (22)
@

The linearization of system around the equilibrium point (¢*, ¢*) is
0i = cos(m/n)(0ir1 — 0i) — kar sin(m/n)(0i41 + 0;) — rsin(m/n) p;,
. 1.
¢i = (kacos(m/n)+ - sin(m/n))(0i+2 — 20i+1 + 0i) + cos(m/n)(pis1 — @i).

Without loss of generality we set » = 1; the linearized system can be written in compact

form as

Q' anL_ Qka Sn In —Sn ]n 0
@ b, L? cn L P a

where s, = sin(7/n), ¢, = cos(w/n), a, = (¢n — kaSn), by = kaCpn + Sn, and L is defined in

equation @ The spectrum of P is characterized by the following Lemma.

Lemma I11.8 The matrix P has 2n—3 eigenvalues with negative real part, and 3 eigenvalues
with zero real part. The eigenvalues with zero real part are \y = 0, and Ao 3 = £27js,,; the

corresponding eigenvectors vy, ve and vs are:

v = (1n7 _2ka ]-n)T )
, T
ve = (Y1, —2b,e™MY)"

vz = g,

where 1,, = (1,1,...,1)T € R", ¢ is the eigenvector for k = 1 in equation and v
indicates the complex conjugate of v.
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Proof: The proof of this lemma is presented in Appendix [B] O

System (22)) is constrained to evolve on a subset of R?". To see why this is the case,
recall that from the definition of p; we have )", p; = 0, or equivalently > " | R(¢J1)p; = 0.
In polar coordinates these constraints become > | o; cos(¥; —¥1) =0 and Y., 0; sin(v; —
Y1) = 0. Thus, in the system of coordinates p-p, the following two constraints must hold at

all time
n i—1
gl(@a QO) = Z Qi COS (Z Sok) = 07
i=1 k=1
n i—1
92(0, ) = Z 0; sin (Z gok> =0.
=1 k=1
Moreover, by definition of ¢, the following constraint must hold at all time
n
gs(0,9) =Y i =0.
i=1

Let g(o, ¢) = (91(0, 9), 92(0, ), g3(0. )" and define
M ={(0,9) € R* : g(0, ) = 0} C R*".

Note that (o*, ¢*) € M. The Jacobian of g(p, ¢) evaluated at the equilibrium point is

1 cos(2m/n) ... cos(2m(n—1)/n) =3 ,rsin(2r(i—1)/n) ... —rsin2r(n—1)/n) 0
G=1 0 sin(2r/n) ... sin(2x(n—1)/n) St ,reos(2m(i—1)/n) ... rcos(2m(n—1)/n) 0
0 0 e 0 1 . 1 1

Let Bs(o*, ¢*) be the open ball of radius § > 0 centered at point (o*, ¢*) in R?". The rank of G
is clearly 3; then, there exists § > 0 such that M = MNBs(o*, p*) C R2" is a submanifold of
R2". The tangent space of M at (0, ¢*), that we call T(g*#p*)/\;l, is an invariant subspace of P
(since M, by construction, is invariant under ([22)), i.e., f(o, p) € T(éw)/\;l for all (o, ) € M)
and has dimension 2n — 3. Pick a basis {wy, ..., ws,_3} of T(Q*W*)./\;l and complete it to a
basis W of R?". Then, with respect to this basis, P takes the upper-triangular form

Py Py

)

O3x(2n-3) a2

where 03y (2,—3) is the zero matrix with 3 rows and 2n — 3 columns. Since our system is

constrained to evolve, at (p*, ¢*), along the tangent space T(Qw,*)./\;l, the local stability of
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the equilibrium point is solely determined by the eigenvalues of P, ;.
We next show that the three eigenvalues of P, are exactly the three eigenvalues of P

that have real part equal to zero. It is possible to show (see Appendix |C]) that
G-v; #0, foreach i€ {1,2,3},

where v;, i € {1,2,3}, are the three eigenvectors associated to the three eigenvalues with
zero real part. Therefore, we have v; ¢ T(Q*W)./\;l, i € {1,2,3}. Let y; be the components
of v; with respect to the basis W; define v, ; as the vector of components with respect to
{wy, ..., way_3}, and y; 5 as the vector of components with respect to the remaining basis
vectors in W. Since v; ¢ T, (g*,w*)/\;l, vector y; o is non-zero. Since v; is an eigenvector of P
with eigenvalue \;, we can write

P P Yi

)

= >\z yiJ )

O3x(2n-3) 22 Yi2 Yi2

and therefore Pyo ;o = A i, 1.€., A; is an eigenvalue of Py, ¢ € {1,2,3}. Since, we have
eig(Py) = eig(P) \ eig(Ps2), we conclude, by using Lemma [II1.8] that all eigenvalues of P ;

have negative real part. Therefore, the equilibrium point (o*, ¢*) is locally stable. O

IV. Cyclic-Pursuit Control Laws for Double-Integrator Models

In this section, we extend the previous cyclic-pursuit control laws to double integrators.
We first present a control law that requires each agent to be able to measure its absolute
position and velocity; then, we design a control law that only requires relative measurements
of position and velocity. As before, let x;(¢) = [x;1(t), z;2(t), 7 3(t)]" € R® be the position
at time ¢t > 0 of the ith agent, i € {1,2,...,n}, and let x = [xI,xZ ... xL]T. Moreover,
let R(«) be the rotation matrix in three dimensions with rotation angle o« € [—7, ) and
rotation axis (0,0,1)” (see equation (9)). The dynamics of each agent are now described by
a double-integrator model:

A. Dynamic Cyclic Pursuit with Reference Coordinate Frame

Consider the following feedback control law

w; = kg R(o) (X1 — %) + R(o) (X1 — %)

(24)
— k.kgx; — (kc + kd> Xi, kg € R>0, k. e R.
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Note that each agent needs to measure both its absolute position (if k. # 0) and its absolute
velocity (if k. # —kq). The overall dynamics of the n agents are described by:

X 0 I3,
* = ’ x = C(a)x, (25)
X k‘d A(O&) A(CY) — k’dfgn

where A(a) = L ® R(a) — k.I3, and L is the matrix defined in equation (6]). The following

theorem characterizes eigenvalues and eigenvectors of C'(«).

