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Abstract

In this paper we discuss the design, control, and experimentation of internally-actuated rovers for the
exploration of low-gravity (micro-g to milli-g) planetary bodies, such as asteroids, comets, or small
moons. The actuation of the rover relies on spinning three internal flywheels, which allows all sub-
systems to be packaged in one sealed enclosure and enables the platform to be minimalistic, thereby
reducing its cost. By controlling flywheels’ spin rate, the rover is capable of achieving large surface
coverage by attitude-controlled hops, fine mobility by tumbling, and coarse instrument pointing by
changing orientation relative to the ground. We discuss the dynamics of such rovers, their control,
and key design features (e.g., flywheel design and orientation, geometry of external spikes, and sys-
tem engineering aspects). We then discuss the design and control of a first-of-a-kind test bed, which
allows the accurate emulation of a microgravity environment for mobility experiments and consists
of a 3 DoF gimbal attached to an actively controlled gantry crane. Finally, we present experimental
results on the test bed that provide key insights for control and validate the theoretical analysis.

1 Introduction

The exploration of small Solar System bodies (such as comets, asteroids, or irregular moons) has become a central
objective for planetary exploration (NRC, 2011; Castillo Rogez et al., 2012). In fact, recent ground- and space-based
observations indicate that the exploration of small bodies would collectively address all three main science objectives
prioritized by NASA’s recent decadal survey: (1) the characterization of the early Solar System history, (2) the search
for planetary habitats, and (3) an improved understanding about the nature of planetary processes (NRC, 2011). While
measurements of some chemical and physical properties can be obtained by remote sensing from space telescopes or
orbiters, measurements that constrain composition (e.g., origin science) and measurements of physical properties that
fill strategic knowledge gaps for human exploration require direct contact with the surface at multiple locations for
extended time periods (Castillo Rogez et al., 2012). Accordingly, controlled mobility in low-gravity environments
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(micro-g to milli-g) has been identified by the National Research Council in 2012 as one of NASA’s high priorities for
technology development (NRC, 2012).

Microgravity mobility is challenging due to the virtual absence of traction. A number of approaches to mobility have
been proposed in the past two decades, which can be roughly divided into four classes: mobility via thrusters, wheels,
legs, and hopping. Thrusters have a number of disadvantages for mobility, including mechanical and operational
complexity, limited lifetime (due to propellant limitation), and potential for surface contamination. Wheeled vehicles
rely on surface normal forces to create lateral traction—a force that is orders of magnitude weaker in microgravity
environments. As a result, wheeled systems are bound to extremely low speeds (1.5 mm/s per previous JPL studies
(Jones, 2000)) and can easily lose contact with the surface when traversing rocky terrain, resulting in uncontrollable
tumbling. Legged systems rely on anchoring devices at the tips, which are mechanically complex and highly dependent
on (largely unknown) surface properties (the challenge of anchoring on a small body has been well illustrated by the
recent Philae’s landing on a comet (Glassmeier et al., 2007; Hand, 2014)). Alternatively, hopping systems use the low-
gravity environment to their advantage. Space agencies such as NASA (Jones, 2000; Fiorini and Burdick, 2003), RKA
(Sagdeev and Zakharov, 1989), ESA (Dietze et al., 2010), and JAXA (JAX, 2011) have all recognized this advantage
and have designed a number of hopping rovers. However, existing platforms do not appear to allow precise traverses
to designated targets in low gravity environments, as required for targeted in-situ sampling.

Statement of Contributions: In this paper we present and discuss our ongoing efforts toward the design of a micro-
gravity rover aimed at controlled mobility. The platform uses internal actuation (three mutually-orthogonal flywheels)
to generate reaction torques, enabling directional hopping capabilities. Specifically, by applying a controlled internal
torque between the flywheels and the platform, one generates an angular rotation of the platform. In turn, this angular
rotation gives rise to surface reaction forces at external contact points, which lead to either tumbling (i.e., pivoting
around a spike tip) or hopping (when the reaction forces are large enough), as shown in Fig. 1, left. External spikes
protect the platform during ground collisions and provide the primary contact interface with the surface (see Fig. 1,
right). With this design, all subsystems are packaged in one sealed enclosure, which enables the rover to be minimal-
istic and drastically reduces its cost. Henceforth, we will refer to such a rover as a “hopper”, inspired by its primary
mode of mobility.

Figure 1: Left: By rotating internal flywheels, surface reaction forces make the rover tumble/hop. Right Our current
prototype without avionics, covers, or solar panels. The cubical structure encloses three flywheels and is protected by
external spikes on each of its corners.

This paper builds upon a number of previous results on microgravity internal actuation, namely (JAX, 2011), which
first proposed the use of internal actuation (specifically a single flywheel mounted on a turntable for limited motion
control), and (Allen et al., 2013; Reid et al., 2014), which consider a torque-controlled three-flywheel configuration and
present experimental results on 3 degree-of-freedom (DoF) test beds. This paper is also related to (Gajamohan et al.,
2012), which considers the problem of balancing a cubic body on a corner by actuating three orthogonal flywheels.

Specifically, the contributions of this paper are threefold. First, we characterize the dynamics of the hopper and develop



hybrid control algorithms for precise mobility (Sect. 2). Our approach leverages a conservation of angular momentum
argument, as opposed to the energy approach in (Allen et al., 2013) used to characterize hopping maneuvers. Second,
in Sect. 3 we discuss the hopper design with special attention to key mobility components, and present a preliminary
system architecture design for a reference mission to Phobos. Third, we present a first-of-a-kind 6 DoF microgravity
test bed in Sect. 4 designed specifically for this class of hoppers, and discuss its. The test bed consists of a 3 DoF
gimbal attached to an actively controlled gantry crane, and represents, on its own, a major step toward characterizing
and validating microgravity mobility (previous test beds only allowed 3DoF tests, e.g., Atwood machine (Reid et al.,
2014), or only allowed tests of the first phases of motion, e.g., parabolic flights and drop towers (Yoshimitsu et al.,
1999)). Finally, the test bed is utilized to conduct several mobility experiments in Sect. 5 as a means of validating and
refining the dynamics and control insights derived in Sect. 2.

A preliminary version of this paper appeared as (Hockman et al., 2015). This extended and revised version contains
a number of additional contributions: (1) The dynamics and control analysis has been extended to consider the full
range of motion primitives (see Table 1), including oblique hops and twisting maneuvers. (2) The discussion of the
test bed in Sect. 4 now offers a more comprehensive survey of design insights and performance analysis, highlighting
its benefits and limitations. (3) Finally, several additional experiments have been conducted in the test bed to study a
much wider spectrum of motion primitives.

2 Dynamics and Control

When in free flight, the hopper simply behaves as an attitude-controlled spacecraft, for which the dynamics are well-
known. A number of interesting behaviors arise, however, when the hopper actuates its flywheels while in contact
with the surface of a small body. In general, the three orthogonal flywheels allow for any arbitrary torque to be applied
to the hopper—large abrupt torques via mechanical brakes and smaller, more controlled torques via motors. It is
convenient to classify the rather large space of possible maneuvers into a set of motion primitives.

Table 1: Motion primitives classified by magnitude and direction of angular velocity

Table 1 proposes a classification of motion primitives based on the magnitude and direction of the hopper’s angular
velocity. Focusing on motion primitives allows for closed-form insights to be derived from simplified analytical
models. In particular, three of the six motion primitives are especially useful for mobility:

• Hopping occurs when sufficient force is generated against the surface to launch the hopper forward in a
ballistic trajectory, anywhere from one body-length to hundreds of meters. Thus, it is the primary mode of
mobility for large distance coverage.

• Tumbling is simply a less energetic form of hopping, whereby the hopper rotates about a pair of spikes
without losing ground contact. Free from the randomness of bouncing, tumbling offers a much more precise,
albeit slower, form of mobility.

• Twisting is not a direct form of mobility, but rather a way of changing orientation by turning in place. Such
a maneuver can help to point instruments or enable subsequent hops/tumbles from a different orientation.

Hopping and tumbling about axes parallel to the surface is more controllable than twisting hops/tumbles about arbitrary



inclined axes (as we will discuss in Sect. 2.1.2) and are more amenable to an analytical treatment. A “Tornado”
maneuver (inspired by the way in which it flings nearby surface regolith) is an energetic twist that typically also
hops up due to surface imperfections—not a particularly controllable motion, but potentially useful for escaping from
being stuck or buried. In this section we study the dynamics and control of these three primary motion primitives,
establishing a suite of controllable maneuvers whose concatenation can provide targeted mobility.

