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Abstract

Markov decision processes (MDPs) provide a mathematical framework for modeling sequential decision
making where system evolution and cost/reward depend on uncertainties and control actions of a decision.
MDP models have been widely adopted in numerous domains such as robotics, control systems, finance,
economics, and manufacturing. At the same time, optimization theories of MDPs serve as the theoretical un-
derpinnings to numerous dynamic programming and reinforcement learning algorithms in stochastic control
problems. While the study in MDPs is attractive for several reasons, there are two main challenges associated

with its practicality:

e An accurate MDP model is oftentimes not available to the decision maker. Affected by modeling

errors, the resultant MDP solution policy is non-robust to system fluctuations.

e The most widely-adopted optimization criterion for MDPs is represented by the risk-neutral expecta-
tion of a cumulative cost. This does not take into account the notion of risk, i.e., increased awareness

of events of small probability but high consequences.

In this thesis we study multiple important aspects in risk-sensitive sequential decision making where the
variability of stochastic costs and robustness to modeling errors are taken into account. First, we address a
special type of risk-sensitive decision making problems where the percentile behaviors are considered. Here
risk is either modeled by the conditional value-at-risk (CVaR) or the Value-at-risk (VaR). VaR measures risk
as the maximum cost that might be incurred with respect to a given confidence level, and is appealing due to
its intuitive meaning and its connection to chance-constraints. The VaR risk measure has many fundamental
engineering applications such as motion planning, where a safety constraint is imposed to upper bound the
probability of maneuvering into dangerous regimes. Despite its popularity, VaR suffers from being unstable,
and its singularity often introduces mathematical issues to optimization problems. To alleviate this problem,
an alternative measure that addresses most of VaR’s shortcomings is CVaR. CVaR is a risk-measure that is
rapidly gaining popularity in various financial applications, due to its favorable computational properties (i.e.,
CVaR is a coherent risk) and superior ability to safeguard a decision maker from the “outcomes that hurt the
most”. As a risk that measures the conditional expected cost given that such cost is greater than or equal
to VaR, CVaR accounts for the total cost of undesirable events (it corresponds to events whose associated

probability is low, but the corresponding cost is high) and is therefore preferable in financial applications



such as portfolio optimization.

Second, we consider optimization problems in which the objective function involves a coherent risk
measure of the random cost. Here the term coherent risk [7] denotes a general class of risks that satisfies
convexity, monotonicity, translational-invariance and positive homogeneity. These properties not only guar-
antee that the optimization problems are mathematically well-posed, but they are also axiomatically justified.
Therefore modeling risk-aversion with coherent risks has already gained widespread acceptance in engineer-
ing, finance and operations research applications, among others. On the other hand, when the optimization
problem is sequential, another important property of a risk measure is time consistency. A time consistent
risk metric satisfies the “dynamic-programming” style property which ensures rational decision making, i.e.,
the strategy that is risk-optimal at the current stage will also be deemed optimal in subsequent stages. To
get the best of both worlds, the recently proposed Markov risk measures [119] satisfy both the coherent risk
properties and time consistency. Thus to ensure rationality in risk modeling and algorithmic tractability, this

thesis will focus on risk-sensitive sequential decision making problems modeled by Markov risk measures.
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Chapter 1

Introduction

Decision-making is concerned with identifying the optimal strategy (a mapping from current system states
to available actions) in which the performance is measured by an associated cost function. The cost function
captures specific evaluation criteria that are deemed relevant to the decision makers. In general, decision-
making is an interesting yet challenging problem. The challenges of decision-making are three-fold. First,
the evaluation criteria usually contain multiple conflicting elements that make decision-making non-trivial.
For example, in a Mars exploration mission the project manager (who serves as the decision maker) has to
trade-off fuel-efficiency and mission safety during the design of Mars rover deployment strategies; or the
business analyst of a manufacturing plant has to trade-off quality and cost in planning production schedules.
Second, in most practical applications, decisions are often temporally dependent. Specifically, in sequential
decision-making problems, the decision maker either interacts with the system myopically over multiple time
periods, or the decision maker decides a strategy based on the feedback observations of the system. While the
second approach is always preferable due to its full utilization of system information, it encounters a major
computational difficulty. Unlike in the myopic optimization problem, where the optimizer is a point solution,
this challenge arises from the fact that in sequential decision-making the problem is often cast as a functional
optimization problem whose solution is a mapping from the history of states to actions. Third, in decision-
making the system evolution and performance are often affected by uncertain exogenous factors, such as
system noise or measurement errors. Notice that the number of possible strategies depends exponentially on
the decision horizon and the realizations of uncertainties. Such vast amount of potential choices often makes
the direct enumeration of solutions intractable.

The most widely-adopted optimization criterion for sequential decision-making is represented by the
risk-neutral expectation of a cumulative cost. However despite its popularity, this criterion does not take
variability of the cost and sensitivity to modeling errors into account. This may lead to potential modeling
problems, where the downside risks incurred by outcome realizations are ignored. On the other hand, while
risk-sensitive decision-making provides a promising approach to compute robust solution policies (with re-

spect to cost variability and modeling errors), constructing a “good” risk criterion in a manner that is both



CHAPTER 1. INTRODUCTION 2

conceptually meaningful and computationally tractable still presents a nontrivial challenge to system design-

€r18s.

1.1 Problem Description

In this thesis we investigate risk-aware planning and control in uncertain environments, namely, the problem
of devising a provably-safe action strategy in the presence of inherent uncertainties and model uncertainties.
Such a problem has recently been recognized as one of the main challenges in many areas such as robotic
motion planning, personalized online marketing, portfolio optimization and intelligent transportation man-
agement. The issue of planning under uncertainty without the notion of risk-awareness, has been addressed
extensively in the past; for example see [22] and references therein. In particular, in this planning problem
where a stochastic sequential objective is involved, the solution often entails a decision-making strategy as
opposed to an open-loop control sequence. Despite great strides in the theory of risk-modeling, the inclu-
sion of risk-awareness in sequential planning has so far received limited attentions. Yet, the inclusion of risk
awareness in stochastic optimal control is critical for several reasons. First, a guaranteed-feasible solution
may not exist in stochastic planning problems, and the question becomes how to properly trade-off between
planner’s conservative-ness and the risk of infeasibility. Second, risk-awareness allows decision makers to
increase policy robustness by including model uncertainties in the problem formulation. Third, by impos-
ing various levels of risk to the inherent uncertainties presented in the environment, risk-aware planning can
avoid rare undesirable events. Finally, in the reinforcement learning framework where the world model is
not known accurately, a risk-aware planner can balance exploration versus exploitation for efficient policy
learning and can guarantee safety by limiting the visiting frequency to states that lead to catastrophic failures.

Clearly, one would desire that sequential planning algorithms are able to take into the account of risks.
Unfortunately most existing planning algorithms ignore risk-awareness and safety. From a technical stand-
point, there are two main approaches for risk-sensitive decision-making: optimizing risk-sensitive objective
functions, where a risk-neutral expectation operator is replaced by a risk function, or adding risk constraints
to the optimization problem. The first approach is more suitable to portfolio optimization and online market-
ing problems for which the planning goals are to maximize expected revenue and to control variability. The
second approach is more preferable to engineering problems such as motion planning due to their ability to
enforce safety constraints.

The most common framework for planning under uncertainty is provided by Markov decision processes
(MDPs), which represent a probabilistic sequential decision-making framework such that the set of transition
probabilities to next states depend only on the current state and action of the system. This framework can be
further generalized to reinforcement learning (RL), which combines the learning of transition probabilities
and cost functions in MDPs with the computation of an optimal policy. The key research aspects that we will
explore in this thesis are: risk models in the MDP framework that ensures rational decision-making, solution

algorithms that are computationally efficient to solve real-world problems, and risk-constrained decision
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making problems that optimize a risk-neutral objective function subjected to risk-sensitive constraints.

1.2 Markov Decision Processes (MDPs)

In this thesis, the underlying mathematical model of sequential decision making and reinforcement learning
is the Markov decision process (MDP). An MDP is a tuple (X, A, C, P,v, zo), where X’ and A are state and
action spaces, C(z, a) € [—Cax, Cmax) is @ bounded deterministic cost, P(+|z, a) is the transition probabil-
ity distribution, v € [0, 1] is the discounting facto and xg is the initial state. Our results easily generalize
to random initial states and random costs, but for simplicity we will focus on the case of deterministic initial
state and immediate cost in this thesis. For each state © € X, we also denote by .A(x) the corresponding set
of admissible control actions. In a more general setting when multi-stage constraints are taken into account,
we define a constrained Markov decision process (CMDP) which extends the MDP model by introducing
additional costs and associated constraints. A CMDP is defined by (X, A, C, D, P,~, ¢, dy) where the com-
ponents X', A, C, P, xq, are the same for the unconstrained MDP. Furthermore D(z,a) € [—Dmax, Dmax]
is a bounded deterministic constraint cost, and dy € R is an upper bound for the expected cumulative (through
time) D cost. Intuitively, solving an MDP means determining a sequence of policies m (mappings from his-
tories to control actions) which minimizes the risk-sensitive cumulated objective cost defined by C, while
solving a CMDP means determining a sequence of policies m which minimizes the same objective function
and at the same time ensures that the cumulated constraint cost defined by the functions D is (under specific
risk metrics) bounded by d.

In order to formalize the optimization problems associated with MDPs or CMDPs, we define the feasible
set of policies as follows. Let the space of admissible histories up to time ¢t be hy = H;—1 x A x &, for
t > 1,and Hy = X. A generic element h; € h; is of the form h; = (xo,aq,...,Tt—1,a:—1,2¢). Let
1T ,; be the set of all history-dependent policies with the property that at each time ¢ the policy is a function
that maps h; to the probability distribution over the action space A. In other words, Il ; := {uo : Hy —
P(A), p1 : Hi = P(A), ..., : He — P(A)}p;(-|hy) € P(A) forall hj € Hj, 1 < j < t}. We also let
Ty = lims—,o I+ be the set of all history dependent policies.

While 11 is the most generic class of policies in sequential decision making, oftentimes MDP or CMDP
problems with history dependent policies are numerically intractable. Another commonly considered class
of policies in literature is known as the class of Markovian policies II,;, where at each time step ¢ the policy
is a function that maps states x; to the probability distribution over the action space .A. Formally the class
of Markovian policies is defined as IIp; = lim;_, IIps, where IIps, = {,uo X > PA), p: X —
P(A),....pu 2 X = P(A)}p;(-|lz;) € P(A) forallz; € X, 1 < j < t}. In the special case when the
policies are time-homogeneous, i.e., p; = p for all j > 0, then the class of policies is known as stationary

Markovian and denoted by II;; 5. When 7 is stationary and Markovian (i.e., 7 € IIps g), it is merely a

!By introducing « € (0, 1) to the sum of multi-stage cost functions, we aim to solve the MDP problem with more focus on optimizing
current costs over future costs. When v = 1, the effect of discounting factor vanishes, and the corresponding MDP problem minimizes
the total cost.



CHAPTER 1. INTRODUCTION 4

sequence of policies (denoted by p). For notational convenience we use i and 7 interchangeably in this case.
Compared to the structure of I, the set of policies characterized by I1,;, 5 is more structured (i.e., the control
actions only depend on current state information and its state-action mapping is time-independent). Compu-
tationally this makes the procedure of solving for an optimal policy under the class of stationary Markovian
policies more tractable, and common solution techniques involve dynamic programming algorithms [17] such
as Bellman iteration.

When the objective function for an MDP is given by the risk-neutral expectation of a cumulative cost,

i.e.,

min E
welly

Z’Y (x4, at) | wo, ar ~ m(- ht)] )

Bellman’s principle of optimality [17]] shows that that the optimal policy lies in the class of stationary Marko-
vian policies II5; g. On the other hand, for a CMDP whose objective function and constraints are modeled

by the risk-neutral expectation of a cumulative cost and constraint cost, i.e.,

min
welly

ZV (z1,at) | wo, ap ~ me(- |ht)‘| )

Z’Y (2, at) | o, ar ~ m (- |ht)] < do,

Altman (Theorem 3.8 in [4]]) shows a similar result of optimality for which II,; g is called the “dominating
class of policies”. While this nice property does not hold for arbitrary objective functions and constraints in
a CMDP, we manage to show that by specifying an augmented state that keeps track of the risk evaluation in
subsequent stages, the optimal policies of the corresponding CMDPs indeed belong to the class of station-
ary Markovian policies (with respect to the augmented states), for the risk-sensitive objective functions and

constraints considered in this thesis (see Chapter 2] [3|and [5).

1.3 Overview of Risk Measures

1.3.1 Sources of Uncertainty in MDPs

Under the framework of MDPs, we hereby describe the two sources of uncertainty, i.e., inherent-uncertainty
and model-uncertainty, incurred by the cumulated cost random variable. Inherent-uncertainty describes the
uncertainty from stochastic transitions of a single, well-defined MDP. On the other hand, model-uncertainty
characterizes the inaccuracy of transition probability and immediate cost of an MDP. In general, inherent-
uncertainty accounts for the cost variability due to the stochasticity of an MDP, whereas model-uncertainty
accounts for the errors in MDP representations.

The most widely-adopted optimization criterion for MDPs is represented by the risk-neutral expectation

of a cumulative cost. This approach, while being popular and attractive from a computational standpoint,
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neither takes into account the variability of the cost (i.e., fluctuations around the mean) nor its sensitivity to
modeling errors, and it may significantly affect overall performance [81]. Risk-sensitive MDPs [[61]] address
the first aspect by replacing the risk-neutral expectation with a risk-measure of the total discounted cost,
such as exponential utility, a variance-related measure and percentile risk measures (namely Value-at-Risk
(VaR), or Conditional-VaR (CVaR)). Robust MDPs [92], on the other hand, address the second aspect by
defining a set of plausible MDP parameters and optimize decision with respect to the expected cost under
worst-case parameters. Indeed by using the representation theorem of coherent risk (Theorem [I.3.3), one
can also show that Robust MDPs are equivalent to risk-sensitive MDPs with dynamic coherent risk metrics.
Thus the problem of controlling cost variability and robustness in modeling errors of MDPs is equivalent
to risk shaping, i.e., to construct a “good” risk criterion in a manner that is both conceptually meaningful
and computationally tractable. While there are numerous off-the-shelf risk metrics available in the literature
(for example, see the overview of risk metrics in Section[I.3.3]to Section[I.3.3)), oftentimes risk shaping still

presents a nontrivial challenge to system designers.

1.3.2 Entropic Risk and its Limitations

Although most disturbances are not normally distributed, the Markowitz mean-variance criterion [84]], which
relies on the first two moments of the distribution, has dominated risk management for over 50 years.
However, solving a multi-stage stochastic optimal control problem using the mean-variance criterion is
often computationally intractable [82]. This motivates the use of more computationally feasible metrics
such as the entropic risk: p(X) = log (E[e?%]) /6, 6 € (0,1) [61]. Notice that the first two terms of
the Taylor series expansion of p(X) form a weighted sum of mean and variance with regularizer 6, i.e.
p(X) = E(X) + 0E(X — E[X])2.

Contrary to its popularity in literature, practical applications of the entropic risk metric have proven to be
problematic [23]]. The primary concerns are that the optimal control policies heavily weight a small number
of risk averse decisions [56, |59] and are extremely sensitive to errors in the distribution models. Example
provides a counter-example that illustrates this issue in entropic risk. While the importance of risk
aversion is clear from a financial standpoint [[154} [153]], a deficiency in the “exploration” characteristics of a
policy is undesirable in many engineering applications. Consider a robotic terrain-mapping mission where
the goal is to deploy a swarm of mini-drones for cost effective exploration and the actions represent the
routes chosen for each robotic agent. If one optimizes the cost of routing using the mean-variance risk, the
optimal policy would only consider a select few cost-effective routes, which defeats the purpose of a mapping
mission. Therefore, to balance exploration (discover new terrain) and exploitation (find cost effective routes),
one should consider alternative risk metrics, e.g. conditional value at risk (CVaR), which only prohibits

exploration along dangerous terrains yet is not as conservative as the worst-case approach.

Example 1.3.1. Consider the following 3-stage, finite state example where one has the following state tran-

sitions if policy 1 is executed:
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1/2 1/2
0 0
T1,1 T1,2
1/3 1/3 1/3 1/3 1/3 1/3
2,1 2,2 r2,3 12,4 2,5 2,6
4 6 8 10 12 14

and one has the following state transitions if policy o is executed:

)
1/2 1/2
0 0
x1,1 x1,2
0 0 1 0 1 0
T21 Z22 €23 T2.4 T25 x26
4 6 8 10 12 14

Now for 0 = 2, the entropic risk with respect to policy m, and 7o is 13.113 and 11.654 respectively. On the
other hand, consider the conditional value-at-risk CVaR p(Z) = min, v + L E[Z — v];. With confidence
interval o = 0.6, the corresponding risk incurred by policy 1 and o is 10.833 and 12 respectively. Thus one
obtains a less diversified policy 7o (which only has non-zero probabilities on 2 3 and 2 5) when entropic

risk is optimized, in comparison to the uniform policy m (which is optimal to the minimization of CVaR risk).