Theorem IV.1 Assume that -kq is not an eigenvalue of A(a). The eigenvalues of the state
matriz C(a) in equation are the union of:

e the 3n eigenvalues of A(a),
o kg, with multiplicity 3n.

In other words, eig(C(a)) = eig(A(a)) U {—kq}. Moreover, the eigenvector of C(a) corre-
sponding to the kth eigenvalue N, € eig(A(a)), k € {1,...,3n}, is:

ve= | = ML ke, 3n),

Vk2 Ak Mk

where py, is the eigenvector of A(a) corresponding to . The 3n (independent) eigenvectors

corresponding to the eigenvalue —kg (that has multiplicity 3n) are

B S Can
v = I . a k=3 ke {3n+1,...,6n},

Vg2 €k—3n
where e; is the jth vector of the canonical basis in R™.

Proof:  First, we compute the eigenvalues of C'(«). The eigenvalues of C(«) are, by

definition, solutions to the characteristic equation:

)\[371 _[371
—kd A(Oé) )\Ign — (A(CK) — kdlgn)

0 = det

By using the result in equation ((1)), we obtain

0 = det (A*I3,, — A (A(0) — kals,) — ka A())
= det((A + kq)I3,) det(Als, — A(a)).
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Thus, the eigenvalues of C'(a) must satisfy 0 = det((A + k4)I3,) and 0 = det(A 3, — A(«));
hence, the first part of the claim is proved.
By definition, the eigenvector [}, v ,]" corresponding to the eigenvalue A, k = 1,..., 6n,

satisfies the eigenvalue equation:

N | e | 0 Is, Vi 1
A —

Vg2 ko Ala)  Ala) — kals, Vk.,2

_ Vi 2
k?d A(Oé)VkJ —f-A(Oé)VkQ — k?de’Q

Thus, we obtain

>\ka,1 = Vg2,

)\kyk’Q = /{Zd A(a)l/m + A(OK)V]C’Q — ]{Zd Vi,2,
and therefore

)\k(kd + Ak:)”k,l = (kd + )\k‘) A(a) l/k71. (26)
If \y = —kg, then we have 3n eigenvectors given by [—kj'e;, ¢;]7, 7 = {1,...,3n}. If,

instead, A\, € eig(A(«)) (note that by assumption —k,; ¢ eig(A(a))), we obtain from equation

(26)

/\ka,l = A(Oé)Vk,h

and we obtain the claim. 0

We are now in a position to study the formations that can be achieved with control law .

Theorem IV.2 Assume that -kq is not an eigenvalue of A(a). Then, agents’ positions
starting at any initial condition (except for a set of measure zero) in R3™ and evolving under

(25) exponentially converge:
1. if k. = 0, to formations centered at the initial center of mass, in particular:

(a) if 0 < |a| < 7/n, to a single limit point;
(b) if |a| = m/n, to an evenly spaced circle formation;

(c) if m1/n < |a| < 27/n, to an evenly spaced logarithmic spiral formation;

2. if k. > 0, to formations centered at the origin, in particular:
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(a) if 0 < |a| < m/n, to a single limit point;
(b) if m/n < |a] < 27/n
i. if ke > 2sin(m/n) sin(a — w/n), to a single limit point;
ii. if ke = 2sin(m/n) sin(a — w/n), to an evenly spaced circle formation;

iti. if k. < 2sin(m/n)sin(a — 7/n), to an evenly spaced logarithmic spiral forma-

tion.

Proof: As a consequence of Theorem , the eigenvectors of C'(«) are linearly inde-
pendent. Indeed, the eigenvectors v, for k € {1,...,3n} are linearly independent since the
vectors iy, are (see Theorem ; moreover, the eigenvectors vy, for k € {3n +1,...,6n}
are clearly linearly independent. Since, by assumption, —ky ¢ eig(A(«)), the independence
of the eigenvectors of C'(a) follows.

Then, the proof is a simple consequence of Theorem [[TL.1], Corollary [[TT.2] Theorem [[V.1]
and the arguments in Section 3.5 of.*

[
B. Control Law with Relative Information Only
Consider the following feedback control law:
W= b B(0) ((xis2 = Xi41) = (%1 =) 4+ haR(0) (i1 — %) (27)

where k; and ko are two real constants (not necessarily positive). In this case, each agent
only needs to measure its relative position with respect to the positions of agents ¢ + 1 and
i + 2 (note that (x40 — Xi11) = ((Xi32 — X;) — (X341 — X;))), and its relative velocity with
respect to the velocity of agent 7 + 1. Note that control law uses a rotation matrix that
is common to all agents; hence, it requires that all agents agree upon a common orientation,
but it does not require a consensus on a common origin. Indeed, in the case of spacecraft,
agreement on the orientation can be easily achieved by using star trackers.

It is possible to verify that

1 -2 1 0 0
|01 21 0
|2 1 0 1|
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Then, the overall dynamics of the n agents can be written in compact form as

b'¢ 0 ]371

= x = F(o)x. 28
leZ (%9 R2(Oé) ]{?Q(L & R(Oé)) ( ) ( )

Let A(a) = L ® R(«), and define
go= 2 () g, (29)

The following theorem characterizes eigenvalues and eigenvectors of F'(«).