Our analysis extends earlier studies for this class of hoppers (chiefly, (Allen et al., 2013; Reid et al., 2014)) along a
number of dimensions. First, our analysis of hopping and tumbling maneuvers is based on a conservation of angular
momentum argument, which directly accounts for energy losses. In contrast, (Allen et al., 2013; Reid et al., 2014)
mostly rely on an energy conservation approach, which, as we will show in Sect. 2.2, can lead to gross underestimates
in required flywheel actuation. Second, we study the effect of an inclined surface. Third, we study the dynamics and
control of a twisting maneuver. Fourth, we extend the 2D hopping analysis to configurations in which the hopper pivots
about a single spike for directional control. Fifth, and perhaps most importantly, we study in detail control strategies
for these motion primitives.

2.1 Hopping Dynamics and Control

As the primary mode of mobility, understanding the fundamental dynamics that govern hopping trajectories is a critical
step towards characterizing the hopper’s mobility capabilities. In this section we consider two analytical models to
derive useful control laws, (1) first examining a simplified 2D model for the case of single-axis hops, and (2) a more
general 3D model of the hopper pivoting about only one of its spikes.

2.1.1 Single Axis Hopping

In the case of hopping and tumbling about a single axis (i.e., with just one flywheel), the hopper pivots about a pair of
spikes, allowing for a planar (2D) representation of the dynamics. The hopper is modeled as a disk with equispaced
rigid spikes attached to it, similar to the model commonly used in the field of passive dynamic walking (McGeer,
1990). At the center of mass, a motor drives a single flywheel, producing a torque on the hopper (see Fig. 2). This
model can be thought of as a 2D vertical slice of the hopper, orthogonal to the applied torque.

Definition
θ hopper’s angle
β surface inclination
l spikes’ length from CG
mp total mass of hopper
If flywheel’s rotational inertia
Ip hopper’s rotational inertia
τ flywheel’s torque on hopper
2α angle in between spikes
ωf flywheel angular velocity in n̂z
g gravity acceleration

Figure 2: 2D model: A hopper is modeled as a rigid body that pivots on an inclined surface. This planar representation
is also the basis for the tumbling analysis in Sect. 2.2.

The key assumption in our study is that the stance spike acts as a pin joint and does not slip. Under this assumption,
the 2D model of the hopper is uniquely described by two states, θ and θ̇ . See Fig. 2 for a detailed description of all
parameters. A detailed study of the transition between pivoting and sliding motion of the spike tip can be found in (Reid
et al., 2014) for a Coulomb friction model. One can show that the no-slip assumption is a reasonable approximation for
coarse spike geometries where (θ −β )> tan−1(1/µd), where µd is the coefficient of dynamic friction. For the rubber
spike tips on our current prototype, 1 < µd < 1.5, which, as validated via simulations in Sect. 2.1.1 and experiments in
Sect. 5.1, is high enough to justify this no-slip assumption. This assumption, however, would not hold in cases where



the hopper operates on non-rigid surfaces (i.e., loose regolith), whereby the slip properties are governed by frictional
interactions with granular media. This aspect is left for future research.

A hopping maneuver consists of a stride phase, when the system is supported by a single stance spike (in the 2D
world), and a flight phase when the stance spike leaves the ground. We study the flywheel’s torque needed to cause
the hopper to hop to the right at a desired speed vh and angle θh (the subscript “h” denotes quantities evaluated at the
hopping instant). Assume that the hopper starts at rest on the inclined surface and applies a sufficient clockwise torque
τ(t) that causes it to rotate about its stance spike. For the stride phase (i.e., before ground contact is lost), the equations
of motion are those of an inverted pendulum and can be easily written as

θ̈(t) =
mpgl sinθ(t)− τ(t)

Ip +mpl2 , (1)

as also derived in (Allen et al., 2013). The first thing to note is that there exists a minimum torque that will cause the
hopper to initiate a clockwise rotation (i.e., θ̈ < 0) from rest:

τmin = mpgl sin(α +β ). (2)

For typical gravity levels of interest (10 µg – 1000 µg), small motors of only a few Watts would be sufficient to exceed
this torque. Secondly, by studying the free body diagram of the system, one can readily show that in order to obtain a
negative normal force (i.e., loss of ground contact) it is required that

|θ̇(th)|>

√
mpgcosβ + τ(th)

l sin(θ(th)−β )

mpl cos(θ(th)−β )
. (3)

For a level terrain (i.e., β ≈ 0) and with no input torque, |θ̇(th)|min =
√

g/ [l cosθ(th)], which corresponds to a minimum
hop distance on the order of 2l.

In this section we study a control strategy that leverages (2) by slowly spinning up the flywheels with motor torque τ <
τmin, such that the hopper remains grounded. When the desired flywheel speed is achieved, a high-torque mechanical
brake (discussed in Sect 3.1 ) is applied and a hop is initiated. This approach is attractive as it is simple, does not cause
momentum build up in the flywheels, and rapidly transfers energy for more aggressive hops. Therefore, a control
strategy of particular interest assumes “instantaneous” momentum transfer from the flywheel to the hopper1.

By equating the initial angular momentum of the flywheel (Ifωf) to the resulting angular momentum of the hop-
per about the spike tip (θ̇(Ip +mpl2)), and assuming that a hop is initiated immediately after momentum transfer (i.e.,
vh = lθ̇(0+)), the resulting hop velocity, angle, and lateral distance are given by, respectively,

vh = lωf

(
If

Ip +mpl2

)
, θh = α +β , dh =

v2
h

g
sin(2θh). (4)

A few interesting observations can be made from these results. First, in this regime, the hop angle is governed
exclusively by the spike geometry and surface inclination. To maximize the lateral distance of the parabolic trajectory
(which scales as sin(2θh)), a 45° hop is desired. This is one of the reasons why our current design has a cubic spike
geometry (i.e., α = 45°), see Sect. 3. Second, we define the energy transfer efficiency as

η :=
E(t−)
E(t+)

=
If

Ip +mpl2 , (5)

where E(t−) is the energy of the system just before actuation (flywheel kinetic energy), and E(t+) is the energy
just after actuation (hopper’s kinetic energy). Interestingly, the efficiency is given by the ratio of flywheel inertia
to hopper’s inertia about the spike tip, which depends quadratically on the length of the spikes. Hence, there is an
important trade-off between the capability of negotiating obstacles (that would require long spikes) and the actuation

1The experimental results in Sect. 3.1 validate this assumption.



efficiency (that prefers short spikes). For our current prototype (augmented with dead mass as stand-in for scientific
payload), η ≈ 0.01. This result is critically enabled by angular momentum arguments.

Now, Eqs. (4) and (5) can be combined to develop an expression for the flywheel speed (ωf) required to cover a lateral
distance dh:

ωf(dh) =

√
dhg

η2l2 sin(2(α +β ))
. (6)

For a square geometry, this expression is minimized for flat terrain, but tends towards infinity as β → 45°. This
motivates the potential utility of controllable friction brakes, which can extend the duration of the stride phase and
thus control the hop angle.

(a) Hoping angle (θhop) as a function of input torque (τ̄). The horizontal line marks the 45o “ideal” hop angle.

(b) Lateral hop distance (dh) as a function of input torque (τ̄).

Figure 3: Resulting hop angles and distances as functions of input torque for three initial flywheel speeds: ωf =
2000,5000, and 10000 rmp (the x-axis is in logarithmic scale). Each curve corresponds to a particular surface inclina-
tion β . The vertical line on each graph marks the minimum torque at which the flywheel can be fully stopped before a
hop is initiated (see Eq. (3)). Results are based on Phobos’ gravity level (0.0058m/s2) and parameters of our prototype
(see Sect. 3.1)

.