Due to these potential issues arising in entropic risk measures, several approaches differing from the
standard expectation or entropic risk, have been studied in sequential decision making. In [49], the authors
considered the maximization of a strictly concave functional of the distribution of the terminal state. In [159,
311155, risk-sensitive MDPs are cast as the problem of maximizing percentile performance. Variance-related
risk metrics are considered, e.g., in [[137, |54]. Other mean, variance, and probabilistic criteria for risk-
sensitive MDPs are discussed in the survey [157].

In the rest of this section, we briefly describe the theory of percentile, coherent and dynamic risk metrics,
on which we will rely extensively in the later chapters. The material presented in this section summarizes
several novel results in risk theory achieved in the past ten years. Our presentation strives to present this
material in an intuitive fashion and with a notation tailored to control engineering, machine learning, and

operations research applications.



CHAPTER 1. INTRODUCTION 7

1.3.3 Percentile Risk Metrics

Let Z be a bounded-mean random variable, i.e., E[| Z|] < co, on a probability space (2, H, P), with cumula-
tive distribution function F'(z) = P(Z < z). In this paper we interpret Z as a cost. The value-at-risk (VaR)
at confidence level € (0, 1) is the 1 — c quantile of Z, i.e., VaRo(Z) = min {z | F(z) > 1 — a}.

VaRa(Z):min{z|F(z)2a}. (1.1)

The minimum in is attained because F' is non-decreasing and right-continuous in z. When F' is con-
tinuous and strictly increasing, VaR, (Z) is the unique z satisfying F'(z) = «a; otherwise, (I.I) can have no
solution or a whole range of solutions. The VaR risk measure has many fundamental engineering applications
such as motion planning, where a safety constraint is imposed to create an upper-bound of the probability of
maneuvering into dangerous regimes.

Although VaR is a popular risk measure, it suffers from being unstable and difficult to work with numer-
ically when Z is not normally distributed, which is often the case as loss distributions tend to exhibit fat tails
or empirical discreteness. Moreover, VaR is not a coherent risk measure [7]] and more importantly does not
quantify the losses that might be suffered beyond its value at the a-tail of the distribution [[113].

In many financial applications such as portfolio optimization where the probability of undesirable events
could be small but the cost incurred could still be significant, besides describing risk as the probability of
incurring costs, it will be more informative to study the cost in the tail of the risk distribution. An alternative
measure that addresses most of the VaR’s shortcomings is conditional value-at-risk, CVaR, (Z), which is the
mean of the a-tail distribution of Z. If there is no probability atom at VaR,(Z), CVaR,(Z) has a unique
value that is defined as

CVaR,(Z) = min {w + éE[(Z —w)*] } 1.2)

weR

where ()™ = max(z,0) represents the positive part of x. If there is no probability atom at VaR, (Z), it is
well known from Theorem 6.2 in [132]] that CVaR, (Z) = E[Z | Z > VaR,(Z)]. Therefore, CVaR,(Z) may
be interpreted as the worst-case expected value of Z, conditioned on the a-portion of the tail distribution. It is
well known that CVaR,,(7) is decreasing in o, CVaR; (Z) equals to E(Z), and CVaR,,(Z) tends to max(Z)
as « | 0. CVaR is especially useful for controlling rare, but potentially disastrous events, which occur below
the 1 —« quantile, and are neglected by VaR [[127]. Furthermore, CVaR enjoys desirable axiomatic properties,
such as coherence [7]. We refer to [112] for further motivation with respect to CVaR and a comparison with
other risk measures such as VaR.

A useful property of CVaR, which we exploit in this paper, is its alternative dual representation [7]:

CVaR, (Z) = max [E¢|Z], 1.3
a( ) € Ucym (0,P) E[ ] (1.3)
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where E¢[Z] denotes the £-weighted expectation of Z, and the risk-envelope Ucvyr is given by

tewn(o.P) = {€ e 0.2, [ e@p@as=1f,

weR
Thus, the CVaR of a random variable Z may be interpreted as the worst-case expectation of Z under a
perturbed distribution ¢P.

Accordingly, in Chapter 2] and [3] we will focus on sequential decision making with percentile risk mea-

sures characterized by VaR and CVaR.

1.3.4 Static, Coherent Measures of Risk

Consider a probability space (2, F,P), where 2 is the set of outcomes (sample space), F is a o-algebra over
Q) representing the set of events we are interested in, and P is a probability measure over . In this paper we
will focus on disturbance models characterized by probability mass functions, hence we restrict our attention
to finite probability spaces (i.e., {2 has a finite number of elements or, equivalently, F is a finitely generated
algebra). Denote with Z the space of random variables Z : Q0 — (—o0, 00) defined over the probability space
(Q, F,P). In this paper a random variable Z € Z is interpreted as a cost, i.e., the smaller the realization of
Z, the better. For Z, W, we denote by Z < W the point-wise partial order, i.e., Z(w) < W(w) forall w € Q.

By a risk measure (or risk metric, we will use these terms interchangeably) we understand a function
p(Z) that maps an uncertain outcome Z into the extended real line R U {+oc0} U {—o0}. In this paper we

restrict our analysis to coherent risk measures, defined as follows:

Definition 1.3.2 (Coherent Risk Measures). A coherent risk measure is a mapping p : Z2 — R, satisfying the

following four axioms:

Al Convexity: p(AZ + (1 — \N)W) < Mp(Z) + (1 — N)p(W), forall A\ € [0,1] and Z,W € Z;
A2 Monotonicity: if Z < W and Z,W € Z, then p(Z) < p(W);

A3 Translation invariance: if a € Rand Z € Z, then p(Z + a) = p(Z) + a;

A4 Positive homogeneity: if \ > 0 and Z € Z, then p(AZ) = \p(Z).

These axioms were originally conceived in [7]] and ensure the “rationality” of single-period risk assess-
ments (we refer the reader to [7] for a detailed motivation of these axioms). One of the main properties for
coherent risk metrics is the universal representation theorem [[132]], which establishes the connection between

coherent risk and distributionally robust expectation.

Theorem 1.3.3. A risk measure p : Z — R is coherent if and only if there exists a convex bounded and
closed setU C B such that]

Z) = E¢|Z]. 1.4
p(2) = i  EelZ] )

2When we study risk in MDPs, the risk-envelope /(P) in Eq. also depends on the state = and action a.
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The result essentially states that any coherent risk measure is an expectation w.r.t. a worst-case density
function £P, chosen adversarially from a suitable set of test density functions U (P), referred to as risk
evnelop. Moreover, it means that any coherent risk measure is uniquely represented by its risk evnelop. Thus,
in the sequel, we shall interchangeably refer to coherent risk-measures either by their explicit functional

representation, or by their corresponding risk-evnelop.

1.3.5 Dynamic, Time-Consistent Measures of Risk

Having motivated the need for risk-sensitive optimal control using metrics, we now address the challenges
associated with appropriately quantifying risk in multi-period scenarios. Oftentimes, it appears to be difficult
to model risk in multi-period settings in a way that matches intuition [87]. In particular, a common strategy
to include risk-aversion in multi-period contexts is to apply a static risk metric, which assesses risk from
the perspective of a single point in time, to the total cost of the future stream of random outcomes. How-
ever, due to the inability of risk re-evaluation in subsequent stages, using static risk metrics in multi-period
decision problems can lead to an over- or under-estimation of the true dynamic risk, as well as potentially
“inconsistent” behavior (see [62] and references therein).

This section provides a multi-period generalization of the concepts presented in Section[I.3.4]and follows
closely the discussion in [L19]]. Consider a probability space (€2, F,P), a filtration Fy C F; C Fo--+ C
Fn C F, and an adapted sequence of real-valued random variables Z, k € {0,..., N}. We assume that
Fo = {Q,0}, i.e., Zy is deterministic. The variables Z; can be interpreted as stage-wise costs. For each
k €{0,..., N}, denote with Zj, the space of random variables defined over the probability space (92, Fi, P);
also, let Zj, y := Zj, X --- x Zy. Given sequences Z = {Zy,..., Zn} € Zpyand W = {Wp,,... , Wn} €
Zy, N, we interpret Z < W component-wise, i.e., Z; < W forall j € {k,...,N}.

The fundamental question in the theory of dynamic risk measures is the following: how do we evaluate
the risk of the sequence {Zx, . .., Zn } from the perspective of stage k? The answer, within the modern theory
of risk, relies on two key intuitive facts [119]]. First, in dynamic settings, the specification of risk preferences
should no longer entail constructing a single risk metric but rather a sequence of risk metrics {py, N}szo’
each mapping a future stream of random costs into a risk metric/assessment at time k. This motivates the

following definition.

Definition 1.3.4 (Dynamic Risk Measure). A dynamic risk measure is a sequence of mappings py N :

ZiN — 2k, k €{0,..., N}, obeying the following monotonicity property:
Pe,N(Z) <pp,nW) forall Z,W € Zj;, n such that Z < W.

The above monotonicity property (analogous to axiom A2 in Definition [1.3.2)) is, arguably, a natural
requirement for any meaningful dynamic risk measure.
The second intuitive fact is that the sequence of metrics {py, N}fcvzo should be constructed so that the risk

preference profile is consistent over time [43] 130, 162]]. A widely accepted notion of time-consistency is as
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follows [119]: if a certain outcome is considered less risky in all states of the world starting at stage k + 1,
then it should also be considered less risky starting at stage k.
The following example (adapted from [115]) shows how dynamic risk measures as defined above might

indeed result in time-inconsistent, and ultimately undesirable, behaviors.

Example 1.3.5. Consider the simple setting whereby there is a final cost Z and one seeks to evaluate such
cost from the perspective of earlier stages. Consider the three-stage scenario tree in Figure [I.1) with the
elementary events Q = {UU,UD, DU, DD}, and the filtration Fo = {0,Q}, F1 = {@, {U},{D}, Q} and

Fo = 22, Consider the dynamic risk measure:
Z) :=maxE¢[Z|F k=0,1,2
pr,N(Z) : eau ¢[Z|F], 0,1,

where U contains two probability measures, one corresponding to p = 0.4, and the other one to p = 0.6
Assume that the random cost is Z(UU) = Z(DD) = 0, and Z(UD) = Z(DU) = 100. Then, one has
p1(Z)(w) = 60 for all w, and po(Z)(w) = 48. Therefore, Z is deemed strictly riskier than a deterministic
cost W = 50 in all states of nature at time k = 1, but nonetheless W' is deemed riskier than Z at time k = 0,

which is a paradox!

Figure 1.1: Scenario Tree for Example|l.3.

It is important to note that there is nothing special about the selection of this example, similar paradoxical
results could be obtained with other risk metrics. We refer the reader to [[119, 1130, 62] for further insights
into the notion of time consistency and its practical relevance. The issue then is what additional “structural”
properties are required for a dynamic risk measure to be time consistent. We first provide a rigorous version

of the previous definition of time-consistency.

Definition 1.3.6 (Time Consistency ([119])). A dynamic risk measure {px, N}iv:o is time-consistent if, for all
0 <1 <k < N andall sequences Z,W € Z; n, the conditions

ZiZWi, izl,...,k—l, and
PeN(Zis - Zn) < peN Wiy oo, W),

(1.5)
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imply that
oiN(Ziy s ZN) S pin(Wiy ., W),

As we will see in Theorem|[I.3.8] the notion of time-consistent risk measures is tightly linked to the notion

of coherent risk measures, whose generalization to the multi-period setting is given below:

Definition 1.3.7 (Coherent One-step Conditional Risk Measures ([119])). A coherent one-step conditional
risk measure is a mapping py. : Zp41 — Zi, k € {0, ..., N — 1} with the following four properties:

o Convexity: pp(AZ + (1 = NW) < App(Z) + (1 — N)pi,(W), VA € [0,1] and Z, W € Z11;
o Monotonicity: if Z < W then pi(Z) < ppr(W),VYZ,W € Zj41;

o Translation invariance: p,(Z + W) = Z + pp.(W),VZ € Zi and W € Zj 11,

o Positive homogeneity: p(AZ) = A\pp(Z),VZ € Zj41 and X > 0.

We are now in a position to state the main result of this section.

Theorem 1.3.8 (Dynamic, Time-consistent Risk Measures [119])). Consider, for each k € {0,..., N}, the
mappings pi. N : Zr,N — 2y, defined as

PN =2k + pe(Zi+1 + pet1(Zrg2 + -+ py—2(Zn-_1 + pn-1(ZN)) .. .)), (1.6)

where the py’s are coherent one-step conditional risk measures. Then, the ensemble of these mappings is a

dynamic, time-consistent risk measure.

Remarkably, Theorem 1 in [[L19] shows (under weak assumptions) that the “multi-stage composition” in
Equation (T.6) is indeed necessary for time consistency. Accordingly, in Chapter [4] and [5] we will focus on
sequential decision making with dynamic, time-consistent risk measures characterized in Theorem

With dynamic, time-consistent risk measures, the value of pj, at stage k is Fi-measurable. Therefore in
general the evaluation of risk depends on the whole past (although in a time-consistent way). On the one
hand, this appears to have little value in most practical applications, on the other hand, inclusion of this risk
metric in an optimization problem potentially leads to intractability from a computational standpoint (and, in
particular, this structure inhibits a dynamic programming solution). Therefore, in this chapter we consider
a slight refinement of the concept of dynamic, time consistent risk measures, which involves a Markovian

structure in risk evaluation [119]].

Definition 1.3.9 (Markov risk measures). Consider the MDP (X, A,C, P,v,xq). Let V := L,(X, B, P) be
the space of random variables on X with finite p™ moment. Given a controlled state process {x}} generated
by the MDP, a dynamic, time-consistent risk measure is a Markov risk measure if each coherent one-step risk

measure py, : 211 — 2y, in equation can be written as

pe(V(zrs1)) = ok (V(Trt1), Thy gy P(Tpq1|or, ax)), (1.7)
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for all V(zgy1) € V and a, € A(xy), where oy, is a coherent one-step risk measure on V —with the

additional technical property that for every V (xi11) € V and ay, € A(xy) the function
z = ok (V(@k41), T, @k, P(Tptr|zn, ax))

is an element of V.
In other words, the evaluation of a Markov risk measure only depends on the current state of the MDP.

Example 1.3.10. An important example of a coherent one-step risk measure satisfying the requirements

presented in the definition of Markov risk measures (Definition is the mean-semideviation risk function:
p1\ /P
(V) =EV]+ A (E[IV -EVIE]) (1:8)

where p € [1,00), [2]% := (max(z,0)), and X € [0, 1].

Other important examples include the conditional average value at risk and, of course, the risk-neutral

expectation [119].

Remark 1.3.11. Notwithstanding the time dependency that occurrs in the general definition of dynamic, time
consistent risk measure, in this thesis we mainly focus on its stationary counterpart, where the dynamic, time
consistent risk is a composition of homogenous and time-independent one-step coherent risk metrics, i.e.,
pr,N =po---opforanyk < N and N € N.

——

N—k
1.4 Existing Solution Approaches and Limitations

In the previous section, we reviewed several classes of risk metrics that are commonly used in risk-sensitive
decision making problems. Nevertheless, inclusion of risk-awareness in MDPs is still difficult for several
reasons. First, it appears to be difficult to model risk in multi-period settings in a way that matches our
intuition of risk awareness; in particular widely adopted constraints such as variance or probability constraints
lead to irrational behaviors. Second, MDPs involving risk metrics tend to be computationally intractable; for
example, optimization under variance constraint and percentile optimization have been shown to be NP-hard

in general [82]]. Limitations of the state of the art to address such challenges are provided below.

1.4.1 Time Inconsistency in Risk-aware Planning

The most common strategy to model risk awareness in MDPs is to consider a static risk (i.e., a metric as-
sessing risk from the perspective of a single point in time) applied to the entire stream of future costs. Typ-
ical examples include variance-constrained MDPs [[104} [136, [145]], or problems with probability constraints
104, 94, 12| [155. [29]. However, since static risks do not involve an incremental reassessment of uncertain-

ties at subsequent decision stages, they generally lead to irrational behaviors. For example, an agent may
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decide to incur losses or may avoid visiting states that are favorable under any uncertainty realizations. In
this subsection, we will illustrate some irregular behaviors in risk sensitive multi-period planning by two

examples.

Example 1: Variance-constrained planning — Given an MDP with time horizon 7" > 0, state
space X, action space A, state transition xx1 ~ P(:|zk, ax) where 2, € X and a;, € A for
T > k > 0, initial state o € X, cost function ¢; : X x A — R and constraint cost function
dyp: X x A— Rfork € {0,...,T — 1}, solve

. T—
min  E {Zk:ol cr (o, ak)]
welly

T-1
subject to Var< Z di (zg, ak)> <o,

k=0
where I1; is the set of history-depender policies and g € R is a user-provided risk threshold.

Consider the example in Figure [I.2]in which all the cost functions are homogeneous in time. When the risk
threshold r¢ is below 25, policy 7 is infeasible and the optimal policy is me. According to policy 7o, if the
decision maker does not incur a cost in the first stage it seeks fo incur losses in subsequent stages to keep the
variance small. This can be seen as a consequence of the fact that Bellman’s principle of optimality does not
hold for this class of problems.