Theorem IV.3 Assume that B+ # 0.The eigenvalues of the state matriz F(a) in equation
(28) are the union of:

o the 3n eigenvalues of A(«a), each one multiplied by By,
e the 3n eigenvalues of A(a), each one multiplied by (—.
In other words, eig(F(a)) = Oy eig(A(a))U S eig(A(a)). Moreover, the eigenvector of F(«)

corresponding to the kth eigenvalue A\ € Byeig(A(a)), k € {1,...,3n}, is:

v = R Hi , ked{l,...,3n},

V.2 kb

where . is the eigenvector of A(a) corresponding to the eigenvalue A\ /(By. Similarly, the

eigenvector corresponding to the kth eigenvalue A3, € f—eig(A(a)), k € {1,...,3n}, is:

. V3n4k,1 23
V3ntk = " = s ke {1,...,3”},

V3ntk,2 Ak Lk
where py. is the eigenvector of A(a)) corresponding to the eigenvalue A /5.

Proof: First, we compute the eigenvalues of F'(«). Note that, by the properties of the
Kronecker product, L? ® R*(a) = (L ® R(a))? = A*(a). The eigenvalues of F'(«a) are, by

definition, solutions to the characteristic equation:

)\1311 _[311
—k1A2(Oé> /\Ign — kQA(Oé)

0 = det
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Using the result in equation we have that

0 = det (AL, — koA A() — ki A%(a))
= det (M, — B A(a)) (Mg, — B-A(0)) ).

Then, the first part of the claim is proven.

By definition, the eigenvector vy 1 vx2]7 corresponding to the eigenvalue A, k € {1,. ..

satisfies the eigenvalue equation:

Rz 0 I3n Vi1
V2 i kiA%(a)  kyA(a) Vk,2
_ Vi2
k1 A% (o)vg1 + ko A(a) vy

Thus, we obtain

)\ka,l = Vg2,

)\ka,2 = k1A2(Oz)Vk71 —I— k;QA(O[)Vk727

and therefore,
)\inJ = k1A2(Oé)V]€71 + k‘gA(Oé))\kaJ,
which can be rewritten as

(Melsn — B A(@))Nelsn — B-A(a))vq = 0.

,6n},

(30)

Therefore, if \; € [.eigA(a) (analogous arguments hold if A\, € [_eigA(«)), the above

equation is satisfied by letting 14 ; be equal to g, in fact in this case (notice that py is the

eigenvector of A(a) corresponding to the eigenvalue A/, and that 3, # 0):

A
AkVk,1 = —kﬁ+ﬂk = By A()pu, = ﬁ+A(OZ)Vk,1,
_l’_

and the claim easily follows.

]

By appropriately choosing ki, ko and «, it is possible to obtain a variety of formations.

Here we focus only on circular formations and Archimedes’ spiral formations (an Archimedes’

spiral is a spiral with the property that successive turnings have a constant separation dis-
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tance), which are arguably among the most important symmetric formations for applications.
In particular, Archimedes’ spiral formations are useful for the solution of the coverage path-
planning problem, where the objective is to ensure that at least one agent eventually moves
to within a given distance from any point in the target environment. More applications will

be discussed in Section [Vl We start with circular formations.

1. Clircular formations with only relative information

We start with the following lemma.

O3n . o
Lemma IV.4 The vector wy, = s , where 03,x1 1S the zero matriz with 3n rows and

M
1 column, is a generalized eigenvector for the zero eigenvalues N\, where k = n,2n,3n.

Proof: The claim can be easily obtained by direct verification into the equation (F'(«)—

)\k I6n)wk = V. L]

Theorem IV.5 Let ky = 2cos(n/2n) and ky = —(ky/2)? — sin*(7/2n). Moreover, assume
that « = m/2n; then, the system converges to an evenly spaced circular formation whose

geometric center has constant velocity.

Proof: ~ With the above choices for k; and ks, it is straightforward to verify that
By = €™ From Theorem m F(«) has exactly two eigenvalues on the imaginary axis,
a zero eigenvalue with algebraic multiplicity 6 and geometric multiplicity 3, and all other
eigenvalues G4\, in the open left-half complex plane with linearly independent eigenvectors.
Then, by using Theorem and Lemma [[V.4] it is possible to show that, as t — 400, the

time evolution of the system satisfies

: 1 2
x(t X X W W
. ( ) G ¢ el 1 do;n Co d(l)m 7
x(t) X O3nx1 —WWyom WW jom

where x, and %, are the initial position and velocity of the center of the formation, ¢; and ¢,
are constants that depend on the initial conditions, w is a constant equal to 2sin (%), and,

finally, the eigenfunctions wh_ . p € {1,2}, are given by:

wcllom = [cos(wt+d1), sin(wt+61),0,. .., cos(wt+4,), sin(wt+4d,), 0],

w2, = [sin(wt+6;), — cos(wt+dy), 0, . .., sin(wt+6,), — cos(wt+d,), 0], (31)
where 6; = 27(i — 1)/n, i € {1,...,n}. (Note that w} = —ww? w3 =wwl .) O
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Next we show how to choose k1, ks and a to achieve Archimedes’ spiral formations; note
that an Archimedes’ spiral is described in polar coordinates by the equation o(¢) = ap, with

2. Archimedes’ spiral formations with only relative information

We start with the following lemma.

O3n :
Lemma IV.6 Let ky = —(ko/2)* and assume o = 7w/n. Then, wy = s a

i
generalized eigenvector for the eigenvalue Ay /(3.

Proof: The claim can be easily obtained by direct verification into the equation (F'(a) —

>\k.[6n)U)k = Vg. ]

Theorem IV.7 Let ky = —(ko/2)?, and assume ky > 0 and a = 7/n. Then, the system

converges to an Archimedes’ spiral formation whose geometric center has constant velocity.