In the more general case when momentum transfer is not assumed to be instantaneous, one can regard the initial
flywheel speed (ωf) and constant braking torque (τ̄) as the two control variables. In bringing the flywheel to a full
stop, the control variables are related by τ̄∆ t = Ifωf, where ∆ t is the time duration of braking. In the limit as ∆ t→ 0,
the impulsive torque corresponds to the case of instantaneous momentum transfer. To study the case when ∆ t is
finite, the nonlinear differential equations of motion given by (1) must be solved numerically. However, for aggressive
hops, one can assume that τ̄ � mpgl sin(θ), so (1) can be well approximated by the linear second order ODE, θ̈(t)≈
−τ̄/(Ip +mpl2). For high enough torques, the hop criterion in (3) is not met until immediately after actuation (i.e., at
th = ∆ t = ωfIf/τ̄), so the hop velocity, angle, and resulting distance can be determined by integration:

vh = lηωf, θh = α−
ηIfω

2
f

2τ̄
, dh =

v2
h sin

(
2α−ηIfω

2
f /τ̄
)

g
. (7)



Solving for the control inputs, τ̄ and ωf, now requires solving this set of nonlinear algebraic equations. To better
visualize these results and validate the pivoting assumptions, numerical simulations were generated based on a full 6
DoF model, including normal spring/damper and tangential Coulomb friction contact forces (as used in (Reid et al.,
2014)).

The plots in Fig. 3 illustrate the hopping angle and distance that result from a constant braking torque, τ̄ . Each plot
represents a different flywheel speed (2000, 5000, and 10000 rpm). The kink in each curve marks the threshold of
an “early hop”—the torque level (τ̄s) below which surface contact is lost before the flywheel is fully stopped. In
other words, for a given flywheel speed, τ̄s is the minimum braking torque that should be applied to convert all of
the flywheel’s available kinetic energy to forward motion. This threshold (marked by a vertical line) is in very close
agreement with predictions based on (3).

Figure 3(b) shows that for β ≤ 0 (i.e., hopping downhill), travel distance increases as the torque is increased. However,
the situation is different when considering inclined poses (β ≥ 0), whereby high torque inputs result in high angle
arching hops—an undesirable effect for distance coverage but potentially useful for getting out of pits. The peaks in
these distance curves are in agreement with (6).

2.1.2 Hopping Directional Control

The analytical model presented in Sect. 2.1.1 is well suited for single-axis hops because the out-of-plane degree of
freedom is locked by having two spikes in contact with the surface. For a cubic design, this only allows for hops
in 90° directional increments, analogous to a “Manhattan-style” mobility approach. There are two ways in which a
finer resolution of directional control can be achieved: (1) using a twist maneuver as discussed in Sect. 2.3 to point
a primary axis towards the desired heading and execute a single-axis hop, or (2) hopping directly over a single spike
about an “oblique” axis. The later approach is faster, as it avoids an intermediate twist maneuver and may also be
useful in situations where an accurate twist maneuver is difficult due to terrain roughness. In this section we will
consider a 3D model of the hopper to study the dynamics and control of such oblique hops (see Fig. 4).

Definition
D hopper modeled as a cube
Fk flywheel on principle axis, d̂k
Dcm D’s center of mass
P spike contact point
d̂i D’s body-fixed frame
mD mass of D
ID D’s principle moment of inertia
I f Fk principle moment of inertia
a half side length of cube
φ heading angle
θh hopping angle (π/2−V̂ Dcm · d̂z)
~V Dcm velocity of Dcm
ωD

k angular velocity of D about d̂k
ωFk speed of flywheel Fk about d̂k

Figure 4: 3D model: A hopper is modeled as a uniform cube that pivots about a corner.

In general, when pivoting about a single spike, the hopper behaves like a ball-jointed inverted pendulum with three
degrees of freedom and complicated nonlinear dynamics. However, just as in Sect. 2.1.1, the assumption of instanta-
neous momentum transfer (i.e., high friction brakes) can again be leveraged to collapse the dynamics of interest to an
instant in time. In this way, conservation of angular momentum can again be invoked (this time about the single spike



contact) to relate the hopper’s rotation rate (N~ωD) immediately after braking, to the initial flywheel speeds (ωFk ):(
∑

k=x,y,z

N~HFk/P

)∣∣∣∣
t=0−

=
(

N~HD/P
)∣∣∣∣

t=0+
=
(
~~ID/Dcm +mD

[
(~rP/Dcm ·~rP/Dcm)I− (~rP/Dcm)(~rP/Dcm)T

])
·N~ωD

∣∣∣∣
t=0+

,I f 0 0
0 I f 0
0 0 I f

ωFx

ωFy

ωFz

∣∣∣∣
t=0−

=

ID +2mDa2 −mDa2 mDa2

−mDa2 ID +2mDa2 mDa2

mDa2 mDa2 ID +2mDa2

ωD
x

ωD
y

ωD
z

∣∣∣∣
t=0+

for ~rP/Dcm = [a a −a]T. (8)

This equation uses the generalized parallel axis theorem to express the inertia tensor of the hopper about the spike tip
(P), which produces non-negligible products of inertia. Refer to Fig. 4 for definitions of all symbols.

When pivoting about point P, the hopper’s velocity (N~V Dcm ) is constrained such that Dcm moves along the arc defined
by~rDcm/P; that is, N~V Dcm = N~ωD×~rDcm/P. Thus, given a desired heading angle (φ ), the resulting hop angle (θh) is
geometrically constrained to be

θh = tan−1(cosφ + sinφ). (9)

For φ = 0° (akin to a single-axis hop), this predicts a hop angle of θh = 45°, which indeed agrees with Eq. (4) for a
cubic geometry. For hopping directly over a single spike (i.e., φ = 45°), Eq. (9) is maximized, predicting a hop angle
of θh = 54.7°. Although not as efficient for long distance hops, a steeper hop angle may be useful for ascending steep
terrain or escaping from pits. Incidentally, the force vector imparted by the ground is exactly parallel to N~V Dcm , so hop
angles ranging between 45° and 55° generate enough normal force to validate the no-slip assumption, as discussed for
the 2D model in Sect. 2.1.1. Now, given a desired heading angle (φ ), a prescribed hop angle (θh), and a desired hop
speed (vh), the velocity vector is given by,

N~V Dcm =
vh√

2(1+ sinφ cosφ)

 cosφ

sinφ

sinφ + cosφ

 . (10)

So far, (8) relates N~ωD to the control inputs (ωFk ), and (10) relates N~V Dcm to the desired trajectory, governed by φ and
vh. However, to formulate a control law relating flywheel inputs to a desired trajectory, N~ωD must be calculated as a
function of N~V Dcm , which is an ill-posed problem, in general. In other words, N~V Dcm does not uniquely define N~ωD.
Intuitively, it makes sense that the angular velocity component about~rDcm/P does not influence N~V Dcm . There are many
ways to constrain N~ωD such that it is uniquely defined by N~V Dcm . For the case of “pure” hopping (refer to Table 1), the
angular velocity should be parallel to the surface2, which forces ωD

z = 0. Thus, for~rP/Dcm = [a a −a]T and ωD
z = 0,

it follows that

N~ωD =
vh

a
√

2(1+ sinφ cosφ)

−sinφ

cosφ

0

 . (11)

Finally, Eqs. (8) and (11) can be combined to calculate the control inputs, ωFk . Interestingly, even though ωD
z = 0,

ωFz 6= 0 in general, which can be attributed to the effects of products of inertia in~~ID/P. Note that Eqs. (8) – (11) are
derived for a particular spike contact point, P, although the same arguments can be used to derive similar expressions
for any other spike. Furthermore, by constraining the hopper’s rotation to be parallel with the surface, the heading
angle is bounded to 0≤ φ ≤ π/2 for pivoting about P. Equation (11) can be modified to perform twisting hops, which
expand this range to as much as −π/4 ≤ φ ≤ 3π/4. However, this also produces shallower hop angles, which may
violate the no-slip contact assumption for low friction surfaces.

2.1.3 Travel Speed

The analysis of Sect. 2.1.1 can be extended to answer the question, “How fast can the hopper travel?” More specifically,
the speed we care about is the gross speed at which the hopper can traverse a relatively flat and unobstructed terrain.

2Other types of constraints can be conceived for twisting hops, but care must be taken to ensure that they do not force neighboring spikes into
the surface, which would violate the single-point pivoting assumption.