As a second example, we consider MDPs with probability (chance) constraints. Intuitively, this risk-
constrained decision-making problem serves as the foundation of many safe-planning tasks in engineering

and robotics.

Example 2: Chance-constrained planning — Given an MDP with time horizon T' > 0, state
space X, action space A, state transition x;11 ~ P(-|x,a)) where z;, € X and a;, € A for
T > k > 0, initial state x( € X, terminal cost function ¢ : X — R and constraint cost function

d: X — R, solve
min  E[c(z7)]

subject to IP’(d(J:T) < ro) > a,

where 7o € R is a user-provided risk threshold.

Accordingly consider the example in Figure Here we interpret the constraint costs d as acceptable if
it is negative and unacceptable otherwise. Also let the constraint cost threshold ¢ be 0 and confidence level
a be 2/3. One can show that the problem (consisting of a single policy) is infeasible, since at the first stage
P(d(z7) < 0) < 2/3. On the other hand, the constraint costs are acceptable in every state of the world from
the perspective of the subsequent stage. In other words, the decision-maker would deem infeasible a problem

that, at the second stage, appears feasible under any possible realization of the uncertainties.
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(a) Stage-wise constraint and objective function costs and tran- (b) Stage-wise constraint and objective function costs and tran-
sition probabilities for policy 71 . sition probabilities for policy 2.

Figure 1.2: Limitations of mean-variance optimization. Underlined numbers along the edges represent transi-
tion probabilities; non-underlined numbers represent stage-wise constraint and objective function costs (that
are equal for this example). Terminal constraint costs are zero. Under policy 71, the costs per stage are given
by d(xg,a9) = 0.5-0+4+0.5-10 = 5, d(z1,a;) = 10, and d(z2,a;) = 10; under policy 72, the costs per
stage are given by d(zg, ag) = 5, d(x1,a1) = 20, and d(z2, a;) = 10. One can verify that for policy 7; one

has var (ZkN:_Ol d(xg, ak)) = 25, while for policy 7 one has var (Efcv:_ol d(zg, ak)) = (. Then, if the risk
threshold is less than 25, the decision-maker would choose policy 7 and would seek to incur losses in order
to keep the variance small enough.

Notice that similar there is nothing particularly special about the aforementioned risk-constrained prob-
lems. Similar paradoxical results could be obtained from other constrained planning problems with static
risk constraints or from risk-sensitive control problems that relies on static risk metrics [[119]]. Subsequently,
we will refer to the aforementioned irrational behaviors as “time-inconsistency”, since the corresponding

solution policy is an inconsistent state-action mapping at different decision stages and risk levels.

1.4.2 Limitation 2: Complexity of solution approaches

Risk-aware planning falls under the category of stochastic decision-making, with the extra complexity that
Bellman’s principle of optimality does not hold in the general setting, and Markovian (and stationary) poli-
cies are no longer optimal. Moreover, as mentioned before, optimization under static risk constraints such
as variance constraints and probability constraints have been shown to be NP-hard [82]. Therefore current
approaches to risk-constrained planning are mostly limited to global search methods such as mixed-integer
linear-programming [16] and branch-and-bound techniques [[140], whose applications are restricted to low-
dimensional problems with relatively simple constraints (i.e., stochastic constraints that are induced by Gaus-
sian distributions), dynamics (i.e., linear dynamics), and cost functions (i.e., quadratic cost). In contrast, by

choosing risk metrics that results in rational decision-making and enjoys a compositionally efficient structure,
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AVaRy /3 =1

Figure 1.3: Limitations of chance-constrained optimization. The numbers along the edges represent transition
probabilities, while the numbers below the terminal nodes represent the stage-wise constraint costs. The
problem involves a single control policy (hence there is a unique transition graph). The constraint cost
appears acceptable in states x1 and xo, but unacceptable from the perspective of the first stage in state .

we can address a more general class of risk-aware planning problems via the dynamic programing approach,
which further leads to the development of reinforcement learning based solution algorithms that contain

provable performance guarantees and are amenable to large-scale implementations.

1.5 Risk-sensitive Decision Making Versus Reward Shaping

To motivate our research in risk-sensitive decision making, we first compare risk-sensitive decision making
with reward shaping, a standard technique that is used in literature of risk-neutral decision making, where
one imposes safety guarantees by customizing reward functions of the MDP in particular regions of state and
action spaces. While it has been shown in [61] that reward shaping is equivalent to risk-sensitive decision
making with entropic risk measures, in several occasions where one also aims at maximizing the robustness
of policies, the limitation of reward shaping can be clearly seen.

Recently it has been studied in [109] that, risk-sensitive reinforcement learning using conditional value-
at-risk (CVaR) can be used to guarantee robustness and reduce sample complexity, when one solves for a
policy using an ensemble of simulated source domains, and deploys this generalized policy to a broad range
of possible target domains, including un-modeled effects. This result is important for applying reinforcement
learning to tackle real-world tasks, especially when the policies are represented using rich function approxi-
mations like deep neural networks. Furthermore, it can be shown that risk-sensitive decision making with a
CVaR objective function articulates a special form of adversarial training in policy learning, where one also
takes the tail distribution of worst-case events into the account. Equipped with this feature, it allows addi-
tional guarantees in performance transfer in between domains, even when there are significant discrepancies
between the simulated source domain and the target domain. Contrarily, it can be challenging to apply reward
shaping in this case mostly because the uncertainties are originated from the modeling errors across domains.
It has also been shown in [100] that, using reward-shaping to solve an optimal control problem with model

uncertainties often leads to a larger sub-optimality gap.
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Another advantage of adopting risk-sensitive decision making over reward shaping is its ability to capture
sequential risk sensitivity. To illustrate this behavior, consider an example of a soccer game that is composed
of complicated strategies, such as attack and defend, based on the status of the game (see [79] for detailed
discussions). Consider a team that is one score behind, and there is only ten minutes remaining. In this case,
the team needs to play aggressively, such as making long passes and shooting from distance, to maximize
the likelihood to to score before the game ends. In the opposite way, if the team is winning by one goal with
ten minutes remaining, the team needs to play conservatively in order to prevent its opponent from scoring
goals. While both scenarios share the same cumulative objective function, which is to score more and win the
game, it is clear that by optimizing the strategy with risk-aware decision making techniques, one can generate
policies under various risk attitudes, and allow the policy to adapt to real-time changes. However, to the best

of our knowledge, it is unclear how one can design such a strategy with standard reward shaping techniques.

1.6 Thesis Contributions and OQutline

To address the aforementioned limitations in risk-aware planning, at a high level this thesis investigates
several important aspects in the aforementioned risk-sensitive sequential decision-making problem by taking

into account the variability of stochastic costs and the robustness to modeling errors. In particular,
e we address decision-making problems in which the percentile (tail) risks are considered;

e we analyze a unifying planning framework with coherent risk measures, which is robust to inherent
uncertainties and modeling errors, and the resulting risk-sensitive decision-making problem outputs a

rational, time-consistent policy;

e we develop tractable algorithms for large scale risk-sensitive decision-making problems and extend

these approaches to data-driven setups.

Based on the previously reviewed background knowledge on Markov decision processes (MDPs), con-
strained Markov decision processes (CMDPs), and theories on both static and dynamic risk measures in this
chapter, we outline the content of the four chapters dedicated to each of these questions below, leaving the
literature review and the precise statement of contributions to the introduction section of each chapter.

In Chapter 2] we investigate the well-known conditional value-at-risk (CVaR) MDP problem and propose
a scalable approximate value-iteration algorithm on an augmented state space. In addition, we discover an
interesting relationship between the CVaR risk of total cost and the worst-case expected cost under adversarial
model perturbations, which leads to a robustness framework that is significantly less conservative than robust-
MDP.

In Chapter 3] we study the CMDP problem formulation whose constraints are modeled via percentile
risks, such as CVaR and tail event probability. We also propose novel policy gradient and actor-critic algo-
rithms for CVaR-constrained and chance-constrained optimization in MDPs, and illustrate the effectiveness

of our algorithms using an optimal stopping problem and a personalized ad-recommendation problem.
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In Chapter 4] we propose a framework for risk-averse model predictive control (MPC), where the risk
metric is chosen to be the time-consistent Markov risk. We also present a solution algorithm that can be
implemented using semidefinite programming techniques, study its performance in terms of sub-optimality
gap, and numerically illustrate its superiority over existing risk-neutral MPC methods.

In Chapter [5} we study a dynamic programming approach to stochastic optimal control problems with
dynamic, time-consistent (in particular Markov) risk constraints. In particular we show that the optimal
cost functions could be computed by value iteration and that the optimal control policies can be constructed
recursively. Furthermore we propose both a uniform-grid discretization algorithm and an interpolation-based

approximate dynamic programming algorithm for the solution of this stochastic optimal control problem.



Chapter 2

Risk-Sensitive Decision Making: A
CVaR Optimization Approach

2.1 Introduction
2.1.1 Risk Sensitive Decision Making with CVaR

In this work we consider risk-sensitive MDPs with a CVaR objective, referred to as CVaR MDPs. CVaR
[7,1112]] is a risk-measure that is rapidly gaining popularity in various engineering applications, for instance,
finance, due to its favorable computational properties [[7] and superior ability to safeguard a decision maker
from the “outcomes that hurt the most” [127]. In this work, by relating risk to robustness, we derive a
novel result that further motivates the usage of a CVaR objective in a Decision Making context. Specifically,
we show that the CVaR of a discounted cost in an MDP is equivalent to the expected value of the same
discounted cost in the presence of worst-case perturbations of the MDP parameters (specifically, transition
probabilities), provided that such perturbations are within a certain error budget. This result suggests CVaR
MDP as a method for decision making under both cost variability and model uncertainty, which in turn
suggests its usefulness as a unified framework for planning under uncertainty.

Risk-sensitive MDPs have been studied for over four decades, with earlier efforts focusing on exponen-
tial utility [61]], mean-variance [137], and percentile risk criteria [53] . Recently, for the reasons explained
above, several authors have investigated CVaR MDPs [[112]. Specifically, in [36]], the authors propose a dy-
namic programming algorithm for finite-horizon risk-constrained MDPs where risk is measured according to
CVaR. The algorithm is proven to asymptotically converge to an optimal risk-constrained policy. However,
the algorithm involves computing integrals over continuous variables (Algorithm 1 in [36]]) and, in general,
its implementation appears extraordinarily difficult. In [10], the authors investigate the structure of CVaR
optimal policies and show that a Markov policy is optimal on an augmented state space, where the additional

(continuous) state variable is represented by the running cost. In [60], the authors leverage this result to
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design an algorithm for CVaR MDPs that relies on discretizing occupation measures in the augmented-state
MDP. This approach, however, involves solving a non-convex program via a sequence of linear-programming
approximations, which can only be shown to converge asymptotically. A different approach is taken by [46]],
[LO5]] and [146], which consider a finite dimensional parameterization of control policies, and show that a
CVaR MDP can be optimized to a local optimum using stochastic gradient descent (policy gradient). A re-
cent result by Pflug and Pichler [102] showed that by using a state-augmentation procedure different from
the one in [10], CVaR MDPs admit a dynamic programming formulation. However in this formulation, the

augmented state is also continuous, making the design of a solution algorithm challenging.

2.1.2 Chapter Contribution

The contribution of this chapter is twofold. First, as discussed above, we provide a novel interpretation
for CVaR MDPs in terms of robustness to modeling errors. This result is of independent interest and fur-
ther motivates the usage of CVaR MDPs for decision making under uncertainty. Second, we provide a new
optimization algorithm for CVaR MDPs, which leverages the state augmentation procedure introduced by
Pflug and Pichler [102]. We overcome the aforementioned computational challenges (due to the continu-
ous augmented state) by designing an algorithm that merges approximate value iteration [17] with linear
interpolation. Remarkably, we are able to provide explicit error bounds and convergence rates based on
contraction-style arguments. In contrast to the algorithms in [36} 160, 46,146, given the explicit MDP model
our approach leads to finite-time error guarantees with respect to the globally optimal policy. In addition,
our algorithm is significantly simpler than previous methods, and calculates the optimal policy for all CVaR
confidence intervals and initial states simultaneously. The practicality of our approach is demonstrated in
numerical experiments involving planning a path on a grid with thousands of states. To the best of our knowl-
edge, this is the first algorithm to approximate globally-optimal policies for non-trivial CVaR MDPs whose

error depends on the resolution of interpolation.

2.1.3 Chapter Organization

This chapter is structured as follows: In Section [2.2] we provide background on CVaR and MDPs. We
then state the problem we wish to solve (i.e., CVaR MDPs), and motivate the CVaR MDP formulation by
establishing a novel relation between CVaR and model perturbations. Section [2.3]provides the basis for our
solution algorithm, based on a Bellman-style equation for the CVaR. Then, in Section [2.4] we present our
algorithm and correctness analysis. In Section we evaluate our approach via numerical experiments.

Finally, complete proofs of the technical results can be found in Section
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2.2 Problem Formulation and Motivation

2.2.1 Problem Formulation

Let C'(x, a;) denote the stage-wise costs observed along a state/control trajectory in the MDP model. The

risk-sensitive discounted-cost problem we wish to address is as follows:

T

. . t
g, CVRe (%520;7 Clara)

anM) ) (21)

where p = {po, i1, ...} is the policy sequence with actions a; = pt(h:) for t € {0,1,...}. We refer to
problem as CVaR MDP.

The problem formulation in (2.T) directly addresses the aspect of risk sensitivity, as demonstrated by the
numerous applications of CVaR optimization in finance (see, e.g., [114}164,52]) and the recent approaches for
CVaR optimization in MDPs [36} |60} 46, [146]. In the following, we show a new result providing additional

motivation for CVaR MDPs, from the point of view of robustness to modeling errors.

2.2.2 Motivation - Robustness to Modeling Errors

We show a new result relating the CVaR objective in to the expected discounted-cost in the presence
of worst-case perturbations of the MDP parameters, where the perturbations are budgeted according to the
“number of things that can go wrong.” Thus, by minimizing CVaR, the decision maker also guarantees ro-
bustness of the policy.

Consider a trajectory

(xo, ag, ... ,I’T)

in a finite-horizon MDP problem with transition probability P;(x¢|zi—1,a:—1). We explicitly denote the
time index of the transition matrices for reasons that will become clear shortly. The total probability of the
trajectory is

P(xg,a0,...,x7) = Po(xo) - -- Pr(xr|zr_1,ar-1),

and Y 7' C (2, a;) is its discounted cost.

We consider an adversarial setting, where an adversary is allowed to change the transition probabilities
at each stage, under some budget constraints. We will show that, for a specific budget and perturbation
structure, the expected cost under the worst-case perturbation is equivalent to the CVaR of the cost. Thus,
we shall establish that, from this perspective, being risk averse is equivalent to being robust against model
perturbations.

For each stage 1 < ¢t < T, consider a perturbed transition kernel ﬁt = P, 0 §;, where §; € RY*XAXX ig
a multiplicative probability perturbation and o is the Hadamard product (a.k.a. elementwise product), under

the condition that P is a stochastic matrix, i.e., D ou P(2'|z,a) =1 Vo € X,a € A, and P,(2/|2,a) >
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0 Va',x € X,a € A. Let A, denote the set of perturbation matrices that satisfy this condition, and let
A = A; x --- x Ar denote the set of all possible perturbations to the trajectory distribution.
We now impose a budget constraint on the perturbations as follows. For some budget 7 > 1, we consider

the constraint

(51(3’51'.’[70, a0)52($2|$1,a1) cee 6T($T|.’ET,1, anl) <mn, Vxg,...,xp7 € X, Vaqg,...,ar_1 € A (22)

Essentially, the product in Eq. (2.2) states that with small budget the worst cannot happen at each time.
Instead, the perturbation budget has to be split (multiplicatively) along the trajectory. We note that Eq.
is in fact a constraint on the perturbation matrices, and we denote by A, C A the set of perturbations that
satisfy this constraint with budget 7. The following result shows an equivalence between the CVaR and the

worst-case expected loss.

Proposition 2.2.1 (Interpretation of CVaR as Robustness Measure). It holds

17---76T)€An

T
Z’th(xt,at)] ) (2.3)

t=0

T
CVaR 1 (Z’th(xt,at)> = sup Ep
" \i=0 (®

where E 5 ] denotes expectation with respect to a Markov chain with transitions P;.

While the full proof of this proposition can be found in the Appendix, it is instructive to compare Propo-
sition [2.2.1] with the dual representation of CVaR in (I.3) where both results convert the CVaR risk into a
robustness measure. Note, in particular, that the perturbation budget in Proposition has a temporal

structure, which constrains the adversary from choosing the worst perturbation at each time step.