Proof: 1In this case we have 3, = f_ € Ry, and thus A\, = \gi3, forallk € {1,...,3n};
as a consequence, the eigenvalues of F(«) are feig(A(«)). Hence, F(a) has exactly two
eigenvalues on the imaginary axis, each one with algebraic multiplicity 2 and geometric
multiplicity 1, a zero eigenvalue with algebraic multiplicity 6 and geometric multiplicity 3,
and all other eigenvalues 1) in the open left-half complex plane. Then, by using Theorem
and Lemma [[V.6] it is possible to show that, as ¢ — 400, the time evolution of the

system satisfies

X(t) _ }.CG 1t X +d, 03nx1 +d, 03;7,><1
X(t) Xa O3n>< 1 Wcllom Waom
VVglom W?lom
+ (C1+d1t> +<CQ + dgt) s
_wwglom ww}lom

where x, and x, are the initial position and velocity of the center of the formation, c;, ca, dy
and dy are constants that depend on the initial conditions, w is a constant equal to 2sin (%),
and, finally, the eigenfunctions w/ . p € {1,2}, are defined in equation (31). Then, agents
will perform spiraling trajectories; the radial growth rate is a constant equal to v/d; + ds, and
the center of the formation moves with constant velocity x4 defined by the initial conditions.

[

23 of Ml

Control of Spacecraft Formations via Cyclic Pursuit, Ramirez et al.



C. Comparison with existing results in the literature

It is of interest to discuss the relation between the control policies presented so far and a set
of related results recently appeared in.'>!¢ First, in,'® Ren proposes the following control

law for the single-integrator model in equation (|7)):

u; = _ZQikR(a)(Xi_Xk)a i€{l,...,n},
k=1

where ¢ is the (i, k)th entry of a weighted adjacency matrix @) associated to a weighted
directed graph G (notice that the ring topology is a special case). In,' it is shown that if G
has a directed spanning tree, the agents will eventually converge to a single point, a circle
or a logarithmic spiral pattern, depending on the value of «; the center of the formation is
determined by the initial positions, and the circular formation, whose radius is determined
by the initial positions, is achieved when certain eigenvalues are on the imaginary axis. Our
results in Section III differ from the results in'® along two main dimensions: (i) we consider
control on the center of the formation; (ii) most importantly, we consider the problem of
robust convergence to a circular motion on a circle of prescribed radius (see Section III[B]).

Second, in,'® Ren proposes the following control law for the double-integrator model in
equation ([23):

u;, = —ZqikR(a)(xi —Xp) — %, i€{l,...,n},v € Ry,
k=1

where ¢y, is, as before, the (i, k)th entry of a weighted adjacency matrix @) associated to a
weighted directed graph G. In,!° it is shown that if G has a directed spanning tree, the agents
will eventually converge to a single point, a circle or a logarithmic spiral pattern, depending
on the value of «; the center of the formation is determined by the initial conditions and
the velocity needs to be measured in a common frame of reference. Our results in Section
IV differ from the results in'® along three main dimensions: (i) we consider control on the
center of the formation; (ii) we study control laws that only require relative measurements
of position and velocity; (iii) we consider a novel type of symmetric formation, namely
Archimedes’ spirals.

We next describe possible applications for the control laws we proposed, and we present

experimental results.
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V. Applications of Cyclic-Pursuit Algorithms

In the past few years, cyclic pursuit has received considerable attention in the control
community (see Section ; however to date, to the best of our knowledge, no application
has been proposed for which cyclic pursuit is a particularly effective control strategy. In this
section, we discuss application domains in which cyclic pursuit is indeed an ideal candidate

control law.

A. Interferometric Imaging in Deep Space

Interferometric imaging, i.e., image reconstruction from interferometric patterns, is an ap-
plication of formation flight that has been devised and studied for space missions such as
NASA’s TPF and ESA’s Darwin.? The general problem of interferometric imaging consists
of performing measurements in a way that enough information about the frequency content
of the image is obtained. Such coverage problem is independent of the global positions of
the spacecraft;® additionally, missions like TPF and Darwin consider locations far out of the
reach of GPS signals and are expected to only rely on relative measurements to perform
reconfigurations and observation maneuvers. Finally, a heuristic solution to this problem is
represented by Archimedes’ spiral trajectories .* Hence, the application of the cyclic-pursuit
algorithms presented in Section [[V]is inherently appropriate in this context. Figure [2] shows
simulated trajectories resulting from the application of control law ; the initial positions
are random inside a volume of (10km)3. In the first case spacecraft converge to circular tra-
jectories, while in the second case spacecraft converge to Archimedes’ spirals. The inertial

frame for the plots is the geometric center of the configuration.

a) b)
8
6
4 g
2
20

10 10 20

8 6 ° 10

° 4 0 0
2
y, km x, km -10 -10

Figure 2. Convergence from random initial conditions to symmetric formations. Left Figure:
Circular trajectories. Right Figure: Archimedes’ spiral trajectories.
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B. On Reaching Natural Trajectories

In this section we modify the previous control laws to achieve convergence to elliptical tra-
jectories. Consider the application of a similarity transformation to the rotation matrix
R(a), in other words, we now replace the rotation matrix R(«) in the previous control laws
with TR(«)T !, where T is a non-singular matrix. Such similarity transformation does not
change the eigenvalues of L ® R(«) (hence Theorem still holds), but changes the eigen-
vectors p of R(a) to Tu. It is straightforward to see that the trajectories arising with the

previous control laws are then transformed according to
%(t) = Txilt), ic{l,...,n} (32)

in particular, circular trajectories can be transformed into elliptical trajectories.
Indeed, the above approach is useful to allow the system to globally converge to low-effort

trajectories. Consider the dynamic system

X = flxpX)+w

= SO %) = (f (%6, %) = Wnom,), (33)

which has a zero-effort (u;=0) invariant set x}, for which f(x},X}) = Wuom,. If we use a
controller for which the state reaches x}(¢) as t — oo, then the control effort will tend to
u; =0ast— oo.