The duration of a single hopping maneuver can be thought of as the sum of the time to spin up the flywheels (Tspin),
and the time of flight (Tflight), where

Tspin = KS

(√
2ωfIf

mpgl

)
, Tflight = KB

(√
2η lωf

g

)
, dhop = KD

(
(η lωf)

2

g

)
. (12)

These equations result directly from (1) and (4), and assuming θhop = α = 45°. Here, KS represents a safety factor
to prevent counter rotation during flywheel spin-up, KB accounts for residual bouncing as a proportional correction
factor on the flight time of the first parabola, and KD is also a proportional correction factor on hop distance to account
for bouncing as well as for deviations in heading. Based on observations from simulations, conservative estimates are
KB = 2, and KS,KD = 1.2. Combining (12) and (6) yields the average expected speed:

V̄ =
dhop

Tflight +Tspin
=

√
2dhg
2

(
KDηmpl2

KBηmpl2 +KSIf

)
≈
√

2dhg
2

(
KD

KB +KS

)
. (13)

The above approximation assumes Ip +mpl2 ≈ mpl2, which is reasonable for our prototype (mpl2 = 0.065 and Ip =
0.013). Interestingly, V̄ depends on the square root of hop distance and gravity, indicating that farther hops result
in faster net motion, and motion on bodies with weaker gravity is slower. On Phobos (g = 0.0058 m/s2), with the
parameters of our current prototype, the parameters KS, KB, and KD defined above, and for an average 10 m hop, we can
expect a net speed of about 7 cm/s. However, for longer excursions, hops of 100m are reasonable (i.e., ωf = 6000 rpm),
and could increase net speed to over 20 cm/s.

2.2 Tumbling Dynamics and Control

Tumbling refers to a rotational maneuver, whereby the hopper pivots about one or two spikes and lands on an ad-
jacent face without losing surface contact. Although tumbles about a single spike are possible, the dynamics of the
hopper about a single point of contact have 3 DoF and are relatively uncontrollable compared to pivoting over a pair
of spikes. Therefore, the analysis here will only consider single-axis tumbles, again using the 2D model presented in
Fig. 2. In this context, the goal of a tumbling maneuver is to pivot to the right and land on the next consecutive spike
such that its orientation is incremented by −2α .

To characterize actuation bounds for tumbling, the actuation is regarded as an instantaneous transfer of momentum,
similar to the hopping analysis in Sect. 2.1.1. Accordingly, the initial kinetic energy of the hopper at t = 0+ can be
equated to the gravitational potential energy at the tumbling apex (θ = 0). This yields an expression for the minimum
flywheel velocity required to vault the hopper over its leading spike:

ωf, min =

√
2mpgl(1− cos(α +β ))

ηIf
. (14)

Note that a similar result is provided in (Allen et al., 2013), but it does not directly account for energy losses or
accommodate inclined surfaces. This leads to an underestimate of control input by a factor of 1/

√
η ≈ 10, thus

illustrating the importance of an angular momentum approach.

To characterize the maximum flywheel velocity for tumbling, consider the hop criterion given by (3) and a zero torque
input for t ≥ 0+. It follows that θ(t) and |θ̇(t)| both decrease with time. Thus, if surface contact is lost, it will occur
just after momentum transfer when θ(0+) = α +β , and |θ̇(0+)|= ηωf. This yields the maximum flywheel velocity
to perform a tumble without hopping:

ωf, max =

√
gcosβ

η2l cosα
. (15)

Interestingly, there exists an inclination angle, βmax, for which ωf, min = ωf, max and tumbling is impossible. For a
square geometry (α = 45°), βmax ≈ 30°. Also, as expected, ωf, min = 0 when β = −α , which corresponds to the
declination angle at which the hopper freely tumbles without actuation. Practically, a robust control input for tumbling
is simply the average of these upper and lower bounds.



2.3 Twisting Dynamics and Control

In addition to hopping and tumbling for mobility, another useful maneuver for changing orientation on the surface is a
turn-in-place, or “twist” maneuver. Instead of using the flywheels to spin about a horizontal axis (i.e., for hopping and
tumbling), the idea here is to spin about an axis normal to the surface such that the hopper rotates a desired angle, ψd
(see Fig. 5). The ability to control orientation could be extremely useful for pointing cameras and science instruments,
or even to simply get in a more favorable configuration for a subsequent hop.

Figure 5: A twisting maneuver: the hopper turns in place to change orientation.

In the nominal resting configuration, the hopper is oriented such that three or four of its spikes are contacting the
surface with one flywheel axis dominantly pointing “up.” Thus, a twisting maneuver can be executed with a single
flywheel. Although the motors should be capable of applying the small torque required to initiate a twist, a more
controllable and robust approach is to spin the flywheel up slowly (such that the hopper does not rotate) and hit the
brakes—similar to the hopping control strategy discussed in Sect. 2.1.1. Assuming the hopper is resting on a flat,
inclined surface (angle β ) with a Coulomb friction contact model (i.e., Fµ = µkFN) and a spike-to-spike base length
of s, the resisting friction torque is given by τµ = −Kssµkmgcosβ , where the “mean contact radius”, Ks =

√
2/2 for

a cube. This frictional torque corresponds to the maximum rate at which the flywheel can be accelerated prior to
braking, and the rate at which the hopper decelerates after braking. Conservation of angular momentum can again be
invoked to derive an expression for the flywheel speed required to rotate an angle ψd :

ω f (µk,ψd) =
Ip

I f

√
−2τµ ψd

Ip
=

1
I f

√
(2IpKssmgcosβ )(µkψd). (16)

This equation for the control input is written explicitly as a function of µk to emphasize that it is strongly dependent
on the surface friction—a parameter that is, in general, unknown a priori. However, an estimate for the friction
parameter (µ̂k) can be refined by observing the response to a known input. In this way, a sequence of twist maneuvers
can be executed until the desired precision in ψd is achieved, even in the presence of uncertainty and variability in
the environment. Furthermore, the assumption of Coulomb friction on a smooth surface is not true in general, and
there could even be cases in which the local terrain is so uneven that twisting causes the hopper to lose ground contact
altogether. Equation (16) can be modified to account for other proposed contact models (e.g. adding a viscous damping
term), but Coulomb friction is a simple single-parameter model that can capture a wide range of surface conditions.

3 Hopper Design

In this section we briefly address system design considerations. Specifically, we first focus on the mobility system (the
focus of this paper), and then discuss integration into a complete, science-capable space system.

3.1 Mobility System Design

First and foremost, the flywheels are one of the most important components of this rover concept. The shape, sizing,
and placement of the flywheels represents an important trade space to consider, which is influenced by the target



body of interest, the scale of mobility desired, and mass/space allocation requirements for other subsystems. For
example, higher surface gravity requires more momentum to be generated for a given hop distance, as indicated by
Eq. (6). One of the most important metrics to consider is mobility efficiency (see Eq. (5)), which is highly dependent
on the flywheel inertia. More precisely, the efficiency favors a high flywheel inertia and low total inertia—an inherent
tradeoff because the mass and inertia of the flywheel also contribute to the total inertia. We have extensively studied
the flywheel shape-optimization problem in the context of efficient mobility with mass and size constraints; the key
finding is that efficiency favors dense, thin-rimmed, large diameter flywheels located as far from the CM as possible.
Accordingly, the flywheels on our current prototype (which was designed to optimize efficiency for mobility in 1 g)
are 5 in. diameter, steel rimmed disks with an inertia of 9500 g cm2 and mass of 300 g, or about 1/10th the total mass
(see Fig. 6, left).

Figure 6: Left: CAD model of prototype, annotating key components. Right: Schematic of band brake mechanism.

Equally important to the flywheels are the actuators use to manipulate them—namely, motors and brakes. Because the
motors are not directly responsible for mobility under the control regime proposed in Sect. 2, they can be arbitrarily
small, solely constrained by the time required to build momentum and possibly by the torque requirements for in-flight
attitude control. A direct-drive is the simplest approach, but geared or belt-driven couplings can also be implemented
for more flexibility over motor placement. The prototype in Fig. 6 has three 50 W brushless motors with hall sensor
feedback, and electronic speed controllers.