Remark 2.2.2. An equivalence between robustness and risk-sensitivity was previously suggested by Osogami
[195]]. In that study, the iterated (dynamic) coherent risk was shown to be equivalent to a robust MDP [63)] with
a rectangular uncertainty set. The iterated risk (and, correspondingly, the rectangular uncertainty set) is very
conservative [160], in the sense that the worst can happen at each time step. In contrast, the perturbations
considered here are much less conservative. In general, solving robust MDPs without the rectangularity
assumption is NP-hard. Nevertheless, Mannor et. al. [80] showed that, for cases where the number of
perturbations to the parameters along a trajectory is upper bounded (budget-constrained perturbation), the
corresponding robust MDP problem is tractable. Analogous to the constraint set (1) in [80], the perturbation
set in Proposition[2.2.1)limits the total number of log-perturbations along a trajectory. Accordingly, we shall
later see that optimizing problem @2.1) with perturbation structure 2.2)) is indeed also tractable.

The next section provides the fundamental theoretical ideas behind our approach to the solution of 2:I).
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2.3 Bellman Equation for CVaR

In this section, by leveraging a recent result from [[102]], we present a dynamic programming (DP) formulation
for the CVaR MDP problem in Z.I). As we shall see, the value function in this formulation depends on
both the state and the CVaR confidence level a. We then establish important properties of such a dynamic
programming formulation, which will later enable us to derive an efficient dynamic programming-based
approximate solution algorithm and provide correctness guarantees on the approximation error. As mentioned
in Sectiond.1] all proofs are presented in the Appendix.

Our starting point is a recursive decomposition of CVaR, whose proof is detailed in Theorem 10 of [[102].

Theorem 2.3.1 (CVaR Decomposition, Theorem 21 in [102]). Foranyt > 0, denote by Z = (Zy41, Zit2, ... )
the cost sequence from time t + 1 onwards. The conditional CVaR under policy p, i.e., CVaRo(Z | hy, p),

obeys the following decomposition:

CVaR,(Z | hy, ) = max E{&(x “CVaR e (5,, ) (Z | Py,
(Z | he, 1) et ) §(i41) e(wes) (Z [ hirr, )

htvu:|7

where a; is the action induced by policy u(ht), and the expectation is with respect to Ty 1.

Theorem [2.3.1] concerns a fixed policy p; we now extend it to a general dynamic programming formu-
lation. Specific to our problem setup, we replace the supremum operator in Theorem 21 of [102] with the
maximum operator because the feasibility set Ucvar (v, P(:|z¢, at) is a convex and compact subset of real
vectors, and by Theorem 10 of [113], the objective function E |£(z¢41)-CVaRae(z,, 1) (Z | hiy1, 1) |hes ,u]
is a continuous function of the real vector £. Note that in the recursive decomposition in Theorem the
right-hand side involves CVaR terms with different confidence levels than the one in the left-hand side. Ac-
cordingly, we augment the state space X’ with an additional continuous state ) = (0, 1], which corresponds
to the confidence level. For any x € X and y € Y, the value-function V (z, y) for the augmented state (z, y)

is defined as:

T
V(z,y) = min CVaR, (Thjéoz,ytc(xt,at) | 2o = x,u) .
t=0

pelly

Similar to standard dynamic programming, it is convenient to work with operators defined on the space of
value functions [17]. In our case, Theorem leads to the following definition of CVaR Bellman operator
T: AXxY—>Ax)Y:

TV)ie) = iy [Clea) 4 mx 3 W ) P o] e

We now establish several useful properties for the Bellman operator T[V].

Lemma 2.3.2 (Properties of CVaR Bellman Operator). The Bellman operator T[V] has the following prop-

erties:
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1. (Contraction.) | T[Vi] = T[Vallloc <7[Vi = Valloo, where || f|lco=supsex yey [/ (2, y)]-

2. (Concavity preserving in y.) For any x € X, suppose yV (x,y) is concave iny € Y. Then the

maximization problem in 2.4) is concave. Furthermore, yT[V](x,y) is concave in y.

The first property in Lemma is similar to standard dynamic programming [[17]], and is instrumental
to the design of a converging value-iteration approach. The second property is nonstandard and specific to
our approach. It will be used to show that the computation of value-iteration updates involves concave, and
therefore tractable optimization problems. Furthermore, it will be used to show that a linear-interpolation of
V(x,y) in the augmented state y has a bounded error.

Equipped with the results in Theorem [2.3.1] and Lemma [2.3.2] we can now show that the fixed-point
solution of T[V](x,y) = V(z,y) is unique, and equals to the solution of the CVaR MDP problem (2.T) with

ro=zand a = y.

Theorem 2.3.3 (Optimality Condition). For any x € X andy € (0, 1], the solution to T[V](z,y) = V(z,y)

is unique, and equals to

T
V*(z,y) :MrglierCVaRy (Tll_{noo ; Y C(xt,a¢) | zo=2, u) .

Next, we show that the optimal value of the CVaR MDP problem (2.I)) can be attained by a stationary
Markov policy, defined as a greedy policy with respect to the value function V*(z, y). Thus, while the original
problem is defined over the intractable space of history-dependent policies, a stationary Markov policy (over
the augmented state space) is optimal, and can be readily derived from V*(z,y). Furthermore, an optimal
history-dependent policy can be readily obtained from an (augmented) optimal Markov policy according to

the following theorem.

Theorem 2.3.4 (Optimal Policies). Let w5 = {0, tt1, - - -} € Il be a history-dependent policy recursively
defined as:
p(hi) = w* (xr, yr), Yk >0, 2.5)

with initial conditions xy and yo = o, and state transitions

o ~ Pl | 21,0 (Th-1,Uk-1))s Uk = Uk—180y_ynau (T)s  VE > 1, (2.6)

where the stationary Markovian policy u*(z,y) and risk factor &; , .. (+) are solution to the min-max opti-
mization problem in the CVaR Bellman operator T[V*|(x,y). Then, w5 is an optimal policy for problem
(21) with initial state o and CVaR confidence level c.

Theorems [2.3.3]and [2.3.4] suggest that a value-iteration method [17] can be used to solve the CVaR MDP
problem (2.1). Let an initial value-function guess Vi : X x ) — R be chosen arbitrarily. Value iteration
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proceeds recursively as follows:
Vitr(z,y) = TVil(z,y), V(z,y) € X x Y, ke{0,1,...,}. 2.7

Specifically, by combining the contraction property in Lemma [2.3.2] and uniqueness result of fixed point
solutions from Theorem [2.3.3] one concludes that limy_, o Vi(z,y) = V*(z,y). By selecting x = z( and

Yy = «, one immediately obtains

pelly

T
: = min CVaR, | lim 3 4 .
V*(xp,@) = min CVaR, (Tl_rgo tiov C(z¢,a) | xo,,u>

Furthermore, an optimal policy may be derived from V*(x, ) according to the policy construction procedure
given in Theorem [2.3.4]

Unfortunately, while value iteration is conceptually appealing, its direct implementation in our setting
is generally impractical since, chiefly, the state variable y is continuous. In the following, we pursue an

approximation to the value iteration algorithm (2.7), based on a linear interpolation scheme for y.

2.4 Value Iteration with Linear Interpolation

In this section we present an approximate dynamic programming algorithm for solving CVaR MDPs, based
on the theoretical results of Section The value iteration algorithm in Eq. presents two main im-
plementation challenges. The first is due to the fact that the augmented state y is continuous. We handle
this challenge by using interpolation, and exploit the concavity of yV (z, y) to bound the error introduced by
this procedure. The second challenge stems from the the fact that applying T involves maximizing over &.
Our strategy is to exploit the concavity of the maximization problem to guarantee that such optimization can
indeed be performed effectively.

As discussed, our approach relies on the fact that the Bellman operator T preserves concavity as estab-

lished in Lemma Accordingly, we require the following assumption for the initial guess Vy(z, y),

Assumption 2.4.1. The guess for the initial value function Vy(x,y) satisfies the following properties: 1)
yVo(x,y) is concave iny € Y and 2) Vy(x,y) is continuous and bounded iny € Y for any x € X.

Assumptionmay easily be satisfied, for example, by choosing Vj(z,y) = CVaR,(Z | zy = ),
where Z is any arbitrary bounded random variable. As stated earlier, a key difficulty in applying value
iteration is that, for each state x € X, the Bellman operator has to be calculated for each y € ), and
Y is continuous. As an approximation, we propose to calculate the Bellman operator only for a finite set of
values y, and interpolate the value function in between such interpolation points.

Formally, let N(x) denote the number of interpolation points. For every x € X, denote by Y (z) =
{y1,.. ., yn@) } € [0,1]V®) the set of interpolation points. We denote by Z,,[V](y) the linear interpolation
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Algorithm 1 CVaR Value Iteration with Linear Interpolation

1: Given:

e N(z) interpolation points Y (z) = {y1,...,yn@ } € [0,1]¥® for every x € X with y; < yi41,
Y1 = 0 and YN(z) = 1.

e Initial value function Vy(z,y) that satisfies Assumption[2.4.1}
2:Fort=1,2,...
e Foreach z € X and each y; € Y (z), update the value function estimate as follows:

Vi(x,yi) = Tz[Vioi](x, vi),

3: Set the converged value iteration estimate as V* (x,y;), forany x € X, and y; € Y(z).

of the function yV (x, y) on these points, i.e.,

Vi1V (2, Yiv1) — vV (2, y:) (y

.|V =y V(x,y;) +
VI(y) = vV (. v:) —

—Yi),

where y; = max{y’ € Y(z) : ¥/ <y} and y; is the closest interpolation point such that y € [y;, yi+1]-
The interpolation of yV (z,y) instead of V (x,y) is key to our approach. The motivation is twofold: first, it
can be shown [112]] that for a discrete random variable Z, y CVaR,,(Z) is piecewise linear in y. Second, one
can show that the Lipschitzness of y V' (z, y) is preserved during value iteration, and exploit this fact to bound
the linear interpolation error.

We now define the interpolated Bellman operator Tz as follows:

L VI ,

Tz[V]|(z,y) = min |C(z,a) + v max "

2|z, a)l.
ac A E€Ucvar (¥, P (+|z,a)) ( | ) (28)

z'eX
Remark 2.4.2. Notice that by L’'Hospital’s rule one has lim,_,oZ,[V](y¢(x))/y = V(z,0)&(z). This
implies that at y = 0 the interpolated Bellman operator is equivalent to the original Bellman operator, i.e.,
T[V](x7 O) = minaGA {C((E7 a) + YMaXgr e x:P(a! |x,a)>0 V((E/, 0)} = TI[V](J}, 0)

Algorithm [T] presents CVaR value iteration with linear interpolation. The only difference between this
algorithm and standard value iteration is the linear interpolation procedure described above. In the
following, we show that Algorithm |I| converges, and bound the error due to interpolation. We begin by
showing that the useful properties established in Lemma [2.3.2] for the Bellman operator T extend to the

interpolated Bellman operator T'z.

Lemma 2.4.3 (Properties of interpolated Bellman operator). Tz[V] has the same properties of T[V] as in
Lemma namely 1) contraction and 2) concavity preservation.



CHAPTER 2. RISK-SENSITIVE DECISION MAKING: A CVAR OPTIMIZATION APPROACH 26

Lemma implies several important consequences for Algorithm [I| The first one is that the maxi-
mization problem in (2.8) is concave, and thus may be solved efficiently at each step. This guarantees that
the algorithm is tractable. Second, the contraction property in Lemma [2.4.3] guarantees that Algorithm [T]
converges, i.e., there exists a value function V* € RI¥XI¥| such that lim,, o0 T2[Vo](z,4s) = V*(z,9;).
In addition, the convergence rate is geometric and equals +.

The following theorem provides an error bound between approximate value iteration and exact value

iteration (2.T)) in terms of the interpolation resolution.

Theorem 2.4.4 (Convergence and Error Bound). Suppose the initial value function Vy(x,y) satisfies As-
sumption[2.4.1)and let € > 0 be an error tolerance parameter. For any state v € X and step t > 0, choose
y2 > 0 such that Vi(z,y2) — Vi(z,0) > —e and update the interpolation points according to the logarithmic
rule: yir1 = Oy;, Yi > 2, with uniform constant 6 > 1. Then, Algorithm[l| has the following error bound:

T
S T B . . t > - _
0> V*(zo, ) nin CVaR,, (Th_r}r;o ;_Ofy C(ze, ar) | :co,u> o _70((9 1) +e),

and the following finite time convergence error bound:

O((0—-1)+¢
L=y

T
n . . t n
Tz[Vo](zo, ) — nin CVaR« (Tlggo zov C(ze, a) | wmu) < +0(").

Theorem [2.4.4] shows that 1) the interpolation-based value function is a conservative estimate for the op-
timal solution to problem (2.1)); 2) the interpolation procedure is consistent, i.e., when the number of interpo-
lation points is arbitrarily large (specifically, ¢ — 0 and y;11/y; — 1), the approximation error tends to zero;
and 3) the approximation error bound is O((6 — 1) + ¢), where log 6 is the log-difference of the interpolation
points, i.e., log = logy;+1 — log y;, Vi. In the above theorem, the big-O notation implies that there exists a
real number M > 0 such that the error bound V* (@0, a)—min,em, CVaR, (hmTHQO Zf:o YO (x4, ar) | wo, u)
is lower-bounded by —yM ((6 — 1) +¢€)/(1 — 7).

For a pre-specified ¢, the condition V;(x,ys) — Vi(x,0) > —e may be satisfied by a simple adaptive
procedure for selecting the interpolation points Y (). At each iteration ¢ > 0, after calculating V;(z, y;)
in Algorithm [1} at each state 2 in which the condition does not hold, add a new interpolation point g4 =
ey2/|Va(x, y2) — Vi(x, 0)|, and additional points between y4 and yo such that the condition log 6 > log y; 1 —
log y; is maintained. Since all the additional points belong to the segment [0, y2], the linearly interpolated
Vi(z, y;) remains unchanged, and Algorithmproceeds as is. For bounded costs and € > 0, the number of
additional points required is bounded.

The full proof of Theorem is detailed in the appendix; we highlight here the main ideas and chal-
lenges involved. In the first part of the proof we bound, for all ¢ > 0, the Lipschitz constant of yV;(z,y) in y.
The key to this result is to show that the Bellman operator T preserves the Lipschitz property for yV;(z, y).
Using the Lipschitz bound and the concavity of yV;(x,y), we then bound the error w — Vi(z,y) for
all y. The condition on y, is required for this bound to hold when y — 0. Finally, we use this result to bound
[Tz [Vi](z,y) — T[Vi](x,y)||oo- The results of Theorem[2.4.4]follow from contraction arguments, similar to

approximate dynamic programming [[17]].



CHAPTER 2. RISK-SENSITIVE DECISION MAKING: A CVAR OPTIMIZATION APPROACH 27

2.5 CVaR @Q-learning with Linear Interpolation

The value iteration algorithm in Section assumes that the transition probabilities for the underlying MDP
are known, which is oftentimes not the case. Accordingly, in this section we present a sampling-based Q-
learning counterpart for the value-iteration algorithm in Section [2.4] which approximates the solution to the
CVaR MDP problem. Before getting into the main results, we begin by introducing the state-action value
function (Q)-function) for CVaR MDP,

nelly

T
Q*(I‘,Z/,a) = min CVaRy <7lgr;o§fyto($t,at) | o = T,a9 = a,,u) 5

which can be interpreted as the CVaR cost of starting at state € X, using control action a € A in the first
stage, and using an optimal policy thereafter. The @ function is the unique fixed point of the state-action

Bellman operator F', defined as

FIQl(w.y.0) = Clr.a) 7 max 3" @)V (@) Ple'|r.a),

E€Uevir (Y, oy

where

V(z,y) = minQ(x,y,a), y € Y(x), z € X.
acA

We now define the state-action interpolated Bellman operator

Y

FI[QK‘T7y7a) = C'(x,a) +’7

max zl‘za a)7
E€Uevr (y,P(|z,a)) oeX

and the corresponding interpolated value iteration update:

Q(z,y,a) :=C(x,a) +v max

2|z, a).
E€Uvr (y,P(+|x,a))
Let @*(m, y, a) denote the fixed point of Fz, i.e., the unique solution of Fz[Q](x,y,a) = Q(x,y,a), Va €
X,y € Y(x),a € A, where the existence and uniqueness of the solution follows from contraction arguments
similar to the ones for the state value function V*. The value @ *(z,y, a) can be interpreted as the approximate
CVaR cost of starting at state € X, using control action a € A in the first stage, and using a near-optimal
policy (modulo the CVaR value function interpolation error) thereafter. Without loss of generality, in this
section we assume that the set of CVaR-level interpolation points Y (x) is uniform at any state = € X, i.e.,
Y (z) =Y. Notice that Y is a user-defined finite set of discretized interpolation points.
We consider both synchronous and asynchronous versions of -learning for CVaR MDP. In the syn-
chronous version, the QQ-function estimates of all state-action pairs are updated at each step. In contrast,
in the asynchronous version, only the Q-function estimate of a sampled state-action pair is updated. Under

mild assumptions, we show that both algorithms are asymptotically optimal. While the convergence rate of
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synchronous ()-learning is higher [67]], asynchronous )-learning is more computationally efficient.