In the case of the dynamics of relative orbits slightly perturbed from a circular orbit,
elliptical relative trajectories are closed near-natural trajectories (i.e. theoretically they
require no control effort); in the following section, cyclic-pursuit controllers are proposed as

promising algorithms for formation acquisition, maintenance and reconfiguration.

1. Clohessy- Wiltshire model

The Clohessy-Wiltshire model approximates the motion of a spacecraft with respect to a

frame that follows a circular orbit with angular velocity wp and radius Ry.; = (pg/w)"?,

where pg is the gravitational constant of earth. The equations of motion %X; = f(x;, u;) are:

i = 2wl + 3wh; + Ui,
Ui = —2WRT; + Uy, (34)
Zi = _W?{Zi + Uz,

where the z, y and z coordinates are expressed in a right-handed orthogonal reference frame

such that the z-axis is aligned with the radial vector of the reference orbit, the z-axis is
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aligned with the angular momentum vector of the reference orbit, and the y-axis completes
the right-handed orthogonal frame.

Consider a formation of spacecraft that use the cyclic-pursuit controller

u; = —f(Xl> + kg(deR(Oé)T_l(XH_l — Xl> + TR(&)T_l(Xi+1 — Xl)

(35)
— Eekaxi — (ke + ka/kg)%s),

with k, = wgr/(2sin(7/n)), and

~
I
O N
[—
(@)

zpcos(¢,) zpsin(¢,) 1

where 2o and ¢, are tunable parameters (their roles will become clear later). Then, from the

results in Section [[V], we obtain, as t — oo,

rsin(wgt + 0;)
xi(t) = x;(t)=T | rcos(wpt+d;) |, “€{l,...,n},
0

where §; = 27(i — 1)/n, and r is a constant that depends on the initial conditions. Thus, we

obtain

1
ri(t) = §r sin(wgt + 6;),
yi(t) = rcos(wrt+ d;),
Zi(t) = zorsin(wrt + 0; + ¢.);

hence, the formation will converge to an evenly-spaced elliptical formation with an z : y ratio
equal to 1: 2, ay: zratio equal to 1 : 2y, and a phasing between the x and z motion equal to
¢,. By replacing these equations into equation , it is easily shown that as x(t) — x*(t),

we have u — 0.

2. Including Jy perturbation

A more accurate model for the motion of a spacecraft considers the effects of the J, grav-
itational term. In,> the authors show that the equations of motion relative to a circular

non-keplerian reference orbit and including the J, term are well approximated by the linear
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system:

3 _
& = 2wgey; + (5% — 2)wha; + Uy + ZK]Q cos(2kt),
1 _
yz = —ZWRCZtZ‘ + Uyyg + §KJ2 sm(2k’t),
% = —q*z +2lgcos(qt + ) + u.,
where, again, the x, y and z coordinates are expressed in a right-handed orthogonal reference

frame such that the z-axis is aligned with the radial vector of the reference orbit, the z-axis

is aligned with the angular momentum vector of the reference orbit, and the y-axis completes

the right-handed orthogonal frame; moreover, ¢ = /1 + s, s = ?;ngE (143 c08(2irey)), Kjo =

3w, Jo R2 3J2R2 2 . .
S 22, COS% lpef, Tref aNd lpef

are parameters of the reference orbit, ¢ is approximately equal to cwg, and ®, [ are time

sin®(i,es), Re is the nominal radius of the earth, k=c+

varying functions of the difference in orbit inclination (see ref.”> for the details). Zero-effort

trajectories (i.e, trajectories with u; = 0) for the above dynamic model are shown to be:

vV1—3s
2\/1+5y

yr(t) = xo% sin(wgrtv1 — 8) + yo cos(wrtV'1 — ) + yee(t), (36)

2*(t) = (It +m)sin(qt + P),

x*(t) = xzocos(wrtv1—s)+ osin(wgrtv1 — 8) + we(t),

with

- - 2y/1
Xee(t) =[a(cos(2kt) — cos(wgrtv'1 — s)), Bsin(2kt) — ioz(cos(u)Rt\/l —s)), 07,
v1—s
where «, 3, and m are constants that depend on the reference orbit parameters and for
brevity are not discussed here. (For details we refer the reader to the work of Schweigart
and Sedwick.?) As in the previous section, by defining the control coordinates in a reference

frame centered in x..(t), and using the decentralized cyclic-pursuit controller in equation

(35) with a transformation matrix

VI=s
2v/1+s O 0
T = 0 1 01,

20 COS(¢Z) 20 Sln(éz) 1

and k; = wrpy1 — s/(2sin(r/n)), it is straighforward to show that the formation will con-

verge to elliptical trajectories centered at the point x..(t). Then, as t — oo, x(t) —
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rsin(wgt + 0;)
T | rcos(wpt +6;) | + Xee, and thus, as ¢ — oo, the trajectories for x(t), y(t) are those

0
described in equation , and we have that:

u, — 0,
uy, — 0,
u, — (wh— %)+ 2lgcos(qt + @) ~ 2lgcos(qt + ).

The last term corresponds to the cohesive force required to maintain the formation when
the orbits are not coplanar (i.e. the spacecraft have different inclination and thus different
Jo secular drift rates). For z, — 0, then ¢ = wg, | — 0 and the theoretical required thrust
converges to zero.

Figure |3 shows simulation results for the control laws described in this section. The
system is simulated using dynamics including the J; terms. The results show convergence
from random initial positions to the desired orbits, i.e., an evenly-spaced elliptical formation
in the desired plane. It is also shown (Fig. ) how the control effort reduces as the spacecraft

reach the desired low-effort trajectories.

b) Motion w.r.t to ref point in circular trajectory

a) Motion w.r.t to ref point

0.2
0.1
0
€
<
N 0.1
-0.2
-0.3
2
9 0.5
0 0
-4
% 1 05 4 =4 y.km 0 1 2 3
y,km . x,km x,km t

Figure 3. Convergence to elliptical trajectories with dynamics including J> terms. The dots
indicate the positions after 3 orbits. Left Figure: 3D view, trajectories with respect to ref-
erence point x... Center Figure: 3D view, trajectories with respect to non-keplerian circular
orbit. Right Figure: Control effort versus time; note that as t — oo, u — 0.