The braking system requires special attention, as it is directly responsible for executing the motion primitives discussed
in Sect. 2. We have experimented with various types of braking mechanisms including friction disks and impulsive
braking via impact hammers, but by far the most effective architecture utilizes a band brake, as illustrated in Fig. 6,
right. Consisting of a Kevlar-reinforced neoprene belt wrapped around the circumference of the flywheel, the band
brake applies a friction-generated torque directly on the flywheel by pulling the belt taut. In so doing, the applied
torque is governed by the well-known capstan equation, T1 = T2eµα (for ω f > 0), whereby the exponential gain (eµα )
allows very high torques (τ = (T1− T2)/R) to be achieved for relatively low force inputs. Thus, this presents two
possible forms of actuation: (1) high torque by pulling on P2 and fixing P1 to the frame or (2) low torque by pulling
on P1 and fixing P2 to the frame (the reverse is true for CCW rotation). For our prototype, with a micro servo motor
generating tension up to 15 N, α = 3π/2, and µ ≈ 1, option (1) can generate torques up to 100 Nm and option (2), up
to 1 Nm. Thus, this architecture has the capability of achieving a wide variety of hopping maneuvers (refer to Fig. 3).
Furthermore, it has proven to be robust, showing no appreciable signs of wear on the belt or structural degradation
after hundreds of cycles.

The overall structure and frame consists of a cube with a 15 cm edge constructed out of lightweight laser-cut and
3-D printed parts (mp = 2.3 kg, Ip = 0.013 kg m2), and one spike on each corner. Previous prototype iterations have
included more spikes (Allen et al., 2013), but it has been determined through experimentation and insights from
dynamic analysis (see Sect. 2) that a cubic geometry with 8 spikes offers the best balance of protection and mobility
performance. Each spike is fitted with a rubber foam tip to absorb impacts and increase surface friction. Also, although
not considered in the analysis of Sect. 2, a larger spike surface area has better performance in loose granular media.



3.2 System Architecture

A notional system design study has been performed to demonstrate how the mobility system could be integrated into
a complete, science-capable spacecraft. While the spacecraft architecture is highly scalable according to the desired
payload and capabilities, the resulting reference concept is a 25 cm cube with a mass of approximately 25 kg and
payload allocation of 3 kg (see Fig. 7, left). A system of this size was designed with respect to a notional mission to
Phobos (or other bodies of similar size).

Figure 7: Left: Notional configuration for a reference mission to Phobos. Right Subsystem mass breakdown.

As a small platform, this concept benefits significantly from miniaturized avionics currently under development at JPL
for the first set of interplanetary CubeSats3 (JPL, 2015). These developments include the radiation tolerant Sphinx
Command & Data Handling (C&DH) board. Based on the LEON3-FT processing core, Sphinx possesses the required
capabilities to support autonomous navigation and on-board image processing, which reduces the burden on the host
mission and the need for frequent “ground-in-the-loop” operations.

Due to their scalability and relative simplicity, primary batteries were chosen as the power source for the reference
concept. Although solar panels could be an option in some scenarios, practical concerns include limited surface area
of the cubic configuration, resilience to impacts and dust, distance to the sun, as well as shadowed regions (e.g. craters
or sinkholes) and diurnal cycles of potential target bodies. Approximately 5.4 kg of LiSOCl2 batteries provide a total
capacity up to 1450 Watt-hours (depending on average current draw and temperature), enabling the exploration of
multiple sites over several Earth days.

A mass breakdown of the reference concept is shown in Fig. 7, right. The system mass is dominated by batteries
in order to maximize the mission duration and operational flexibility. However, battery size can easily be scaled or
traded for additional payload or other resources, depending on the specific mission requirements. Significant structural
mass has been allocated to accommodate the rigors of tumbling and bouncing on a rough planetary surface (even on
microgravity bodies, initial deployment and drops from high altitudes may result in impacts of several g’s).

The hopping rover can achieve a broad range of scientific objectives by accommodating a variety of instruments,
which benefit from recent advances in sensor and electronics miniaturization and packaging. In response to the Plan-
etary Science Decadal Survey (NRC, 2011), investigations encompass elemental and mineralogical composition of
the surface and physical characterization of the regolith (e.g., see (Castillo Rogez et al., 2012)). Investigations geared
toward retiring strategic knowledge gaps for human exploration also include the quantification of surface electrostatic
charging, dust dynamics, and the search for subsurface water. A reference payload includes a multispectral camera, the
IntelliCam context imager developed for the Near Earth Asteroid Scout mission (McNutt et al., 2014), a small alpha
particle and X-ray spectrometer (APXS), such as flown on Rosettas Philae comet lander (Klingelhöfer et al., 2007),

3Miniaturized satellites typically scaled by 10 cm cubic units, ranging from “1U” to “6U.”



Table 2: Example of representative payload for the in situ exploration of the surface composition and physical proper-
ties of a small body.

and the MicrOmega microscope developed for the Phobos-Grunt mission (Pilorget et al., 2011). Mass and power
specifications for these instruments are summarized in Table 2. In addition to the science payload, a complement of
accelerometers, sun sensors, star-field cameras, and wide-angle context cameras aid in localization and navigation, as
well as providing context for science investigations.

4 Microgravity Test Bed

Earth-based validation of microgravity mobility platforms represents a major challenge. Parabolic flights and drop
tower environments can offer periods of reduced effective gravity, but their use for long-duration and repeated testing
is not possible due to the brevity of the microgravity periods (< 20 seconds) and cost constraints. A grounded,
experimental test bed is required for the iterative process of validating and improving the mobility performance of a
microgravity mobility platform, in particular our hopper concept.

Methods for emulating microgravity environments are multifold. (Allen et al., 2013) implemented a 3 DoF test bed,
consisting of a planar version of the hopper supported on a flat inclined granite table by frictionless air-bearings. This
approach works well for emulating microgravity dynamics in 2D, but it is inherently unable to capture out-of-plane
motions which are critical for demonstrating directional control in a 3D world. One simple approach to allow for full
3D motion is by using a “gravity offloading” Atwood machine (Allen et al., 2013; Reid et al., 2014), which works
by suspending the hopper by a cable looped over a pulley with a counterbalance acting to vertically offload most of
the weight. However these systems only allow for a restricted range of motion and introduce exogenous pendulum
dynamics into the system.

There have been a few attempts to emulate 6 DoF microgravity motion within a larger worskpace. A small legged rover
was rigidly attached to the end of a multi-jointed manipulator arm, which used force-feedback impedance control to
track the rover’s motion (Chacin and Yoshida, 2008). A 6 DoF test bed was also developed at JPL for testing landing
scenarios for a six–limbed rover concept, ATHLETE (Wilcox, 2012). Based on the concept of an inverted “Stewart
platform,” this test bed uses six controlled cable winches with force feedback to track motion in all 6 DoF. However,
these architectures only allow for a limited range of rotation and do not appear suitable for tracking fast motions—a
critical requirement for abrupt hopping and bouncing.

To the best of the authors’ knowledge, no preexisting test beds are capable of meeting the stringent requirements for
emulating the hopper’s dynamics in microgravity: (1) effective gravity levels on the order of 10−3 g’s, (2) allowing for
full 6 DoF motion with (3) minimal exogenous dynamic interference, (4) over an extended period of time (say, more
than 20 seconds), and (5) within an extended workspace (say, more than 1 m2). ARGOS, a gravity offload system



developed at NASA’s Johnson Space Center, may come the closest (Valle et al., 2011). Used primarily for human
testing in zero-g environments, ARGOS consists of an actively-controlled overhead 3-axis gantry crane that tracks
the motion of the suspended subject, enabling the “free-floating” behaviors observed in space. At Stanford, we have
extended this idea to create a novel 6 DoF test bed for operating hoppers in microgravity conditions (see Fig. 8).

Figure 8: Left: 6 DoF microgravity test bed CAD rendering. The powered gantry tracks the translational motion of the
hopper in x, y, and z within a volume of 3 m × 1 m × 1 m respectively, while allowing for free fall in z at sub-milli-g
levels. The gimbal frame allows the hopper to rotate in all three axes. Right: Image of the test bed.

4.1 Test Bed Design

Similar to ARGOS, our test bed is built on a powered gantry crane that permits the tracking of translational motion.
The 3-axis rotational motion of the hopper is achieved by mounting it within a lightweight rigid gimbal frame (see
Fig. 8). The gimbal-mounted hopper is suspended by a cable from an overhead attachment point on the gantry crane so
that it can swing freely. By accurately measuring the relative deflection of the pendulum, the x and y axes are actuated
using feedback control techniques to keep the pendulum in a vertical state. In this manner, external lateral forces that
act on the hopper cause the whole system to accelerate as Newton’s second law predicts. To enable microgravity free
fall, the control of the vertical axis utilizes force feedback with a series-elastic coupling to apply a precise offloading
force on the hopper, even in the presence of external forces.