2.5.1 Synchronous CVaR ()-learning

Similar to the CVaR approximate value-iteration algorithm in Algorithm [I} in CVaR Q-value iteration (or,

generally, in CVaR )-learning), one must repeatedly solve the following inner optimization problem:

o TVOEGD)

(2 |z, a).
§€Ucvr (¥, P (+|w,a))

r'eX Yy

When the transition probability P is unknown, one cannot simply apply the solution methods in Section [2.4]
to solve such optimization problem. To tackle this issue, following the insights in Chapter 5 of [132] (or
in Section 3.4 of [[147]), we adopt a sample average approximation (SAA) approach. Specifically, at each
state-action pair (z,a) € X x A, given that we’ve seen N}, transitions {x"!,... 2"V} ~ P(2'|7,a), we

calculate the empirical transition probability Py, (2’|, a) via the following equation:

Ny

1 .
Py, (2|z,a) = MZ].{J?/’?’ =1’ |z,a}, Vz,2' € X,a €A,
i=1

and replace the aforementioned inner optimization problem with the following SAA inner optimization prob-

lem:
Ny

L g5 T A0

max —
£€Ucvir (v, Py, (-|z,a)) N, Y

i=1
As shown in [12], the solution to this optimization problem is consistent, i.e., it converges to the solution of
the original (unsampled) inner optimization problem as N, — oo. Details on the consistency property can
be found in Chapter 5 of [[132].

Equipped with the above SAA analysis, we now turn to the main algorithm for synchronous CVaR Q-
learning. Suppose Qo(x,y,a) is an initial Q-function estimate such that Qo(z,y,a) = 0 for any = € X,
y €Y,a € A Atiteration k € {0,1,...}, the synchronous Q-learning algorithm samples N; > 1 states
("t .. 2N *) from each state x and action a, and updates the @Q)-function estimates for each state-action

pair (z,y,a) € X x Y x A as follows:

Qk’—i—l(xayaa) = Qk($>y7a) + Ck(xayva) : < Qk(xayaa)+

Nk )
1 T /’i[Vk](yf(I”)))
Clz,a)+ max — z , 2.9
( ) 7§€UCVaR(y=PNk(‘|$»a))Nk : Y 9)

=1

where the value function is Vi (z,y) = ming,e 4 Qk (2, y, a), and the step size (i (z,y, a) satisfies

ZCk(m,y,a) = o0, ZC%({E,:%CL) < 0. (210)
k k
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Asymptotic convergence for synchronous CVaR @-learning is provided by the following theorem.

Theorem 2.5.1 (Convergence of Synchronous Q-learning). Suppose the step-size (i(x,y,a) follows the
update rule in (2.10) and the sample size Ny, tends to infinity at k — oo. Then the sequence of estimates
{Qk(z,y,a)}ken computed via synchronous Q-learning (by iterative scheme [2.9)) converges to the fixed

point solution @* (z,y, a) component-wise with probability 1.

After the (Q-function converges, a near-optimal policy can be computed as
At (x,y) € argmin Qg (. y, a), Ve € X, Vy €Y, (2.11)
ac

where £ is the iteration index when the learning is stopped.

2.5.2 Asynchronous CVaR ()-learning

Suppose Qo(z,y, a) is an initial Q-function estimate such that Qo(z,y,a) = O forany z € X,y € Y,
a € A. Atiteration k € {0,1,...}, let z; € X,a; € A denote the current state and action to be updated.

The asynchronous @-learning algorithm proceeds as follows:
1. Sample Ny > 1 states (2"}, ..., 2""Vr) from state 2 and action a;
2. For every y € Y, update the Q-function estimate as follows:

e for z = zj and a = ay, the Q-function estimate is updated according to Equation (2.9) ,

o for all other states and actions the ()-function estimate is set equal to its previous value, i.e.,

Qk+1(‘r7 Y, (l) = Qk(x7 Y, CL).
3. Select state and action z;41 € X, a1 € A to update in next iteration.

For step (1), note that when N, > 1 one requires a generative simulator to obtain additional transition state
samples. In order to enhance sampling efficiency, for each individual state-action pair one may implement a

buffer that stores transition state samples generated from previous ()-learning iterations.

Theorem 2.5.2 (Convergence of Asynchronous Q-learning). Suppose the step-size (i (x,y,a) follows the
update rule in (2.10) and the sample size Ny, tends to infinity at k — cc. Also, suppose each state action pair
(x,a) € X x A is visited infinitely often. Then, the sequence of estimates {Qy(x,y, a)}ren computed via
asynchronous Q-learning converges to the fixed point solution Q*(x,y, a) component-wise with probability
1.

Note that the convergence result relies on the assumption that each state-action pair (z,a) € X X A is
visited infinitely often. This is a standard assumption in the @)-learning literature [19], and can be satisfied by

an e-greedy exploration policy that selects next states according to the following scheme:
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e Select y; € Y uniformly;

e For state xy, select action ay, according to

o { argminge 4 Qk(Tk, Yr,a) w.p.1—€ (2.12)

uniformly drawn from A otherwise

where € € (0, 1) controls the degree of exploration;
e Select x4 by sampling 11 ~ P(-|xg, a).

We remark that by following analogous arguments as in [[139], the above result can be proven under milder
assumptions by using PAC analysis. We refer the interested reader to the aforementioned references for more
details. Similarly to synchronous ()-learning, a near optimal policy can be computed using (Z.11) after the

Q-functions converge.

2.6 Extension to Mean-CVaR MDP

In many cases besides minimizing worst case cost, one also aims to balance between cost and risk. In particu-
lar for many applications in financial engineering, [3.64], the objective is to minimize the expected cost while
controlling the CVaR. Analogous to the well-known mean-variance formulation proposed by Markowitz [|84]]
in portfolio optimization, we hereby propose the mean-CVaR MDP problem, where the users can specify
the level of risk aversion via tuning the regularization constant. While mean-CVaR MDP resembles simi-
lar trade-off between expected cost and variability as the mean-variance MDP, unlike mean-variance MDP
problem that is NP-hard, we hereby show that similar techniques derived for the CVaR MDP problem can
be extended to this formulation, thus it allows us to derive tractable solution algorithms for the mean-CVaR
MDP problem.

Recall that C'(z¢, at) is the stage-wise costs observed along a state/control trajectory in the MDP model,
and ZtT:O ~tC (¢, as) is the total discounted cost up to time 7T'. For the set of all history dependent policies

11, the risk-sensitive discounted-cost problem we wish to address is as follows:

min (1 - NE

pETl Zo,
H

T
lim Z Y C(wy, az)
t=0

T—o0

T
. t
+ ACVaR,, (TIEI;O ;:0 ~'C(xy, a)

T, u) ,  (2.13)

where pu = {po, i1, - - -} is the policy sequence with actions a; = p;(hy) fort € {0,1,...} and X € [0, 1] is
the regularizer that specifies the degree of risk aversion. We refer to formulation in (2.13) as the mean-CVaR
MDP problem. When A = 0, problem coincides with the conventional risk-neutral MDP problem, and
when A = 1, it becomes the CVaR MDP problem depicted in (2.1). Now instead of solving the mean-CVaR
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MDP problem directly, consider the following general mixed risk MDP problem:

T
. . t
min - psp (Th_rgc ;:oy C(x, ay) 330#) ; (2.14)

where ps g is a coherent risk with envelop

Mmd&&P%={fi@A€PiUm7/

weN

()P =1

and 0 € [0,1], 8 € [0, 1]. According to Example 6.16 in [132], the mixed risk MDP problem can be reduced
to the mean-CVaR MDP problem by setting the constants as

A -1
0=1-)A, 5:(a+1—)\) .

Thus in order to solve for an optimal policy of the mean-CVaR MDP problem, in the rest of this section we
aim to derive a dynamic programming algorithm for the mixed risk MDP problem by extending the techniques
derived in Sectionand set the confidence levels as (6, 3) = (1 — X\, (A /a+1—\)71).

2.6.1 Bellman Equation

By leveraging the result from Section [2.3] in this section we present a dynamic programming (DP) formu-
lation for the mixed risk MDP problem in (2.14). As we shall see, the value function in this formulation
depends on both the state x; and the risk confidence levels (d, 3). Here the first risk confidence level keeps
track of the penalty constant 1 — )\, and the second risk confidence level keeps track of the CVaR level. To start
with, consider the following recursive decomposition result for the mixed risk, which is an extension to the

CVaR recursive decomposition result in Theorem [2.3.1] The proof of this theorem is given in the appendix.

Theorem 2.6.1. For anyt > 0, denote by Z = (Zy1, Zi o, . . . ) the cost sequence from time t + 1 onwards.
The conditional mixed risk under policy y, i.e., p5 g(Z | hy, i), obeys the following decomposition:

ps.(Z | hi, 1) El&(zt41) - Psje(aisr) pe@es)(Z | hirr, 1) | ey 1],

= max
EE€UM (8,8, P (+|z¢,ar))
where ay is the action induced by policy pi(hy), and the expectation is with respect t0 T4y 1.

Note that in the recursive decomposition in Theorem the right-hand side involves mixed risk terms
with different confidence levels than that in the left-hand side. Similar to the value function for CVaR MDPs,
in order to account for the updates of risk confidence levels, we augment the state space X with additional
continuous two dimensional state space Y X Z = [0, 1]2, which corresponds to the confidence levels. Thus

forany x € X and (y, z) € Y x Z, the value-function V (x,y, z) for the augmented state (x, y, z) is defined
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as:

Viz,y,z) = HllIl pyz<hm Z’y (z¢,a¢) | T = u)
ne

This further leads to the following definition of mixed risk Bellman operator T : X x Y x Z = X X YV x Z:
T[V](z,y, z) = min |C(z,a) + max 2V (2, '), 2E(2’ Pm’x,a}
Vi ws) = mig | Ol 3 €V (E /), 5E)PE o

Similar to the Bellman operator for CVaR MDP, this Bellman operator T'[V] is a contraction mapping in the
infinity norm || - ||, and for any given non-negative constant M, zT[V](x, M/z, z) satisfies the concave
preserving property in z for every x € X. Thus enumerating this Bellman operator only requires solving a
concave inner maximization problem, which can be computed effectively using the interior point algorithm
[37].

Equipped with these results, we can also show that the fixed point solution of T[V|(z,y, 2) = V(z,y, 2)
is unique, and equals to the solution of the mixed risk MDP problem (2.14) with initial state zp = = and
confidence levels (yo,20) = (v, z). Based on this convergence result, a history-dependent policy 7}, =
{po, p1,.-.} € Iy can be readily obtained from the optimal Markov policy according to the recursive
scheme:

wk(hy) = w*(xk, Y, 2k), Yk >0, (2.15)

with initial conditions x and confidence levels (yo, z0) = (6, 3), and state transitions

xp ~P( | 2p—1, " (Th—1, Yo—1, 26—1))s
Yk :ykfl/gzkflyykflqzkflyu* (mk)’ (216)

“k :Zk_lg-:’k—hyk—lyzk—lﬂl‘* (xk)’Vk = 1’

where the stationary Markovian policy u*(x,y, z) and risk factor £} are solution to the min-max

T,z ()
optimization problem in the mixed risk Bellman operator T[V*](x, y, 2).

The above analysis suggests that a value-iteration DP method [[17]] can be used to solve the mixed risk
MDP problem (2.14). Unfortunately, similar to the case for CVaR MDP, its direct implementation is imprac-
tical due to the uncountable state space ). To alleviate this issue, one resorts to the approximate dynamic
programming approach where the Bellman operator T[V] is approximated by the 2D interpolated Bellman
operator Tz[V]. A similar approach can be found in Sectionfor CVaR interpolated value iteration. Fur-
thermore, similar to CVaR Q-learning with linear interpolation in Section[2.5] when the size of state space X’
is large, one can extend the interpolated value iteration approach to (-learning. Notice that such extensions
follow immediately from the same arguments from CVaR MDP, thus the details are omitted for the sake of

brevity.
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2.7 Experiments

In this section we illustrate the performance of the CVaR MDP algorithms by studying the following 2D
motion planning experiment, where states represent grid points on a 2D terrain map. An agent (e.g., a robotic
vehicle) starts in a safe region and its objective is to travel to a given destination. At each time step the agent
can move to any of its four neighboring states. Due to sensing and control noise, however, with probability § a
move to a random neighboring state occurs. The stage-wise cost of each move until reaching the destination is
1, to account for fuel usage. In between the starting point and the destination there are a number of obstacles
that the agent should avoid. Hitting an obstacle costs A/ >> 1 and terminates the mission. The objective is
to compute a safe (i.e., obstacle-free) path that is fuel efficient.

For the experimental details, we choose a 64 x 53 grid-world (see Figure 2.T), with a total of 3,312 states.
The destination is at position (60, 2), and there are 80 obstacles plotted in yellow. By leveraging Theorem
[2.4.4] we use 21 log-spaced interpolation points for Algorithm [I]in order to achieve a small value function
error. We choose § = 0.05, and a discount factor v = 0.95 for an effective horizon of 20 steps. Furthermore,
we set the penalty cost equal to M = 2/(1 — ~)-such choice trades off high penalty for collisions and
computational complexity (that increases as M increases).

In Figure we plot the value function V (z,y) for three different values of the CVaR confidence pa-
rameter «, and the corresponding paths starting from the initial position (60,50). The first three figures in
Figure [2.1| show how by decreasing the confidence parameter o the average travel distance (and hence fuel
consumption) slightly increases but the collision probability decreases, as expected. We next discuss robust-
ness to modeling errors. We conducted simulations in which with probability 0.5 each obstacle position is
perturbed in a random direction to one of the neighboring grid cells. This emulates, for example, measure-
ment errors in the terrain map. We then trained both the risk-averse (¢ = 0.11) and risk-neutral (o« = 1)
policies on the nominal (i.e., unperturbed) terrain map, and evaluated them on 400 perturbed scenarios (20
perturbed maps with 20 Monte Carlo evaluations each). While the risk-neutral policy finds a shorter route
(with average cost equal to 18.137 on successful runs), it is vulnerable to perturbations and fails more often
(with over 120 failed runs). In contrast, the risk-averse policy chooses slightly longer routes (with average
cost equal to 18.878 on successful runs), but is much more robust to model perturbations (with only 5 failed
runs).

For the computation of Algorithm [T] we represented the concave piecewise linear maximization problem
in as a linear program, and concatenated several problems to reduce repeated overhead stemming from
the initialization of the CPLEX linear programming solver. This resulted in a computation time on the order
of two hours. We believe there is ample room for improvement, for example by leveraging parallelization and
sampling-based methods. Overall, we believe our proposed approach is currently the most practical method
available for solving CVaR MDPs (as a comparison, the recently proposed method in [60] involves infinite

dimensional optimization).
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Figure 2.1: Grid-world simulation. First three plots show the value functions and corresponding paths for
different CVaR confidence levels. The last plot shows a cost histogram (for 400 Monte Carlo trials) for a
risk-neutral policy and a CVaR policy with confidence level o« = 0.11.

2.8 Conclusion

In this chapter we presented an algorithm for CVaR MDPs, based on approximate value-iteration on an
augmented state space. We established convergence of our algorithm, and derived finite-time error bounds.
These bounds are useful to stop the algorithm at a desired error threshold. In addition, we uncovered an
interesting relationship between the CVaR of the total cost and the worst-case expected cost under adversarial
model perturbations. In this formulation, the perturbations are correlated in time, and lead to a robustness
framework significantly less conservative than the popular robust-MDP framework, where the uncertainty is
temporally independent. Collectively, our work suggests CVaR MDPs as a unifying and practical framework
for computing control policies that are robust with respect to both stochasticity and model perturbations.

In order to extend the aforementioned techniques to other engineering applications such as robotics, in
the next chapter we will investigate another class of risk-sensitive planning problems for which the objective
function is given by an expected cumulative cost, and the associated constraint function is modeled by a

percentile risk.



Chapter 3

Risk-Constrained Reinforcement

Learning with Percentile Risk

3.1 Introduction

3.1.1 Risk Sensitive Reinforcement Learning

In many applications one is interested in taking into account risk, i.e., increased awareness of events of small
probability and high consequences. Accordingly, in risk-sensitive MDPs the objective is to minimize a risk-
sensitive criterion. In order to quantify costs that might be encountered in the tail of a cost distribution,
one often considers Value-at-risk (VaR) and conditional value-at-risk (CVaR). Specifically, for continuous
cost distributions, VaR,, measures risk as the maximum cost that might be incurred with respect to a given
confidence level «, and is appealing for its intuitive meaning and its relationship to chance-constraints. This
risk metric is particularly useful when there is a well-defined failure state, e.g., a state that leads a robot to
collide with an obstacle. A VaR,, constraint is often referred to as a chance (probability) constraint, especially
in the engineering literature, and we will use this terminology in the remainder of the chapter. In contrast,
CVaR, measures risk as the expected cost given that such cost is greater than or equal to VaR,, and provides a
number of theoretical and computational advantages. CVaR optimization was first developed by Rockafellar
and Uryasev [[112]] and its numerical effectiveness has been demonstrated in several portfolio optimization
and option hedging problems. Risk-sensitive MDPs with a conditional value at risk metric were considered
in [30, 96, 10], and a mean-average-value-at-risk problem has been solved in [9]] for minimizing risk in
financial markets.