Although the achieved trajectories are not natural trajectories for a free orbiting body,

the proposed decentralized control law allows convergence to elliptical formations that are
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near-natural and would require low fuel consumption for their maintenance.

VI. Experimental Results on a Microgravity Environment

The previous control laws have been tested on the SPHERES testbed on board the
International Space Station. SPHERES is an experimental testbed consisting of a group of
small vehicles with the basic functionalities of a satellite.?! Their propulsion system uses
compressed CO, gas, and their metrology system is “GPS-like”. Each vehicle has a local
estimator that calculates a global estimate of the state from measurements of ultrasound
pulses. The system uses a single TDMA based RF channel to communicate its state to
neighboring spacecraft. Figure [ shows a picture of three SPHERES spacecraft on board the
ISS.

NG

[

ISSHMGED14220

Figure 4. Picture of three SPHERES satellites performing a test on board the ISS. (Fotocredit:
NASA - SPHERES)

The dynamics of each spacecraft are well approximated by a double integrator. For the
tests presented in this section, we used a velocity-tracking control law to track the velocity
profile in equation . We set k, = 1, while the gain k, (and consequently the frequency
of rotation) was set in each maneuver to make the centripetal force for the circular motion
equal to 0.11N (half the saturation level of the thrusters). We next describe two tests
performed using the SPHERES testbed on board the ISS: the objective is to demonstrate

the closed-loop robustness of the approach.
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A. Test 1

The first test comprised the following series of maneuvers, with the initial conditions being
xy = [0,-0.1,-0.2]7, 25 =[0,0.1,0.2]7, 23 = [0,4, 0]T and zero velocity (with respect to the
ISS):

a) two spacecraft perform a rotation maneuver in the x-z plane with a radius r = 0.3m;

b) a change in the desired radius is commanded and the spacecraft spiral out to achieve a

circular formation with r» = 0.4m;

c) a third spacecraft joins the formation and the system reconfigures into a three-spacecraft

evenly-spaced circular formation with r = 0.35m;

d) a similarity transformation 7" is applied to the rotation matrix, and the spacecraft achieve

an elliptical formation with eccentricity equal to 0.8.

The objective was to test convergence to evenly-spaced circular formations and robustness
with respect to changes in the number of agents. Figure [5shows global position and velocity
of each spacecraft (with respect to the ISS); figure |§| shows the trajectories performed by the
spacecraft during the maneuvers a), b), ¢) and d). Experimental results (see in particular

Fig. @ demonstrate the effectiveness of the proposed cyclic-pursuit controller.

P
Sphere Logical ID1 | p; Sphere logical ID 2 Sphere logical ID 3
Pz
e 1 Man| 4 1 1
g 0 0 0 S
g > |
-1 3 : -1 B -1 B 1
0 100 200 300 0 100 200 300 0 100 200 300
Vx
— vy
0.1 vz £0.1 0.1
Man
@
Z M%ﬁ%%g o o
9]
>
-0. 0.1 : : : 0.1 - - -
0-1 0 100 200 300 0 100 200 300 0 100 200 300
time, s time, s time, s
a) b) c)

Figure 5. Experimental results from Test 1: Position and velocity vs. time. From left to right:
satellites 1, 2 and 3.

B. Test 2

The second test comprised the following series of maneuvers, with the initial conditions being
ry = [0,-0.1,-0.2]7, 25, =[0,0.1,0.2]7, 25 = [0,4, 0]T and zero velocity (with respect to the
ISS):
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Sat1
a) b
0.6| — Sat2 0.6 ) 0.6¢ 9
----- Sat3
0.4 a 0.4 0.4f
0.2 0.2 i
£ 0.2
N O H 0 . 0
-0.2 =0.2 -0.27
-0.4 =04 -0.4¢
-0.5 0 05 -05 0 05 -05 0 0.5
X, m X, m X, m

Figure 6. Experimental results from Test 1: x-z plane. Sequence of maneuvers a), b), c¢) and
d).

a) three spacecraft perform an evenly-spaced rotation maneuver in the x-z plane with radius
r = 0.35m;

b) a similarity transformation 7" is applied to the rotation matrix, and the spacecraft achieve

an elliptical formation with eccentricity equal to 0.8.

Figure [7| shows global position and velocity of each spacecraft (with respect to the ISS);
figure 8 shows the trajectories performed by the spacecraft during the maneuvers a) and b).
Also in this case, experimental results (see in particular Fig. 8)) demonstrate the effectiveness
of the proposed cyclic-pursuit controller. Videos of experimental results can be accessed at
http://ssl.mit.edu/spheres/video/CyclicPursuit.

Sphere logical ID 1 EX Sphere logical ID 2 Sphere logical ID 3
— Py
Pz
1 Man| 1 : : 1
£ L
g0 0 Offcd——
o
-1 -1 -1
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
0.1 ‘ ‘ : W |01 ‘ : ‘ : A ‘ ‘
Vz |
: | == . |
E ol ~] off = 0 | r/
° T
s | |
-0.14 ‘ : : =01 | ‘ : ‘ 1o 50 100 150 200
19 50 100 150 200 0 50 100 150 200 ) e
time, s ime, s )
c
a) b) )

Figure 7. Experimental results from Test 2: Position and velocity vs. time. From left to right:
satellites 1, 2 and 3.
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0.5

Figure 8. Experimental results from Test 2: x-z plane. Sequence of maneuvers a) and b).