In the next sections we discuss in detail the dynamics and control of the testbed. As mentioned above, the main tenet
behind our approach is to decouple the translational and rotational motions of the hopper, just as the equations of
motion inherently decouple for any unconstrained rigid body. In this way, the translational motion tracking problem
can consider a simple particle, and the rotational problem can assume a fixed center of mass (CM), which greatly
simplifies the control.

4.1.1 Translational Tracking

The fundamental goal of translational tracking is to maintain a perfectly constant and vertical offloading force during
long periods of slow drift (i.e., ballistic flight) and in response to large impulsive force inputs (i.e., ground collisions).
This motivates the use of passive elements like springs and bearings, which have the benefit of instantly responding to
external forces (as is the case with air-bearing-supported free flyers—the gold standard for zero gravity 2D test beds).
As an idealized example, consider a particle suspended by an infinitely long, massless constant-force spring. At any
position in space, this particle would indeed be offloaded by a perfectly constant and vertical force. Practically, for our
desired specs, this would require a pendulum over a kilometer long and a force precision beyond the hysteresis and
creep limitations of even the best springs. However, in the same vein as the ARGOS test bed, these passive benefits
can be augmented with a powered 3-axis gantry tracking system to provide larger area coverage with a reasonably



sized pendulum and spring (see Fig. 8).

Definition
A attachment point to gantry
P particle being offloaded
N inertial reference frame
N0 point fixed in inertial frame N
Fd external force on P
m mass of particle P
Ln natural length of pendulum
K spring constant of pendulum
g gravity acceleration
x ~rP/A · n̂x

y ~rP/A · n̂y

z Ln−~rP/A · n̂z
θ angular deflection of pendulum

Figure 9: Dynamic model of test bed. The hopper is modeled as a particle (P) which is suspended from a control point
on the gantry (A) by an elastic pendulum of length Ln and stiffness K.

Consider the dynamic model of the test bed in Fig. 9. The hopper is modeled as a particle (P) which is suspended from
a control point on the gantry (A) by an elastic pendulum of length Ln and stiffness K. Most generally, this system has
12 states,

~rP/N0 =

xP
yP
zP

 , ~rA/N0 =

xA
yA
zA

 , N~V P =

ẋP
ẏP
żP

 , N~V A =

ẋA
ẏA
żA

 , (17)

where~rP1/P2 denotes the position vector to point P1 from point P2, and N~V P denotes the velocity of point P in frame
N. However, the dynamics of P are governed only by the relative position with respect to A, so it is more convenient
to collapse the state to six “relative” states:

~x =

x
y
z

= Lnn̂z +~rP/N0 −~rA/N0 , ~̇x =

ẋ
ẏ
ż

 . (18)

Here,~rP1/P2 denotes the position vector to point P1 from point P2, and N~V P denotes the velocity of point P in frame N.
The full nonlinear dynamics of the system are given by,

~̈x =
−mg−K(L−Ln)

mL
~x−gn̂z−~u, L = ‖Lnn̂z−~x‖ , (19)

where the control input,~u= [ux uy uz]
T = N~aA, is the acceleration of point A. The elastic pendulum is a classic example

of a nonlinear system with coupled resonant modes. However, when regulated about the equilibrium, the dynamics
can be linearized and fully decoupled. That is, if |x|, |y|, |z| � Ln, then sinθ ≈ θ , cosθ ≈ 1, and the dynamics can
be written as,[

ẋ
ẍ

]
=
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0 1
− g

Ln
0

][
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ẋ

]
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−1

]
ux,

[
ẏ
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]
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]
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ż
z̈

]
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m 0

][
z
ż

]
+
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0
−1

]
uz. (20)

This decoupling greatly simplifies the tracking control to that of 3 independent spring-mass systems (negligible damp-
ing), for which classical linear control design techniques can be readily applied (i.e.,~u =−K~x). The control variable
~u = N~aA assumes direct control of the gantry acceleration, which indeed can be achieved with a much tighter motor
control loop up to some~umax = [axmax aymax azmax ]

T, reflecting the fundamental limitation of the motors to accelerate
an inertial load. For our gantry,~umax = [4 6 10]T (m/s2). Thus, tracking the particle P that has been subject to larger



accelerations (e.g., through collisions with the environment) will inherently incur transient error. This is precisely
why the series-elastic coupling between P and A is critical—it allows for larger relative motion about the equilibrium,
which reduces the force error according to Hooke’s law. Moreover, assuming maximum control inputs are used to
respond to an impulse force input on P, it can be shown that the force error incurred is proportional to the spring
constant of the system (K for the vertical axis and g/Ln for the lateral axes), thus reiterating the benefit of a longer
pendulum and a lower spring constant. Our system has a 2 m long pendulum with a spring constant of 5 N/m, which
corresponds to natural frequencies of 0.35 Hz and 0.2 Hz in the lateral and vertical axes, respectively. A low-stiffness
spring/cam pulley system provides the vertical compliance as described in (Duval, 2010).

The very low target gravity level (0.001 g) also imposes demanding requirements on the state estimation. In the vertical
axis, a precision force sensor measures the cable tension to a resolution below 0.0001 (i.e., 0.1 g per kg)—sufficient
to regulate at 0.001 g with less than 10% error. A custom sensor was designed to achieve comparable precision for
sensing lateral deflections (i.e., δx, δy ≤ 200 µm resolution for a 2 m pendulum, or δθ ≤ 20 arcsec). Based on the
principle of differential inductive sensing, this sensor works by using strategically placed inductive pick-up circuits to
measure the strength of the AC current-induced magnetic field emitted by the suspension cable, and thus its deflection
due to 1/r dissipation of the field. This sensor has a range of several centimeters, a resolution below 100 µm, and
uses geometry-based signal processing to decouple x and y deflections. Collectively, these sensors provide sufficient
state estimation precision to achieve emulated gravity levels below 0.0005 g’s (approaching that of Phobos and larger
asteroids) with a control loop running at 100 Hz. Practically, filtering techniques can be implemented to further reduce
the attainable gravity, but at the cost of slower dynamic response.

4.1.2 Rotational Tracking

Just as the translational problem considered the hopper as a particle, the rotational tracking will assume a fixed CM.
The problem then is how to hold the CM fixed while allowing for 3D rotation with minimal exogenous dynamics.
Traditionally, spacecraft and control moment gyroscopes are mounted within 3-axis gimbal frames for testing attitude
control systems on Earth. Due to its symmetric geometry, a gimbal also provides a natural way to “attach” the hopper to
the test bed, allowing it to rotate about any arbitrary axis (see Fig. 8, left). Just as translational tracking attempts to
preserve F = ma (see Sect. 4.1.1), the rotational tracking should ideally preserve M = dH/dt (of the unconstrained
hopper). However, in general, momentum is not conserved within a massive gimbal that passively rotates, nor is
the total angular momentum of the entire system—momentum can be exchanged between the hopper and the gimbal
itself, or dissipated through moments applied at the attachment to the inertial frame. In principle, an active series-
elastic control of each gimbal axis could help to solve this problem (as was done for the translational tracking), but
this would require cumbersome motors that are both heavy and difficult to implement and control. Instead, a closer
look at the dynamics of the passive gimbal system can show that there are many cases for which the hopper’s dynamics
remain relatively undisturbed, and indeed, many of the cases we care about for mobility.

Consider the dynamic model of the passive gimbal system in Fig. 10. Recall that for a well regulated translational
system (i.e., small deflections) and a symmetric gimbal (i.e., the CM is in-line with the pendulum) the dynamics
decouple, allowing this rotational problem to be analyzed in isolation. The system dynamics are governed by4,

~MS =
N d
dt

N~HS, N~HS = N~HA +N~HB +N~HC +∑k=x,y,z
N~HFk

, (21)

N~HA =~~IA ·N~ωA, N~HB =~~IB ·N~ωB, N~HC =~~IC ·N~ωC, N~HFk
=~~IFk ·N~ωFk

, (22)
N~ωA = θ̇An̂z,

A~ωB = θ̇Bây,
B~ωC =−θ̇Cb̂x,

C~ωFk
= ωkĉk, (23)

N~ωB = N~ωA + A~ωB, N~ωC = N~ωB + B~ωC, N~ωFk
= N~ωC +C~ωFk

. (24)

Note that these equations are in mixed bases, separated by up to 3 simple frame rotations. To solve for the dynamics
explicitly in terms of θ̈A, θ̈B, θ̈C, they must be expressed in a single basis. Written out in their most general form,
these equations are quite involved and not particularly useful. However, in order to study the behavior of the motion
primitives discussed in Sect. 2, the full state evolution is not as important as the resulting trajectory. In other words,
a more relevant question to ask is, “Given some desired trajectory, can the control input to the flywheels (~τF ) be

4Unless otherwise noted, all angular momentum and inertia are assumed to be about Scm.