The aforementioned works focus on the derivation of exact solutions, and the resulting algorithms are
only applicable to relatively small problems. This has recently motivated the application of reinforcement

learning (RL) methods to risk-sensitive MDPs to address large-scale problems. We will refer to such problems

35
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as risk-sensitive RL. Reinforcement learning [[19, [142]] can be viewed as a class of sampling-based methods
for solving MDPs. Popular reinforcement learning techniques include policy gradient [158) |83} [11] and
actor-critic methods [[143L 169 (99! 134} [27, 25]], whereby policies are parameterized in terms of a parameter
vector and policy search is performed via gradient flow approaches. One effective way to estimate gradients
in RL problems is by simultaneous perturbation stochastic approximation (SPSA) [138]. Risk-sensitive RL
with expected exponential utility has been considered in [32,33]. More recently, the works in [145} [106]]
present RL algorithms for several variance-related risk measures, while the works in [88} 146, [101]] consider

CVaR-based formulations, and the works in [[144,[133]] consider nested CVaR-based formulations.

3.1.2 Chapter Contribution

Despite the rather large literature on risk-sensitive MDPs and RL, risk-constrained formulations have largely
gone unaddressed, with only a few exceptions, e.g., [48,136]. Yet constrained formulations naturally arise in
several domains, including engineering, finance, and logistics, and provide a principled approach to address
multi-objective problems. The objective of this chapter is to fill this gap, by devising policy gradient and
actor-critic algorithms for risk-constrained MDPs where risk is represented via a constraint on the condi-
tional value-at-risk (CVaR) of the cumulative cost, or as a chance-constraint. Specifically, the contribution is
fourfold.

1. We formulate two risk-constrained MDP problems. The first one involves a CVaR constraint and
the second one involves a chance (probability) constraint. For the CVaR-constrained optimization
problem, we consider both discrete and continuous cost distributions. By re-writing the problems using
a Lagrangian formulation, we derive for both problems a Bellman optimality condition with respect to

an augmented MDP.

2. We devise a trajectory-based policy gradient algorithm for both CVaR-constrained and chance-constrained
MDPs. The key novelty of this algorithm lies in an unbiased gradient estimation procedure under
Monte Carlo sampling. Using an ordinary differential equation (ODE) approach, we establish conver-

gence of the algorithm to locally optimal policies.

3. Using the aforementioned Bellman optimality condition, we derive several actor-critic algorithms
to optimize policy and value function approximation parameters in an online fashion. As for the
trajectory-based policy gradient algorithm, we show that the proposed actor-critic algorithms converge

to locally optimal solutions.

4. We demonstrate the effectiveness of our algorithms in an optimal stopping problem as well as in a
realistic personalized ad recommendation problem (see [51] for more details). For the latter problem,
we empirically show that our CVaR-constrained RL algorithms successfully guarantee that the worst-

case revenue is lower-bounded by the pre-specified company yearly target.



CHAPTER 3. RISK-CONSTRAINED REINFORCEMENT LEARNING WITH PERCENTILE RISK 37

3.1.3 Chapter Organization

The rest of the chapter is structured as follows. In Section we introduce our notation and rigorously
state the problem we wish to address, namely risk-constrained RL. The next two sections provide various
RL methods to approximately compute (locally) optimal policies for CVaR constrained MDPs. A trajectory-
based policy gradient algorithm is presented in Section and its convergence analysis is provided in Ap-
pendix [7.2] (Appendix [7.2.1| provides the gradient estimates of the CVaR parameter, the policy parameter, and
the Lagrange multiplier, and Appendix [7.2.2]gives their convergence proofs). Actor-critic algorithms are pre-
sented in Section [3.4]and their convergence analysis is provided in Appendix [7.3|(Appendix derives the
gradient of the Lagrange multiplier as a function of the state-action value function, Appendix [7.3.2.T|analyzes
the convergence of the critic, and Appendix provides the multi-timescale convergence results of the
CVaR parameter, the policy parameter, and the Lagrange multiplier). Section [3.3|generalizes the above policy
gradient and actor-critic methods to the chance-constrained case. Empirical evaluation of our algorithms is
the subject of Section 3.6

3.2 Preliminaries

We begin by defining some notation that is used throughout this chapter, as well as defining the problem

addressed herein and stating some basic assumptions.

3.2.1 Notations

We consider decision-making problems modeled as a finite MDP (an MDP with finite state and action spaces).
A finite MDP is a tuple (X, A, C, D, P, Py) where X = {1,...,n, 21} and A = {1,...,m} are the state
and action spaces, x, is a recurrent target state, and for a state « and an action a, C(x, a) is a cost function
with |C(z,a)| < Cpax, D(x,a) is a constraint cost function with |D(z,a)| < Dpax [} P(-|z,a) is the
transition probability distribution, and Py(-) is the initial state distribution. For simplicity, in this paper we
assume Py = 1{z = 2°} for some given initial state 2° € {1,...,n}. Generalizations to non-atomic initial
state distributions are straightforward, for which the details are omitted for the sake of brevity. A stationary
policy p(-|x) for an MDP is a probability distribution over actions, conditioned on the current state. In policy
gradient methods, such policies are parameterized by a x-dimensional vector 6, so the space of policies can
be written as {y(:|z;60),2 € X,0 € © C R*}. Since in this setting a policy 1 is uniquely defined by its
parameter vector 6, policy-dependent functions can be written as a function of y or 6, and we use p and 6
interchangeably in the paper.

Given a fixed v € (0,1), we denote by d#(z|2°) = (1 — ) Y72 V"P(xr = xlzg = 2% p) and
mh(x,alx®) = d¥(x]x®)p(alz), the y-discounted occupation measure of state 2 and state-action pair (i, a)

Ly
under policy u, respectively. This occupation measure is a y-discounted probability distribution for visiting

"'Without loss of generality, we set the cost function C(z, a) and constraint cost function D(x, a) to zero when © = 2.
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each state and action pair, and it plays an important role in sampling states and actions from the real system
in policy gradient and actor-critic algorithms, and in guaranteeing their convergence. Because the state and
action spaces are finite, Theorem 3.1 in [4] shows that the occupation measure df;(x|ac0) is a well-defined
probability distribution. On the other hand, when v = 1 the occupation measure of state x and state-action
pair (z, a) under policy y are respectively defined by d* (z|z%) = Y72 P(x; = 2|2 ) and 7/ (2, a|z®) =
d*(x|x°)pu(al|z). In this case the occupation measures characterize the total sums of visiting probabilities
(although they are not in general probability distributions themselves) of state = and state-action pair (z, a).

To study the well-posedness of the occupation measure, we define the following notion of a transient MDP.

Definition 3.2.1. Define X' = X\ {x7,} = {1,...,n} as a state space of transient states. An MDP is said

to be transient if,
157 o Pz, = 2|2, ) < oo for every x € X' and every stationary policy p,
2. P(xqu|Tgar, a) = 1 for every admissible control action a € A.

Furthermore let T}, .. be the first-hitting time of the target state xr, from an arbitrary initial state z € X" in
the Markov chain induced by transition probability P(-|z,a) and policy . Although transience implies the
first-hitting time is square integrable and finite almost surely, we will make the stronger assumption (which

implies transience) on the uniform boundedness of the first-hitting time.

Assumption 3.2.2. The first-hitting time T, ;. is bounded almost surely over all stationary policies yi and all

initial states v € X. We will refer to this upper bound as T, i.e., T}, , < T almost surely.

The above assumption can be justified by the fact that sample trajectories collected in most reinforcement
learning algorithms (including policy gradient and actor-critic methods) consist of a finite stopping time (also
known as a time-out). If nothing else, such a bound ensures that the computation time is not unbounded.
Note that although a bounded stopping time would seem to conflict with the time-stationarity of the transition
probabilities, this can be resolved by augmenting the state space with a time-counter state, analogous to the
arguments given in Section 4.7 in [[17]].

Finally, we define the constraint and cost functions. Let Z be a finite-mean (E[| Z|] < co) random variable
representing cost, with the cumulative distribution function Fz(z) = P(Z < z) (e.g., one may think of Z as

the total cost of an investment strategy ). We define the value-ar-risk at confidence level o € (0, 1) as
VaR,(Z) =min{z | Fz(z) > a}.

Here the minimum is attained because Fz is non-decreasing and right-continuous in z. When F; is contin-
uous and strictly increasing, VaR,,(Z) is the unique z satisfying Fz(z) = «. As mentioned, we refer to a
constraint on the VaR as a chance constraint.

Although VaR is a popular risk measure, it is not a coherent risk measure [7]] and does not quantify the

costs that might be suffered beyond its value in the «-tail of the distribution [112]], [L13]]. In many financial
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applications such as portfolio optimization where the probability of undesirable events could be small but the
cost incurred could still be significant, besides describing risk as the probability of incurring costs, it will be
more interesting to study the cost in the tail of the risk distribution. In this case, an alternative measure that

addresses most of the VaR’s shortcomings is the conditional value-at-risk, defined as [112]

CVaR,(Z) := min {1/ +
veER

—E[(Z -]}, 3.1)
where (x)* = max(x,0) represents the positive part of z. Although this definition is somewhat opaque,
CVaR can be thought of as the average of the worst-case a-fraction of losses. Define H,(Z,v) := v +
=E[(Z — v)"], so that CVaR,(Z) = min,er Hqo(Z,v).

We define the parameter v € (0, 1] as the discounting factor for the cost and constraint cost functions.
When v < 1, we are aiming to solve the MDP problem with more focus on optimizing current costs over
future costs. For a policy i, we define the cost of a state x (state-action pair (z, a)) as the sum of (discounted)
costs encountered by the decision-maker when it starts at state x (state-action pair (x, a)) and then follows

policy p, i.e.,

T-1 T-1
Ce(x) = ’}/kc(xkva‘k‘) | To =T, :U“(|79)7 De(x) = Z ’YkD(xkaak) | ZTo =, M(|70)a
k=0 k=0
and
T-1
C'(w,0) = 3 A*Clarrar) | 20 = 2, a0 = a, u(],0),
k=0
T-1
De(xva) = Z ’yk‘D(xkaak) | To =, ap = a, /'l’(|79)
k=0

The expected values of the random variables C?(x) and C%(x, a) are known as the value and action-value

functions of policy p, and are denoted by

VO(x) = E[Ce(x)}, Q%(x,a) = E[C’Q(x, a)].

3.2.2 Problem Statement

The goal for standard discounted MDPs is to find an optimal policy that solves

0* = argmin V?(20).
0

For CVaR-constrained optimization in MDPs, we consider the discounted cost optimization problem with
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v € (0,1), i.e., for a given confidence level « € (0, 1) and cost tolerance 8 € R,
min V(%) subjectto  CVaR,(D’(2?)) < B. (3.2)
Using the definition of H,,(Z, v), one can reformulate (3.2) as:

rgiyn V(2%  subjectto  H,(D%(2%),v) < B. (3.3)

It is shown in [112] and [113] that the optimal v actually equals VaR,, so we refer to this parameter as the

VaR parameter. Here we choose to analyze the discounted-cost CVaR-constrained optimization problem, i.e.,

with v € (0,1), as in many financial and marketing applications where CVaR constraints are used, it is

more intuitive to put more emphasis on current costs rather than on future costs. The analysis can be easily
generalized for the case where v = 1.

For chance-constrained optimization in MDPs, we consider the stopping cost optimization problem with

v =1, i.e., for a given confidence level 5 € (0,1) and cost tolerance o € R,
min V?(2%  subjectto  P(D%(z°) > a) < B. (3.4)

Here we choose 7 = 1 because in many engineering applications, where chance constraints are used to ensure
overall safety, there is no notion of discounting since future threats are often as important as the current one.
Similarly, the analysis can be easily extended to the case where v € (0, 1).

There are a number of mild technical and notational assumptions which we will make throughout the

paper, so we state them here:

Assumption 3.2.3 (Differentiability). For any state-action pair (x,a), p(a|z;0) is continuously differen-
tiable in 6 and V gu(a|x; 0) is a Lipschitz function in 0 for every a € A and x € X.E]

Assumption 3.2.4 (Strict Feasibility). There exists a transient policy pu(-|x; ) such that H, (D?(z°),v) < 8

in the CVaR-constrained optimization problem, and P (D9 (20) > a) < B inthe chance-constrained problem.

Note that Assumption imposes smoothness on the optimal policy. Assumption guarantees
the existence of a locally optimal policy for the CVaR-constrained optimization problem via the Lagrangian
analysis introduced in the next subsection.

In the remainder of the paper we first focus on studying stochastic approximation algorithms for the
CVaR-constrained optimization problem (Sections [3.3| and and then adapt the results to the chance-
constrained optimization problem in Section Our solution approach relies on a Lagrangian relaxation

procedure, which is discussed next.

2In actor-critic algorithms, the assumption on continuous differentiability holds for the augmented state Markovian policies
u(ale, 5;0).
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3.2.3 Lagrangian Approach and Reformulation

To solve (3.3), we employ a Lagrangian relaxation procedure [16], which leads to the unconstrained problem:

in ( L(1,0,A) = V*(2°) + \(Ha (D’ (2"),v) - 8) 35
ngg{lyﬂ( (v,0,)) (%) + (D%(2%),v) = B) ), (3.5)
where ) is the Lagrange multiplier. Notice that L(v, 6, A) is a linear function in A and H, (D?(2°),v) is
a continuous function in v. Corollary 4 in [152] implies the existence of a locally optimal policy 6* for
the CVaR-constrained optimization problem, which corresponds to the existence of the local saddle point

(v*, 6%, \*) for the minimax optimization problem maxy>o ming ,, L(v, 6, ), defined as follows.

Definition 3.2.5. A local saddle point of L(v,0,)) is a point (v*,0% \*) such that for some r > 0,

V(0,v) € © x —Dl“f‘i;‘, %:"} N Bg= ,+)(r) and Y\ > 0, we have

L(v,0,X") = L(v*, 6", \") > L(v", 0%, )), (3.6)

where Bg« ,+\(r) is a hyper-dimensional ball centered at (0*, v*) with radius r > 0.

In [96| [10] it is shown that there exists a deterministic history-dependent optimal policy for CVaR-
constrained optimization. The important point is that this policy does not depend on the complete history, but
only on the current time step k, current state of the system xj, and accumulated discounted constraint cost
Yo V' D(wi, ;).

In the following two sections, we present a policy gradient (PG) algorithm (Section[3.3) and several actor-
critic (AC) algorithms (Section [3.4) to optimize (3.3)) (and hence find a locally optimal solution to problem
(3:3)). While the PG algorithm updates its parameters after observing several trajectories, the AC algorithms

are incremental and update their parameters at each time-step.

3.3 A Trajectory-based Policy Gradient Algorithm

In this section, we present a policy gradient algorithm to solve the optimization problem (3.5). The idea of
the algorithm is to descend in (6, v) and ascend in \ using the gradients of L(v, 8, \) w.r.t. 6, v, and ), i.e.

VoL(v,0,)\) = VoV (2°) + VoE [(Dg(xo) - u)ﬂ, 3.7)

A
(1-a)

0, L(v,0,)) = )\<1 + ﬁayﬁ[(pe(ﬁ) - y)+]> 5 A(l S

i-a)
E[(D"(xo) - y)+] — 8. (3.9)

P(D?(2") > y)), (3.8)

ViL(v,0,\) =v+

1
(1-a)

3The notation > in (3:8) means that the right-most term is a member of the sub-gradient set 9, L(v, 0, ).
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The unit of observation in this algorithm is a system trajectory generated by following the current policy.
At each iteration, the algorithm generates IV trajectories by following the current policy, uses them to estimate
the gradients in (3.7)-(3.9), and then uses these estimates to update the parameters v, 6, \.

Let ¢ = {xg,a0,¢o,21,a1,€1,...,Z7_1,a7_1,C7—1,ZT} be a trajectory generated by following the
policy 0, where x1 = x1, is the target state of the system. The cost, constraint cost, and probability of £ are
defined as

T-1 T—1
C() =Y _ +*Clar,ar), DE) =D +*D(x,ax),
k=0 k=0
and
T-1
Py(€) = Polwo) | [ larlar; 0)Pwnilar, ax),
k=0

respectively. Based on the definition of Py (&), one obtains Vg log Py(§) = ;F:_(} Vo log p(ag|zk; 6).
Algorithm [2| contains the pseudo-code of our proposed policy gradient algorithm. What appears inside
the parentheses on the right-hand-side of the update equations are the estimates of the gradients of L(v, 6, \)
w.r.t. 0, v, X (estimates of (3.7)-(3:9)). Gradient estimates of the Lagrangian function can be found in Ap-
pendix In the algorithm, I'g is an operator that projects a vector # € R" to the closest point in

a compact and convex set © C R”, ie., I'e(f) = argming_g [|6 — 0|2, Ty is a projection operator to

[7Dmax Dmax
11—y 1—v €l

ie, I'A(A) = argmin AE[0, Amax] A — A||3. These projection operators are necessary to ensure the conver-

Jie,In(v) =argmin, Dinax | Dimax | |v—2||3, and T is a projection operator to [0, Apax)»

gence of the algorithm. Next we introduce the following assumptions for the step-sizes of the policy gradient
method in Algorithm[2]

Assumption 3.3.1 (Step Sizes for Policy Gradient). The step size schedules {(1(k)}, {(a(k)}, and {(3(k)}
satisfy

D Gk) =D Glk) =) (k) = o, (3.10)
k k k

S Gk D Gk D Gk)? < o, (3.11)
k k k

G(k) = 0(Ca(k)), Ca(i) = o(Cs(k)). (3.12)

These step-size schedules satisfy the standard conditions for stochastic approximation algorithms, and
ensure that the v update is on the fastest time-scale {(g(k) } the policy 6 update is on the intermediate time-
scale {(2(k)}, and the Lagrange multiplier A update is on the slowest time-scale {¢; (k) }. This results in a
three time-scale stochastic approximation algorithm.