VII. Conclusions

In this paper we studied distributed control policies for spacecraft formation that draw
inspiration from the simple idea of cyclic pursuit. We discussed potential applications and
we presented experimental results. This paper leaves numerous important extensions open
for further research. First, all of the algorithms that we proposed are synchronous: we
plan to devise algorithms that are amenable to asynchronous implementation. Second, we
envision to study the problem of convergence to symmetric formations in presence of actuator
saturation. Finally, to further assess closed-loop robustness, we plan to perform additional
tests on board the ISS.
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Appendix

A. System in Polar Coordinates

Assume that [|p;]| = 0; > 0. Note that p; = 0;R(—V;) e1, where e, is the first vector of the

canonical basis, i.e., e; = (1, 0)T. Then, we can write p;;; as

Pit1 = legiR(_ﬁi—H) e = Qzl 0iR(=Vi11) R(9;) R(—V;) e1 = Q;ﬂR(ﬁi —Ui1) pi- (37)

Moreover, it also holds
p; R(7)p: = [Ip||* cos(y) = o cos(v), for any ~ € R. (38)

First, we find the differential evolution for the magnitude of p;, i.e., for o;. We have

. dpill pipi 1 4
i = = = —p; (R(q i+1 — R(o)ps).
0 dt ||pz|| 0; P; ( (Oé +1>p +1 (a )p )

By using Egs. and we then obtain

.1 i
0i=—Pp; <R(Oéi+1) LR, — din) i — R(%)Pz') = 0i cos((Vip1 — i) — @vipr) — 03 cos(ai).

4 i

We now find the differential evolution for the phase of p;, i.e., for ¥J;. Taking time

derivative in both hands of the identity p; ; sin; — p; 2 cos¥J; = 0, we easily obtain

o DiiPi2 —DigPin 1 po/my 1 o 7
by = B2 =B o pTR (2 )by = ol R(5 ) (Rlais)pis — Rlai)p).
7z 2P B )i = P RS (ai1)Pit1 — R(ai)p

Then, by using Egs. and we obtain

; 1 ™ Qi+1 Oi+1 . .
¥ = Q—?PZ-TR<§> (R(am)?R(ﬁi—ﬁm) pi—R(ai)Pi> = sin((Yi1 ;) —viy1)+sin(ay).

B. Proof of Lemma [TL8

Proof: The eigenvalues of P are solutions to the characteristic equation

I, —a, L +2 I I
0 — det M, —an L+ 2ky s, I, Sp In, .
—b,, L? M, —c¢, L

Note that both matrix (M, — a,, L + 2k, s, I,) and matrix —b, L? are circulant; then, since

circulant matrices form a commutative algebra (see Section , we can apply the result in
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equation (1)) and obtain

0 = det( (M, —an L+ 2kqy $p1n) (A, — c L) + snan2>

= det ()\2[ + A Qk Sty — (an + cn)L) —2koSncn L + (anc, + snbn)L2>

=B =C

— det(N2L, + AB + C)

- det< NI, + \B + B?/4 — S)
where S = B?/4— (. Note that B and C' are circulant, therefore S is also circulant. Since S
is circulant, it can be diagonalized according to S = U Dg U*, where Dy is a diagonal matrix
with the eigenvalues of S on the diagonal; accordingly, we have SY/? = U D}q/ *U*. Note
that B and S'/? commute. In fact, since B is circulant, it can be diagonalized via the same

orthogonal matrix U: B = U DgU*, where Dpg is a diagonal matrix with the eigenvalues of

B on the diagonal; hence

S'2 B = UDY*U*UDU* = UDY*DpU* = UDgDY*U* = UDgU* UDY*U* = B 52,
Therefore, we have
0 = det (AQIan+)\B+BQ/4—S) — det ()\In —(-B/2+ \/E)) det (Mm —(-B/2 - \/§)> .

Hence, the eigenvalues of P are the union of the eigenvalues of (—B/2 ++/S) and (—B/2 —

V'S ). Since B and S'/? are diagonalized by the same similarity transformation U, we have

B D D
-z * S/2 = UTBU* + UDYU* = U(TB + D1/2) U*. (39)

Let Ay be the kth eigenvalue of B, and Agj be the kth eigenvalue of S, k € {1,...,n}.
Then, from equation (39)), we have that

cig(P) = {)\B W2+ /\1/2}

k=1
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Hence, we are left with the task of computing the eigenvalues of B and S. Such eigenvalues
can be easily found by using equation :

eig(B) = {Qka Sp + (an + cp)(1 — e%jk/")}kﬂ,

cig(S) = (A\pa/4— )\C’k}k:1 = {(Qka Sn + (an + ¢)(1 — 2™Hm)2 /4

{(
B <(2k3a8ncn + anCp + Snbn) - <2ka3ncn + 2ancn + QSnbn)€27rjk/n
+

nCp, + bnsn)e4ﬂjk/”> } )
k=1

We first consider the eigenvalues of B. By using the following identities

QX —T

(1= ej) = 2sin(an/29el ™5, (1= 21— ) = cosfan/ e, (40

and after some algebraic manipulations omitted for brevity, the eigenvalues of B can be

written as
Api = (2kasn) + 2(2¢, — kasy) sin(km/n)e?*™/m=2) ke {1,... n}. (41)
Hence, we have, for k € {1,...,n},

Re(Apx) = 2kas, +2(2¢, — kus,) sin?(kr/n),
Im(Agr) = —2(2¢, — kasn)sin(km/n) cos(km/n). (42)

Next, we consider the eigenvalues of S. By using, again, the identities in equation ,

and with simple algebraic manipulations, we can write, for k € {1,...,n},

Ask = K282 (cos(km/n)e ™ 4 (kasncy + 52)(2sin(kr /n)e? F7/n=5))2
= [k2s% + dsin®(kn/n) + (4dkasncn — k252 — 4c2) sin®(kr /n))e?F™/,

Notice that k., ¢, and s, are positive real numbers; then the term inside the square brackets

is a positive real number. Therefore we have, for k € {1,...,n},
Re(\/Asr) = (K282 4 4sin®(kn/n) + (4kasncy — k22 — 4c%)(sin®(kn/n))) Y2 cos(kr /n),
which can be rearranged as

Re(\/Asp) = ((kasn+ (2¢, — kasy) sin®(km/n))? + 4sin®(kr/n)(s) — sin2(k:7r/n)))1/2
= ((AB.1/2)* + 4sin?(kr/n) (s> — sin®(kw /n))) /. (43)

36 of Ml

Control of Spacecraft Formations via Cyclic Pursuit, Ramirez et al.