Definition
A outer gimbal (rigid body)
B inner gimbal (rigid body)
C hopper (rigid body)
Scm point coincident with Bcm, Ccm and

all rotational axes (n̂z, ây, b̂x)
Fk flywheel k (k = x,y,z)
ωk

C~ωFk · ĉk (k = x,y,z)
mβ mass of body β (β = A,B,C)
~~I β/βcm Inertia of β about βcm (β = A,B,C)
θA angle from n̂y to ây with +n̂z sense
θB angle from âx to b̂x with +ây sense
θC angle from b̂z to ĉz with −b̂x sense

Figure 10: Dynamic model of the hopper within a passive 3-axis gimbal frame. The hopper (C) can freely rotate
about a single axis with respect to the inner gimbal frame (B), which in turn can freely rotate with respect to the outer
gimbal frame (A) about an orthogonal axis. The outer gimbal can freely rotate about the vertical axis (i.e., along the
pendulum), and all three rotational axes intersect with the CM of all bodies (Scm).

adjusted to account for the exogenous dynamics introduced by the gimbal?” Accordingly, the following analysis
will characterize the additional angular momentum provided by the gimbal, which can then be compensated for by
augmenting the control input.

Due to the high-friction brakes, the assumption of instantaneous momentum transfer can again be leveraged to (1)
eliminate the gyroscopic effect of rotating flywheels as the hopper rotates, and (2) for hopping, assume ground contact
is lost immediately upon actuation. (1) allows C and F to be treated as a singe rigid body (say, D), and (2) collapses
the state evolution of interest to that of a single state—the resting state. Thus, for any given resting state (θA,θB,θC),
the total angular momentum of the system (N~HS) required to generate the desired spin (N~ωD) can be compared to that
of the unconstrained hopper (N~HD) according to the formulas,

N~HS = IA
z θ̇A

 −sinθB
−cosθB sinθC
cosθB cosθC


c

+

 IB
x θ̇A sinθB

IB
y θ̇B cosθC− IB

z θ̇A cosθB sinθC

IB
y θ̇B sinθC + IB

z θ̇A cosθB cosθC


c

+

 ID
x (−θ̇C− θ̇A sinθB)

IB
y θ̇B cosθC− IB

z θ̇A cosθB sinθC

IB
y θ̇B sinθC + IB

z θ̇A cosθB cosθC


c

, (25)

N~HD =

ID
x 0 0
0 ID

y 0
0 0 ID

z

ωD
x

ωD
y

ωD
z


c

=

 ID
x (−θ̇C− θ̇A sinθB)

ID
y (θ̇B cosθC− θ̇A cosθB sinθC)

ID
z (θ̇B sinθC + θ̇A cosθB cosθC)


c

. (26)

Equation (26) can be rearranged to express θ̇k in terms of ωD
x ,ω

D
y ,ω

D
z , and then substituted into Eq. (25) to solve for

the system’s angular momentum as a function of N~ωD.
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. (27)

This equation can be thought of as the “effective inertia” (~~IS/Scm ) of the hopper/gimbal system, which is a function of

the state angles (θA,θB,θC) and inertias (~~IA,~~IB,~~ID). Note that products of inertia are small and can be ignored due to
the symmetric geometry. For a massless gimbal and symmetric hopper (i.e., ID

x = ID
y = ID

z ), Eq. (27) indeed collapses
to Eq. (26) as expected. A special case of particular interest for mobility from a flat and level resting orientation (i.e.,



θA,θB,θC ≈ 0) greatly simplifies the effective inertia,

N~HS|θA,θB,θC=0 =

ID
x 0 0
0 ID

y + IB
y 0

0 0 ID
z + IB

z + IA
z

ωD
x

ωD
y

ωD
z


c

. (28)

In this case, all frames are aligned (n̂i = âi = b̂i = ĉi) and the principal moments of inertia simply add. Indeed, it makes
sense intuitively that a yaw maneuver, for example, must account for the inertia of both the outer and inner gimbals
about n̂z, or that a hop about the n̂y axis must account for the inertia of the inner gimbal about n̂y. To observe the effect
this has on the required control input, recall the generalized control for oblique hops given by Eq. (8), which maps the
desired hopper rotation about spike tip P after braking to the required flywheel momentum prior to braking. In the test
bed, the additional mass and effective inertia of the gimbal can be compensated for with a simple change:(

∑
k=x,y,z
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In summary, the passive gimbal introduces additional effective mass and inertia to the hopper. The resulting additional
angular momentum (Eq. (27)) can be accounted for by augmenting the control input based on Eq. (29), so that an
“unconstrained” desired maneuver can be effectively emulated.

A fundamental limitation of the passive gimbal is its inability to preserve angular momentum in ballistic flight. The
only two stable cases for which angular momentum is perfectly conserved are pure rotation about n̂z or ĉx, which
conveniently correspond to yaw maneuvers and single-axis hops. Angular momentum about any other arbitrary axis
tends to result in large fluctuations or even chaotic momentum shifts as the gimbal becomes “locked” (i.e., ĉx =±n̂z).
Also, the roll axis is partially constrained to avoid ground contact with the gimbal itself.

Another important consideration with such a gimbal is to ensure that the CM is precisely aligned with all rotation
axes. Otherwise, it will rock like a pendulum rather than freely rotate. This requires adding dead-mass to the hopper to
geometrically center the CM and a rigid gimbal that does not deflect under the weight of the hopper (thus causing the
CM to “sag”). Clearly this requirement can be relaxed for operation in true microgravity (i.e., on an asteroid) where
the hopper is no longer suspended. In this case, the control analysis in Sect. 2.1.1 can be modified to account for an
offset CG. For example, a CG offset from the geometric centroid by 10% of the spike radius would scale the required
flywheel speed up by about 20% on one side, and down by 20% on the opposite side.

4.2 Test Bed Validation

The test bed was first examined in the absence of external forces by performing reference drop and lateral maneuvers.
Specifically, drop tests with only vertical actuation exhibit a very strong parabolic fit (correlation typically above
99%), and the noise floor on the force sensor feedback allows for effective gravity levels down to about 0.0005 g’s.
The lateral motion also behaves precisely as predicted without force input, remaining stationary or in a constant
velocity. However, there is a small amount of drift in the signal from the lateral sensors (roughly 0.0001 g’s/min),
which is handled with periodic recalibration before experiments. Interestingly, the lateral signal can be intentionally
biased to “tilt the gravity vector off vertical,” producing an effectively inclined surface. Collectively, the lateral and
vertical controls are highly effective at tracking parabolic trajectories.

A more careful analysis is required to validate the test bed’s response to external forces, which can be either impulsive
or non-impulsive. As a first test, a constant lateral force was applied to the hopper (mass mp) mounted on the test bed
with a horizontal string looped over a pulley with a known mass mt suspended. After initial transients settle, the system
tracks the expected acceleration (a = gmt/(mp +mt)) to within 5%. A similar test was performed in the vertical axis
by simply adding small amounts of known mass to the hopper, which also produced accelerations in close agreement
with theoretical predictions (to within 1%).

Characterizing the behavior under impulsive forces is more challenging. First of all, the elasticity of a collision
depends on many factors (e.g. properties of contacting materials, speed of impact, geometry of deformation, etc.),



Figure 11: Experimental results from bouncing on a rigid surface at 0.001 g’s: height and velocity of test mass and
error in vertical offloading force. Data is sampled at 10 kHz and the control loop runs at 100 Hz. Note that data is
scaled to fit on same axes (see legend for scaling and units)

making it impractical to characterize theoretically as a basis for comparison. However, as a preliminary test, a proof
mass (equal to the mass of the prototype) was mounted on the test bed and dropped onto an elastic surface (basically a
webbing of rubber surgical tubing acting as trampoline)—a contrived, low-stiffness interface that dissipates very little
energy. In drop tests at 0.001 g’s and 0.005 g’s, the mass was released from rest at a height of roughly 1 m, and it did
indeed recover about 90% of its energy after each subsequent collision (number of trials = 36, mean = 91.5%, and
standard deviation = 2.7%).