In the following theorem, we prove that our policy gradient algorithm converges to a locally optimal

policy for the CVaR-constrained optimization problem.

Theorem 3.3.2. Under Assumptions the sequence of policy updates in Algorithm [2] converges
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almost surely to a locally optimal policy 0* for the CVaR-constrained optimization problem.

While we refer the reader to Appendix for the technical details of this proof, a high level overview

of the proof technique is given as follows.

1. First we show that each update of the multi-time scale discrete stochastic approximation algorithm
(v, 0;, \;) converges almost surely, but at different speeds, to the stationary point (v*, 6*, \*) of the

corresponding continuous time system.

2. Then by using Lyapunov analysis, we show that the continuous time system is locally asymptotically

stable at the stationary point (v*, 8*, \*).

3. Since the Lyapunov function used in the above analysis is the Lagrangian function L(v, 0, )\), we
finally conclude that the stationary point (v*, 6*, \*) is also a local saddle point, which implies 6* is

the locally optimal policy for the CVaR-constrained optimization problem.

This convergence proof procedure is rather standard for stochastic approximation algorithms, see [27, [25|
106 for more details, and represents the structural backbone for the convergence analysis of the other policy
gradient and actor-critic methods provided in this paper.

Notice that the difference in convergence speeds between 6;, v;, and A; is due to the step-size schedules.
Here v converges faster than 6 and 6 converges faster than A. This multi-time scale convergence property
allows us to simplify the convergence analysis by assuming that  and X are fixed in ’s convergence analysis,
assuming that v converges to v*(6) and A is fixed in 6’s convergence analysis, and finally assuming that v
and 6 have already converged to v*() and 6*() in A’s convergence analysis. To illustrate this idea, consider

the following two-time scale stochastic approximation algorithm for updating (x;,y;) € X x Y:

Tiv1 =z + G(0) (f (i, vi) + Miya), (3.13)
Yir1 = i + C2(0) (9(xi, yi) + Nijr), (3.14)

where f(z;,y;) and g(x;,y;) are Lipschitz continuous functions, M; 1, IN; 41 are square integrable Martin-
gale differences w.r.t. the o-fields o(x, yx, Mk, k < i) and o(xg, yg, Nk, k < i), and ¢; () and (o(7) are
non-summable, square summable step sizes. If (2(7) converges to zero faster than (;(4), then (3.13) is a
faster recursion than after some iteration ig (i.e., for ¢ > 4p), which means has uniformly larger
increments than (3.14). Since (3.14) can be written as

Ca(i)
$10)

and by the fact that ((%) converges to zero faster than ¢; (z), (3:13) and (3.14) can be viewed as noisy Euler
discretizations of the ODEs & = f(x,y) and y = 0. Note that one can consider the ODE & = f(z,yo) in

Yit1 = Yi + C1(i)( (9(xs,y:) + Ni+1))7

place of & = f(z,y), where yo is constant, because y = 0. One can then show (see e.g., Theorem 6.2 of

Borkar 2008) the main two-timescale convergence result, i.e., under the above assumptions associated with
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Algorithm 2 Trajectory-based Policy Gradient Algorithm for CVaR Optimization

Input: parameterized policy p(-|-; 8), confidence level o, and cost tolerance 3
Initialization: policy 6 = 6, VaR parameter v = v, and the Lagrangian parameter A = A
while TRUE do
for:=0,1,2,...do
forj =1,2,...do
Generate N trajectories {¢;, z} Y_, by starting at 2o = 2z and following the current policy 6;.
end for

v Update: 1,41 =Ty [ui — (3(i) ()\i - Ofia)N ZN: 1{D(&.) > Vi})]

j=1

¢ Update: 0,1 = FO[Q—CQ ( Zvelog]}”a(é}zﬂe 0.C(&5.)

j=1
A

+(1—0z

Zve log Py (&5,6)|o=0, (P(&),) — vi)1{D(&;) > w}ﬂ

N
A Update: )‘i-‘rl =TIa |:)\Z + Cl(’t) (Vi — N Z fj, l{D 67, > Vz}>:|

J=1

end for
if {\;} converges to Apax, i-€., |Aix — Amax| < € for some tolerance parameter € > 0 then
Set Anax ¢ 2Amax-
else
return parameters v, 6, A and break
end if
end while

(B14), the sequence (z;,y;) converges to (u(y*),y*) as i — oo, with probability one, where 11(yo) is a
globally asymptotically stable equilibrium of the ODE & = f(x,%0), i+ is a Lipschitz continuous function,
and y* is a globally asymptotically stable equilibrium of the ODE y = g(,u(y), y)

3.4 Actor-Critic Algorithms

As mentioned in Section [3.3] the unit of observation in our policy gradient algorithm (Algorithm [2)) is a
system trajectory. This may result in high variance for the gradient estimates, especially when the length
of the trajectories is long. To address this issue, in this section, we propose two actor-critic algorithms that
approximate some quantities in the gradient estimates by linear combinations of basis functions and update
the parameters (linear coefficients) incrementally (after each state-action transition). We present two actor-
critic algorithms for optimizing (3.3)). These algorithms are based on the gradient estimates of Sections[3.4.1}
While the first algorithm (SPSA-based) is fully incremental and updates all the parameters 6, v, A at

each time-step, the second one updates 6 at each time-step and updates v and A only at the end of each
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trajectory, thus is regarded as a semi-trajectory-based method. Algorithm [3|contains the pseudo-code of these
algorithms. The projection operators I'g, I'y, and I'y are defined as in Section and are necessary to
ensure the convergence of the algorithms. Next, we introduce the following assumptions for the step-sizes of

the actor-critic method in Algorithm 3]

Assumption 3.4.1 (Step Sizes). The step size schedules {(1(k)}, {C2(k)}, {Cs(k)}, and {Ca(k)} satisfy

Zkkl(k)=§<2(k>=2kj<3(k>=zkjc4<k> = oo, (3.15)
kal(k)% ijca(k)z, ij@,(k)% ij@(kf < o0, (3.16)
Gl = ofG), G) = oG, Golh) = o(ca(k). 6.17)
Furthermore, the SPSA step size {Ay} in the actor-critic algorithm satisfies A, — 0 as k — oo and

>k (Ga(k)/Ar)? < oo,

These step-size schedules satisfy the standard conditions for stochastic approximation algorithms, and
ensure that the critic update is on the fastest time-scale {Q(k)}, the policy and VaR parameter updates are
on the intermediate time-scale, with the v-update {(3(k) } being faster than the 6-update {(>(k) }, and finally
the Lagrange multiplier update is on the slowest time-scale {Cl (k) } This results in four time-scale stochastic

approximation algorithms.

3.4.1 Gradient w.r.t. the Policy Parameters ¢

The gradient of the objective function w.r.t. the policy 6 in (3.7) may be rewritten as

VoL(v,0,)\) = Vg (E [C?(z9)] + - a)]E[(Do(xO) - u)ﬂ) . (3.24)
Given the original MDP M = (X, A,C, D, P, Py) and the parameter A\, we define the augmented MDP

M= (X, AC\,P,P)asX =X xS, A=A, Py(z,s) = Py(x)1{sp = s}, and

- A=)/ (A=) ifr = 2,
O, 5,a) = { C(z,a) otherwise,
P('|z,a)1{s' = (s — D(z,a)) 7} ifze X,

’ ’ :
1{$ = XTar, § = 0} if £ = Zur,

P(z', 8|z, s,a) = {

where S is the finite state space of the augmented state s, sg is the initial state of the augmented MDP,
is the target state of the original MDP M and sy, is the s part of the state when a policy 6 reaches a target state
Zar, Which we assume occurs before an upper-bound 7' number of steps , i.e., Sty = ﬂ%T <V — 25;01 ka(:ck, ak)) s

such that the initial state is given by sg = v. We will now use n to indicate the size of the augmented state
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Algorithm 3 Actor-Critic Algorithms for CVaR Optimization

Input: Parameterized policy y(-|-;0) and value function feature vector ¢(-) (both over the augmented MDP M),
confidence level «, and cost tolerance 3
Initialization: policy § = 6o; VaR parameter v = 1; Lagrangian parameter A = \o; value function weight vector
v = wp ; initial condition (zo, so) = (z°, v)
while TRUE do

// (1) SPSA-based Algorithm:

fork=0,1,2,...do

Draw action ax ~ p(:|zk, sk; 0k); - Observe cost C’Ak (Tk, Sk, ak);
Observe next state (1, Sk+1) ~ P(|zk, Sk, ar); # note that sp11 = (s, — D(wk, ax)) /v
/ AC Algorithm:
TD Error: i (vy) = Ch, (1, Sk, ak) + Y0 ¢(Tht1, Sk41) — v H(Tk, sk) (3.18)
Critic Update: vi+1 = v + Ca(k)0k (vi)o(zk, sk) (3.19)
) + Ag) — 07 -A
v Update: vt =T [ e—Cs(k) (Mt (2, v+ Ak) = 9%, v — )] ) (3.20)
20,
) _ _ G(k) .
0 Update. 0k+1 = F@ Gk 71 — ’YVQ log ,u(ak|xk, Sk; (9) . 5k(vk) (3.2])
1

A Update: Mg =T (/\k + (k) (V"'iﬁ + m

if ), = @ (reach a target state), then set (zxi1,s6+1) = (20, Vks1)
end for
/1 (2) Semi Trajectory-based Algorithm:
Initialize t = 0
fork=0,1,2,...do
Draw action ar ~ u(-|zk,Sk;0k), observe cost C,\ (zk, Sk,ar), and next state (Tg+1,Sk+1) ~

P(-|zk, sk, ar); Update (0k, vk, Ok, Ak ) using Eqs.n-- and-

if Tk = TTar then

1wy = xm}(fsk)+)) (3.22)

Update v as
v Update: vps1 =T (uk — C3(k) ()\k . %1{9% = T, 55 < o})) (3.23)
Set (zp41,5641) = (2%, vpy1) andt = 0
else
t—t+1
end if
end for

if {\;} converges to Amax, i.€., [Aix — Amax| < € for some tolerance parameter € > 0 then
Set Amax  2Amax.

else
return parameters v, w, v, 6, A\, and break

end if

end while
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space X instead of the size of the original state space X. It can be later seen that the augmented state s in
the MDP M keeps track of the cumulative CVaR constraint cost, and allows one to reformulate the CVaR
Lagrangian problem as an MDP (with respect to M).

We define a class of parameterized stochastic policies {u(-|z, s;6), (z,s) € X,0 € © C R* } for this
augmented MDP. Recall that C?(z) is the discounted cumulative cost and DY () is the discounted cumulative

constraint cost. Therefore, the total (discounted) cost of a trajectory can be written as

T

ZVkCA($k7Sk,ak) |20 =2,50 =s,u = C’(x)+
k=0

A
(1-a)

(D’ (z) —s) ™. (3.25)

From (3.25)), it is clear that the quantity in the parenthesis of (3.24)) is the value function of the policy € at
state (°, v) in the augmented MDP M, i.e., V?(2°, v). Thus, it is easy to show tha

:1_7 oy

z,s,a

1
VoL(v,0,)) = VoV? (2% v) = — 70 (x, s, a2, v) Vlog u(alz, s;6) Qg(x,s,a) (3.26)

where wf{ is the discounted occupation measure (defined in Section and QY is the action-value function of
policy 6 in the augmented MDP M. We can show that ﬁv log p(ak|xk, sk; 0) - dk is an unbiased estimate
of VoL(v,0,\), where

Sk = Ca(@k, sk, ) + YV (Tht1, 1) — V (ks 51)

is the temporal-difference (TD) error in the MDP M from , and V is an unbiased estimator of V¢
(see e.g., [27]). In our actor-critic algorithms, the critic uses linear approximation for the value func-
tion VO(z,s) ~ v'¢(x,s) = V®(x,s), where the feature vector ¢(-) belongs to a low-dimensional
space R"! with dimension k1. The linear approximation yo belongs to a low-dimensional subspace
Sy = {®v|v € R*1}, where ® is the n x x; matrix whose rows are the transposed feature vectors ¢ ' (-).
To ensure that the set of feature vectors forms a well-posed linear approximation to the value function, we

impose the following assumption to the basis functions.

Assumption 3.4.2 (Independent Basis Functions). The basis functions {(;S(i) }21 are linearly independent.
In particular, k1 < n and ® is full column rank. Moreover, for every v € R"!, ®v # e, where e is the

n-dimensional vector with all entries equal to one.

The following theorem shows that the critic update v; converges almost surely to v*, the minimizer of
the Bellman residual. Details of the proof can be found in Appendix

Theorem 3.4.3. Define v* € argmin, || By[®v] — ®v||2, as the minimizer to the Bellman residual, where
y

“Note that the second equality in Equation is the result of the policy gradient theorem [143((99].
SNotice that the state and action spaces of the original MDP are finite, and there is only a finite number of outcomes in the transition
of s (due to the assumption of a bounded first hitting time). Therefore the augmented state s belongs to a finite state space as well.
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the Bellman operator is given by

By[V](z,s) = Zu(a|x, 5;0) < Cx(z,8,a) + Z yP(z', 8 |z, s,a)V (2, ")

x’,s!

and V*(x,s) = (v*) T ¢(x, s) is the projected Bellman fixed point of VO (x, s), i.e., V*(x, 8) = ILBy[V*](x, s).

0
y

Then under Assumptions the v-update in the actor-critic algorithm converges to v* almost surely.

Suppose the ~-occupation measure 7’ is used to generate samples of (xy, S, ax) forany k € {0,1,..., }.

3.4.2 Gradient w.r.t. the Lagrangian Parameter \

We may rewrite the gradient of the objective function w.r.t. the Lagrangian parameters A in (3.9) as
A
VaL(v,0,\) = v—B+V, (]E [C?(2%)] + W]E [(D‘)(xo) — u)ﬂ) @ _B+VAVI(2°, ). (327)

Similar to Section|3.4.1} equality (a) comes from the fact that the quantity in parenthesis in (3.27) is V¢ (2°, v),
the value function of the policy 6 at state (2, ) in the augmented MDP M. Note that the dependence of
V9(x°,v) on \ comes from the definition of the cost function Cy in M. We now derive an expression for

V.V (2% v), which in turn will give us an expression for VyL(v, 0, \).

Lemma 3.4.4. The gradient of V9 (x°,v) w.rt. the Lagrangian parameter A may be written as

1
VAV (2 v) = i g:aﬂ'fi(x, s,alz’,v) i—a) 1z = 25, }(—s)7. (3.28)
Proof. See Appendix[7.3.1] O

From Lemmaand (3:27), it is easy to see that v — 3+ ml{z = 21} (—8) T is an unbiased
estimate of V\L(v, 6, ). An issue with this estimator is that its value is fixed to v, — (3 all along a system
trajectory, and only changes at the end to v, — 8 + WM(—STM)"_. This may affect the incremental
nature of our actor-critic algorithm. To address this issue, [46] previously proposed a different approach to
estimate the gradients w.r.t. # and A which involves another value function approximation to the constraint.
However this approach is less desirable in many practical applications as it increases the approximation error
and impedes the speed of convergence.

Another important issue is that the above estimator is unbiased only if the samples are generated from the
distribution 79 (-|2°, ). If we just follow the policy 0, then we may use v — 5+ (1”_—2)1{901€ = X} (—8x) T
as an estimate for VyL(v, 6, ). Note that this is an issue for all discounted actor-critic algorithms: their
(likelihood ratio based) estimate for the gradient is unbiased only if the samples are generated from wg, and

not when we simply follow the policy. This might also be the reason why, to the best of our knowledge, no
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rigorous convergence analysis can be found in the literature for (likelihood ratio based) discounted actor-critic

algorithms under the sampling distributionf_’]

3.4.3 Sub-Gradient w.r.t. the VaR Parameter

We may rewrite the sub-gradient of our objective function w.r.t. the VaR parameter v in (3.8) as

1 o~k _ 0.
O, L(v,0,)) > )\(1 - (1—@]}»(,62_07 D(zi,ar) > v|zo == ,9)). (3.29)

From the definition of the augmented MDP M, the probability in (3.29) may be written as P(sty, < 0 | 29 =

20, 50 = v; 0), where sy, is the s part of the state in M when we reach a target state, i.e., * = Ty (See

Section[3.4.1). Thus, we may rewrite (3.29) as

0, L(v,0,)\) > /\(1 — P(sTar <0|wg=2a"s = 1/;9)). (3.30)

1
(1-a)
From (3.30), it is easy to see that A — A1{s,, < 0}/(1 — «) is an unbiased estimate of the sub-gradient
of L(v,0,)\) wrt. v. An issue with this (unbiased) estimator is that it can only be applied at the end of
a system trajectory (i.e., when we reach the target state xr,), and thus, using it prevents us from having a
fully incremental algorithm. In fact, this is the estimator that we use in our semi-trajectory-based actor-critic
algorithm.