From equations and it is straigthforward to show that

e For &k = n: we have
)\Rn = _)\B,n/2 + \/ )‘S,n = l{?aSn — k’aSn =0.

e Fork=1k=n—1:

Re(\/As1) = Re(Ag1/2) = (kasnC2 + 252cy), Im(\/As1) = kos2cn + 253,
Re(y/Asn_1) = Re(Apn_1/2) = (kasnc + 252¢,), Im(\/Asn_1) = —kasic, — 255.

Therefore, we obtain

Re(Ap1) = —Re(Ag1/2)+ Re(Ap1/2)=0,
Im(Ap1) = (20h—kaSn)SnCn + kaSoCy + 280 =25,
R6(>\p7n_1 = —Re()\37n_1/2) + Re()\37n_1/2)20,

)
Impn_1) = —(2eh—"kasn)SnCn — kasicn + 255 =—2s,,.

e For 1 <k <n—1, since sin(kr/n)? > sin(r/n)?, we have:

Re(\/ )\S,k) S RG()\BJ@/Q),

and thus Re(Apy) <0 for k ¢ {0,1,n — 1}.

Now, we proceed to show that vy, v, v3 in lemma are the eigenvectors corresponding
to the eigenvalues 0, 2s,j and —2s,,j respectively. First, consider the zero eigenvalue. Since
L-1, =0, (where 0, = (0,0,...,0)T € R"), it is easy to verify that:

nL_Qkoz nIn _n[n 1n
Pv1: “ ° s :Ogn.

bn L? Cp L _Qkaln

Now, consider the imaginary eigenvalue Ay = 2s,j. By replacing vy into the eigenvalue

equation we obtain

anL - 2ka Sn [n —Sn [n wl . wl
= 2371] ;

bn L2 Cn L fn,Q(ka)wl fn,Z(ka)wl

Note that L and L? (which are both circulant matrices) satisfy, respectively, L = (e /™ —
Dy = (=25,5(cn + 750))01, and L2 = (e2™/™ — 1)%p; = —4s52e>™/™py; hence, vy is an
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eigenvector for P if and only if:

(an(€®™/™ = 1) = 2kas,)th1 + 20,6 M5 1h1 = 25,5t (44)
—4b, 52 (cp + jsn)?th1 — (=280 (Cn + 750))2bpe?™Mpy = —4b,e’™ s jiby (45)

By using the identities in equation , the first condition can be verified according to

250 (—Cn + kasn)ie™™ — 28,ka 4 25,0, = 25,7,
2((cn = kasn)j — (ko + j)(cn — jsn))er/n = _anejw/nv
—2(sp, + k:acn)e”j/” = —2b,e’™/"™

Similarly, the condition in equation can be verified according to

—2b,52(cp + §5n)* + 2¢n(j5n(cn + jsn))bnej”/” = —2b,e"™"s,7,
—8n(Cn +Jsn) + culilcn +7s0)) = 7,
isnten) = J
Similar arguments hold for A3 and vs (which are complex conjugates of Ay and vs). This

concludes the proof. O

C. Proof that v; ¢ T(p- .M

Proof: 1t is enough to prove that at least one of the components of G - v; is nonzero.
The proof that G - v, # 0 is trivial. We proceed to show that Vg, - vy # 0, i.e.:

oo () oo (52 S (R0 (e ) [ ]

= (vggl) “P1 + (Vsagl) : (_2bnej7r/n1/)1) # 0.

Both terms in the above sum can be shown to be real and positive. For the first term we
have that:

(Vog1) -1 = icos(%rk/n)(cos(%rk/n) + jsin(27k/n))
= icosQ(Qkﬂ/n) —i—ji 2sin(km/n) = 20082(2]671'/%) € Ryo.
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For the second term we have:

i
A
3

(Vog1) - (20,67 ™)) = sin(2mk /n)2b, ™/ 2R/
0 i=k+1

n—1
_ 2bn ak€(2k+1)7rj/n7

il

k=0
where a, = Y7, sin(27i/n) = — S sin(2mi/n). Now we show that Y7, apeF+10m/m >
0. First, consider the following facts:
ag S 0 Vk‘,
agr1 = ap —sin(2n(k+1)/n) <a, for 0<k<n/2-1,

an-1y2) < ar Yk#[(n—1)/2],

n

n—k
U = —Zsin(%ri/n): Z sin(2mm/n) = ay,
i=1

m=k+1
n—1 [(n—1)/2]
Zak€(2kz+l)7rj/n _ Z (akekwj/n + an,ke_k”j/") + qa(n-1))2

k=0 k=0

l(n—1)/2]

= Z ak(e”kj/" + e_k“j/") + qam-1)2

k=0

n—1 l(n—1)/2]

6(2/€—i-1)7rj/n _ (ewkj/n + eﬂ—k’j/n) +q= 0

k=0 k=0

where ¢ = 0 if n is even. Then,

n—1 n—1
Zake(%—l)m’/n > ZGL(n—l)/Qje(zk_l)ﬂj/n —0.
k=0 k=0

Since b,, = (s, + ko) > 0, we have that Vg - (—2b,e™/™) € Ryy.
The proof for G-vs # 0 is analogous; in particular, it requires to show that jV ,g2-¢1 € Rsq
and jV,gs - (—2b,e7™"py) € Rao.
U]
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