For collisions with stiffer or even rigid surfaces, energy dissipation is much more difficult to predict. However, the
deviation observed in the force signal during impact is a good indicator of fidelity. Figure 11 reports the vertical height
and velocity of the proof mass during an example drop/bouncing sequence on a rigid surface, as well as the transient
force errors. Although the gantry overshoots vertical position by up to a few inches after a collision, the low stiffness
of the spring mechanism (≈ 5 N/m) results in transient force errors within a few hundred milli-Newtons—less than
1% of the proof mass’ weight. Since the force error scales roughly linearly with impact speed, there is an upper bound
at which the transient response becomes unacceptable, putting the ideal range of operation between 0.0005 g’s and
0.005 g’s.

5 Mobility Experiments

To further characterize the dynamics and controllability of the hopper and to validate the models presented in Sect. 2,
various experiments were conducted on the microgravity test bed. Specifically, trajectory data was collected while
performing (1) hops about a single axis, (2) oblique hops over a single spike, and (3) twisting maneuvers. The position
feedback from the gantry was used in conjunction with the force and displacement signals to determine the translational
trajectory of the hopper. At this time, no measurements of orientation are taken, although encoders on the gimbal axes
or visual tracking techniques could be implemented to achieve accurate pose estimates. Here, we also restrict our
study to maneuvers on a flat and level surface, leaving mobility on rough and uneven surfaces for future work.

5.1 Single-Axis Hopping

As a first set of experiments, simple hopping and tumbling maneuvers were executed about a single axis as a basis for
comparison with 2D analytical model from Sects. 2.1.1–2.1.1. To minimize the effect of exogenous gimbal dynamics
(see Sect 4.1.2), the axis of rotation was aligned with ĉx (see, Fig. 10), such that nominally, the gimbal does not rotate
and only the added mass must be accounted for according to Eq. (29). The initial orientation about the yaw axis was
also set so that the hopper was “facing” along the gantry’s x-axis, allowing for independent measurement of out-of-



plane motions (i.e., along the y-axis). In each experiment, the control approach discussed in Sect. 2.1.1 was executed,
whereby the flywheel is slowly accelerated until a target angular velocity is reached, at which point the band brake is
applied and the hopping sequence ensues unactuated. For a desired hop distance of 1 m in a emulated gravity level
of 0.001 g’s, the target flywheel velocity was calculated using (6) to be 550 rpm. A total of 30 single-axis hops were
executed, 10 of which are plotted in Fig. 12.

Figure 12: Trajectories of the hopper within the microgravity test bed. The gravity level of these experiments was set
to 0.001 g’s, and the flywheel was commanded to 550 rpm. Position data for each experiment was shifted to start at
the origin. A z position of zero corresponds to a flat stance where four spikes are in contact with the ground. Thus,
bounces above zero indicate collision at a tilted orientation. Initial bounces are highlighted with a large point, and the
final resting location, with a smaller point.

An interesting observation from Fig. 12 is the variability in bouncing. Although the “landing envelope” for the first
bounce is relatively small, subsequent trajectories are highly sensitive to the spin and orientation on impact, which
results in a much wider “resting envelope”. Recall, however, from Sect. 4.1.2 that the hopper’s rotational dynamics
are corrupted by the gimbal in flight, so these bouncing trajectories do not exactly capture the “true” expected distri-
bution. On the other hand, hopping angle and distance measurements exhibit a more consistent trend and are in close
agreement with the predictions of (7) and (4). The mean hop angle for the 30 experiments was 50° with a standard
deviation of 3°. This is marginally higher than the 45° prediction, likely due to the elastic rebound of the spike tip. In-
deed, numerical simulations with a spring/damper contact model also exhibit higher hop angles. Remarkably, without
any adjustments in the model parameters, the mean hop distance of 0.94 m was also very close to the target of 1 m,
with a standard deviation of 0.07 m. Here, the variability likely comes from imperfect control of flywheel’s speed and
variability in the hop angle. Finally, as expected for single axis hops, only minor deviations in heading were observed,
with a mean of just 1.5° and std. dev. of 2°. See http://web.stanford.edu/~pavone/movies/hop.mov for a
sample video of a hopping experiment.

5.2 Oblique Hopping

A similar set of experiments was performed to demonstrate directional control by hopping over a single spike, as
discussed in Sect. 2.1.2. In this case, the flywheel speeds were calculated based on Eq. (8) and augmented to account
for the gimbal’s effective mass and inertia governed by Eq. (29). Twenty hops were executed over a range of desired
heading angles (0 ≤ φd ≤ 45°) and at a nominal speed of 5 cm/s (which roughly corresponds to a 1 m hop). The
observed heading (φ ) and hop (θh) angles are compared with predictions based on the analytical model from Sect. 2.1.2
and with simulated trajectories based on a spring/damper contact model (see Fig. 13). The “predicted range” is derived
from numerical simulations, and it highlights the trajectory variability that can be induced by changes in the surface
contact model, ranging from a highly damped to purely elastic. Numerical results from a “best-fit” surface contact
model are also indicated by the green dashed line.



Figure 13: Oblique hops were executed over a range of desired heading angles and compared with predictions based
on analytical and numerical models. Left: The error in heading angle (∆φ ) as a function of intended heading angle
(φd). Right: Hop angle (θh) as a function of intended heading angle.

Figure 13 left illustrates that, overall, the directional control law is highly effective at achieving the desired heading
angle, with a mean deviation of only 2°. Furthermore, the data and simulations both indicate a bias towards under-
shooting the intended heading, which can be corrected for with a simple shift in the control law. Nonetheless, even
heading deviations up to 10° (say) still constitute a stark improvement in directional control over single-axis hops.

The hop angle data shown in Fig. 13 right follows the trend predicted by Eq. (9) and also reiterates the observation from
the single-axis hop experiments: surface elasticity increases the hop angle. Indeed, a sweep of numerical simulations
shows that θh can vary by up to 10° depending on the contact elasticity, whereby the lower bound corresponds to a
highly damped surface and strongly agrees with the analytical model. Although the surface properties of small bodies
may be highly variable, for a rigid surface, the contact elasticity is predominantly governed by the compliance of the
spike tip itself, which may be roughly characterized a priori and incorporated into the predictive model.

5.3 Twisting Experiments

Unlike hopping and tumbling, a twist is the only motion primitive that is not critically enabled by microgravity, as
the CM remains fixed. Thus, Eq. (16) should work equally well to predict the response in a 1 g environment and the
microgravity test bed is not needed. So the hopper was simply placed on a flat and level tile surface, and the friction
coefficient was first estimated from a number of sliding force measurements to be µk = 1.1. Equation (16) was then
used to calculate the required flywheel speed to achieve a range of target twist angles (0 < ψd < 180) based on the
empirically determined µk and measured hopper parameters. The results in Fig. 14 show a very strong agreement with
the predictive model, whereby the slight shift in the data could be attributed to any combination of imperfect estimates
in the model parameters.

6 Conclusions

In this paper we have presented a planetary mobility hopper that uses internal actuation to achieve controlled maneu-
vers for long excursions (by hopping) and short, precise traverses (by tumbling) in low-gravity environments. We have
characterized the dynamics of such hoppers using angular momentum arguments and developed hybrid control strate-
gies for precise mobility. We have also presented a prototype design and preliminary system architecture for a Phobos
reference mission. Finally, the design and control of a first-of-a-kind 6 DoF microgravity test bed was also proposed,
which has been used to validate control techniques for various motion primitives. Experimentation is ongoing, but the



Figure 14: A series of 30 twist maneuvers were executed over target range of 0 < ψd < 180.

preliminary results constitute the first successful demonstration of controlled hopping mobility in such a high fidelity
test bed.

This paper leaves numerous important extensions open for further research. First, it is important to develop more
realistic contact models for interactions with loose, granular media typically found on small bodies. Second, we seek
to extend the control algorithms to reliably maneuver on uneven terrains and leverage them for higher level motion
planning objectives. Third, from a navigation perspective, we plan to develop SLAM techniques suited for the unique
and challenging environments of small bodies, and for the constantly rotating motion of the hopper. Finally, future
experiments will include (1) various surface characteristics such as inclination, rocks, sand, and fine powder, and (2)
tests of the closed-loop system integrating planning, control, and navigation.
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