One approach to estimate this sub-gradient incrementally is to use the simultaneous perturbation stochas-
tic approximation (SPSA) method [26]]. The idea of SPSA is to estimate the sub-gradient g(v) € 9, L(v, 6, \)
using two values of g at v~ = v — Aand v+ = v+ A, where A > 0 is a positive perturbation (see [26 106]
for the detailed description of A) In order to see how SPSA can help us to estimate our sub-gradient
incrementally, note that

8,L(v,0,)\) = A+ 0, (E[D9(x0)] + )E[(D"(xo) - u)+]> @A+, V0. (33D

-
Similar to Sections equality (a) comes from the fact that the quantity in parenthesis in (3.31))
is V9(2%, v), the value function of the policy € at state (z°, /) in the augmented MDP M. Since the critic
uses a linear approximation for the value function, i.e., V9 (x, s) ~ v ¢(x, s), in our actor-critic algorithms
(see Section and Algorithm , the SPSA estimate of the sub-gradient would be of the form g(v) =~
A4ovl [(b(aco, v) — ¢(2?, y‘)] J2A.

Note that the discounted actor-critic algorithm with convergence proof in [24] is based on SPSA.

7SPSA-based gradient estimate was first proposed in [138] and has been widely used in various settings, especially those involving a
high-dimensional parameter. The SPSA estimate described above is two-sided. It can also be implemented single-sided, where we use
the values of the function at ~ and v»+. We refer the readers to [26] for more details on SPSA and to [106] for its application to learning
in mean-variance risk-sensitive MDPs.
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3.44 Convergence of Actor-Critic Methods

In this section, we will prove that the actor-critic algorithms converge to a locally optimal policy for the

CVaR-constrained optimization problem. Define
eo(vk) = || Bo[Pur] — o[l

as the residual of the value function approximation at step k, induced by policy p(-|-, -; 6). By the triangle
inequality and fixed point theorem By[V*] = V*, it can be easily seen that ||V* — Qug|le < €g(vg) +

|1Bo[®vi] — Bo[V*]lloo < €g(vr) + v||Pvr — V*|loo. The last inequality follows from the contraction

property of the Bellman operator. Thus, one concludes that |[V* — ®u||o < €g(vg)/(1 — ). Now, we state

the main theorem for the convergence of actor-critic methods.

0
Y

(zk, Sk, ax) for any k € {0,1,...}. For the SPSA-based algorithms, suppose the feature vector satisfies
the technical Assumption (provided in Appendix [7.3.2.2)) and suppose the SPSA step-size satisfies the
condition €g, (vy) = o(Ay), i.e., €, (vi)/Ar — 0. Then under Assumptions (3.2.2H3.2.4| and [3.4.143.4.2]
the sequence of policy updates in Algorithm |3| converges almost surely to a locally optimal policy for the

Theorem 3.4.5. Suppose ey, (vi,) — 0 and the y-occupation measure i, is used to generate samples of

CVaR-constrained optimization problem.

Details of the proof can be found in Appendix[7.3.2]

3.5 Extension to Chance-Constrained Optimization of MDPs

In many applications, in particular in engineering (see, for example, [94]), chance constraints are imposed
to ensure mission success with high probability. Accordingly, in this section we extend the analysis of
CVaR-constrained MDPs to chance-constrained MDPs (i.e., @). As for CVaR-constrained MDPs, we
employ a Lagrangian relaxation procedure [16] to convert a chance-constrained optimization problem into

the following unconstrained problem:

max min (L(e, ) = C0(a0) + A(P(De(xo) > a) - ﬂ)) : (3.32)
where )\ is the Lagrange multiplier. Recall Assumption [3.2.4]which assumed strict feasibility, i.e., there exists
a transient policy fi(|;0) such that P(D?(2°) > ) < S. This is needed to guarantee the existence of a

local saddle point.
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3.5.1 Policy Gradient Method

In this section we propose a policy gradient method for chance-constrained MDPs (similar to Algorithm [2)).
Since we do not need to estimate the v-parameter in chance-constrained optimization, the corresponding
policy gradient algorithm can be simplified and at each inner loop of Algorithm 2] we only perform the

following updates at the end of each trajectory:

. N
0 Update: 0, =Tg [91' - Ci\(;) (Zve log P(&;,:)C(&;,:) + AiVelog P(&;,)1{D(&;,:) > Of})}
j=1

AUpdate: N\, =Ty {)\i + C1(i) <— B+ ;EN: 1{D(&;.) > O‘}ﬂ

Jj=1

Considering the multi-time-scale step-size rules in Assumption [3.3.1} the 6 update is on the fast time-scale
{¢2(7)} and the Lagrange multiplier A update is on the slow time-scale {¢1(i)}. This results in a two
time-scale stochastic approximation algorithm. In the following theorem, we prove that our policy gradient

algorithm converges to a locally optimal policy for the chance-constrained problem.

Theorem 3.5.1. Under Assumptions the sequence of policy updates in Algorithm[2| converges to

a locally optimal policy 6* for the chance-constrained optimization problem almost surely.

Sketch. By taking the gradient of L(f, \) w.r.t. 8, we have
VoL(0,)) = VoC®(2°) + AV4P(D?(2°) > a) = Y VoPy(£)C(E) + A Y VePs(€)1{D(§) > a}.
3 3

On the other hand, the gradient of L(6, \) w.r.t. A is given by
VAL(0,\) =P(D?(2%) > a) — 8.

One can easily verify that the 6 and A updates are therefore unbiased estimates of VgL (0, \) and V,L(6, \),
respectively. Then the rest of the proof follows analogously from the convergence proof of Algorithm [2|in
steps 2 and 3 of Theorem [3.3.2] O

3.5.2 Actor-Critic Method

In this section, we present an actor-critic algorithm for the chance-constrained optimization. Given the origi-
nal MDP M = (X, A, C, D, P, Py) and parameter ), we define the augmented MDP M = (X, A, Cy, P, )
as in the CVaR counterpart, except that Py(x, s) = Py(z)1{s = o} and

- Al{s <0} ifz= ,
C)\(x,s,a) :{ {S_ } n her

C(z,a) otherwise.
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Thus, the total cost of a trajectory can be written as

T
Z (T, Sy ax) | o = 2,80 = B, = C%(x) + NP(D?(z) > B). (3.33)

Unlike the actor-critic algorithms for CVaR-constrained optimization, here the value function approximation
parameter v, policy #, and Lagrange multiplier estimate A are updated episodically, i.e., after each episode

ends by time 7" when (2, i) = (Zar, sTar)E], as follows:

T

Critic Update: v, = v + (3(k) Z d(xp, sn)on(vk) (3.34)
h=0
T
Actor Updates: 0, =T¢g (Hk — Ga(k Z Vo log pu(an|zn, sn; 0)|o=o, - 5h(vk)) (3.35)
h=0
Aest = Ta ()\k + (k) (= B+ 1{smr < 0})) (3.36)

From analogous analysis as for the CVaR actor-critic method, the following theorem shows that the critic

update v, converges almost surely to v*.

Theorem 3.5.2. Let v* € argmin, || By[®v] — ®v||%, be a minimizer of the Bellman residual, where the

undiscounted Bellman operator at every (x,s) € X' is given by

By[V(z,s) = Z p(alz, 8;9){6’,\($,S,G) + Z P(x’,s’|x7s,a)V(x',s’)}

ac A (z’,8")€X’

and V*(x,s) = ¢ (x, s)v* is the projected Bellman fixed point of VO (x, s), i.e., V*(x, 5) = IIBg[V*](z, 5)
for (z,s) € X'. Then under Assumptions|3.4.1 the v-update in the actor-critic algorithm converges to

v* almost surely.

Sketch. The proof of this theorem follows the same steps as those in the proof of Theorem [3.4.3] except
replacing the y-occupation measure dg with the occupation measure d? (the total visiting probability). Similar
analysis can also be found in the proof of Theorem 10 in [145]. Under Assumption the occupation
measure of any transient states x € X’ (starting at an arbitrary initial transient state o € X’) can be written
as d"(z|z®) = Zfﬁb’” P(z; = x|2% u) when o = 1. This further implies the total visiting probabilities
are bounded as follows: d*(z|z°) < T, , and 7#(z,al2®) < T, for any z,z9 € X’. Therefore, when
the sequence of states {(xy, sp)}7_, is sampled by the h-step transition distribution P(zy, s, | 20, s°,6),
Vh < T, the unbiased estimators of

A= Z We(y,s’,a’\x,s)¢(y,s’)(¢T(y,s')— Z ]5(2,s”\y,s’,a)gﬁ)—r(z,s”))

(y,s")EX",a’ €A (z,8")€X’

8Note that sty is the state of s; when z; hits the (recurrent) target state Ty
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and
b= > 7wy dz 9y, s)Cr(y, 8 d)

(y,8')EX",a’€A

are given by S"p_ o &(xh, 1) (0 (h,50) — 6T (Thi1, 5n11)) and Sop_o d(@n, 51)Cr (T, Sh, an), respec-

tively. Note that in this theorem, we directly use the results from Theorem 7.1 in [17]] to show that every

eigenvalue of matrix A has positive real part, instead of using the technical result in Lemma[7.3.1] 0
Recall that eg(vy) = ||Bg[Pvr] — Pug||so is the residual of the value function approximation at step

k induced by policy pu(+|-,-;60). By the triangle inequality and fixed-point theorem of stochastic stopping
problems, i.e., By[V*] = V* from Theorem 3.1 in [17], it can be easily seen that ||[V* — Qv |00 < €g(vg) +
|1Bo[Pvk] — Bo[V*]|loo < €g(vk) + k|| Pvg — V*||oo for some & € (0, 1). Similar to the actor-critic algorithm
for CVaR-constrained optimization, the last inequality also follows from the contraction mapping property of

By from Theorem 3.2 in [17]]. Now, we state the main theorem for the convergence of the actor-critic method.

Theorem 3.5.3. Under Assumptions if €0, (vi) — 0, then the sequence of policy updates con-

verges almost surely to a locally optimal policy 6* for the chance-constrained optimization problem.

Sketch . From Theorem[3.5.2] the critic update converges to the minimizer of the Bellman residual. Since the
critic update converges on the fastest scale, as in the proof of Theorem one can replace v, by v*(0y) in
the convergence proof of the actor update. Furthermore, by sampling the sequence of states {(z,s5)}7_,
with the h-step transition distribution P(xy,, sy, | 2%, s°,6), Vh < T, the unbiased estimator of the gradient of

the linear approximation to the Lagrangian function is given by

VoL (0,\) == Z 70 (z, s, alze = 2°, 50 = v)Vglog p(alz, s;0) A% (x, s, a),
(z,8)€X’,a€ A

where Q% (x, 5,a) — v ¢(x, s) is given by 1 _ Vg log pi(an|h, 51; 0)|o=sy - 9 (v*) and the unbiased es-
timator of VA L(6, A) = —B+P (st < 0) is given by —3+1{st,r < 0}. Analogous to equation (7.52)) in the
proof of Theorem [7.3.3] by convexity of quadratic functions, we have for any value function approximation
v,

S w5 dln ) (Ao ') — AY(y, 8 a)) < 27 <)

- 1—k’
(y,s")EX",a’ €A

which further implies that VoL (6, \) — VoL"(6,\) — 0 when e(v) — 0 at v = v*(f)). The rest of the
proof follows identical arguments as in steps 3 to 5 of the proof of Theorem[3.4.3] O

3.6 Experiments

In this section we illustrate the effectiveness of our risk-constrained policy gradient and actor-critic algorithms
by testing them on an American option stopping problem and on a long-term personalized advertisement-

recommendation (ad-recommendation) problem.
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3.6.1 The Optimal Stopping Problem

We consider an optimal stopping problem in which the state at each time step k¥ < 7T’ consists of the cost ¢,
and time k, i.e., x = (¢, k), where T is the stopping time. The agent (buyer) should decide either to accept
the present cost (u; = 1) or wait (up = 0). If he/she accepts or when k = T, the system reaches a terminal
state and the cost max(K,cy) is received (K is the maximum cost threshold), otherwise, she receives a
holding cost p;, and the new state is (cgx11, k + 1), where cgy1 is fuck w.p. pand facp wp. 1 —p (fy, > 1
and fy < 1 are constants). Moreover, there is a discount factor v € (0, 1) to account for the increase in the
buyer’s affordability. Note that if we change cost to reward and minimization to maximization, this is exactly
the American option pricing problem, a standard testbed to evaluate risk-sensitive algorithms (e.g., see [[145]).
Since the state space size n is exponential in T, finding an exact solution via dynamic programming (DP)
quickly becomes infeasible, and thus the problem requires approximation and sampling techniques.

The optimal stopping problem can be reformulated as follows
minE [C? ()] subjectto  CVaR, (C%(2°)) < B or P(C%(2°) >a) <5, (3.37)

where the discounted cost and constraint cost functions are identical (C?(x) = D?(x)) and are both given

by C%(z) = Zgzo ¥ (1{ur = 1}max(K, cx) + 1{ur = 0}pn) | 7o = =, pu. We set the parameters of the

MDP as follows: 2o = [1;0],pr, = 0.1,T =20, K = 5,y = 0.95, f,, = 2, f4 = 0.5, and p = 0.65. The con-

fidence interval and constraint threshold are given by o = 0.95 and 5 = 3. The number of sample trajectories

N is set to 500, 000 and the parameter bounds are A\, = 5,000 and © = [—20, 20]**, where the dimension

of the basis functions is k; = 1024. We implement radial basis functions (RBFs) as feature functions and
exp(fy o)

search over the class of Boltzmann policies {0 10 ={01 0} vex aca, Holalx) = S (0T ) }
a€ x,a

We consider the following trajectory-based algorithms:

1. PG: This is a policy gradient algorithm that minimizes the expected discounted cost function without

considering any risk criteria.

2. PG-CVaR/PG-CC: These are the CVaR/chance-constrained simulated trajectory-based policy gradi-

ent algorithms given in Section [3.3]

The experiments for each algorithm comprise the following two phases:
1. Tuning phase: We run the algorithm and update the policy until (v, 8, \) converges.

2. Converged run: Having obtained a converged policy 6 in the tuning phase, in the converged run
phase, we perform a Monte Carlo simulation of 10, 000 trajectories and report the results as averages

over these trials.

We also consider the following incremental algorithms:
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1. AC: This is an actor-critic algorithm that minimizes the expected discounted cost function without

considering any risk criteria. This is similar to Algorithm 1 in [24].

2. AC-CVaR/AC-VaR: These are the CVaR/chance-constrained semi-trajectory actor-critic algorithms
given in Section [3.4]

3. AC-CVaR-SPSA: This is the CVaR-constrained SPSA actor-critic algorithm given in Section [3.4]

Similar to the trajectory-based algorithms, we use RBF features for [x;s] and consider the family of
augmented state Boltzmann policies. Similarly, the experiments comprise two phases: 1) the tuning phase,
where the set of parameters (v, v, 6, \) is obtained after the algorithm converges, and 2) the converged run,
where the policy is simulated with 10, 000 trajectories.

We compare the performance of PG-CVaR and PG-CC (given in Algorithm [2), and AC-CVaR-SPSA,
AC-CVaR, and AC-VaR (given in Algorithm 3], with PG and AC, their risk-neutral counterparts. Figures [3.1]
and show the distribution of the discounted cumulative cost C?(2°) for the policy 6 learned by each of
these algorithms. The results indicate that the risk-constrained algorithms yield a higher expected cost, but
less worst-case variability, compared to the risk-neutral methods. More precisely, the cost distributions of the
risk-constrained algorithms have lower right-tail (worst-case) distribution than their risk-neutral counterparts.
Table [3.1| summarizes the performance of these algorithms. The numbers reiterate what we concluded from
Figures[3.1]and

Notice that while the risk averse policy satisfies the CVaR constraint, it is not tight (i.e., the constraint is
not matched). In fact this is a problem of local optimality, and other experiments in the literature (for example
see the numerical results in [106] and in [25]) have the same problem of producing solutions which obey the
constraints but not tightly. However, since both the expectation and CVaR risk metrics are sub-additive and
convex, one can always construct a policy that is a linear combination of the risk neutral optimal policy and
the risk averse policy, such that it matches the constraint threshold and has a lower cost compared to the risk

averse policy.

E(C?(2")) | a(C?(2")) | CVaR(C’(2")) | VaR(C’(2"))
PG 1.177 1.065 4.464 4.005
PG-CVaR 1.997 0.060 2.000 2.000
PG-CC 1.994 0.121 2.058 2.000
AC 1.113 0.607 3.331 3.220
AC-CVaR-SPSA 1.326 0.322 2.145 1.283
AC-CVaR 1.343 0.346 2.208 1.290
AC-VaR 1.817 0.753 4.006 2.300

Table 3.1: Performance comparison of the policies learned by the risk-constrained and risk-neutral algorithms. In this
table o (C?(2°)) stands for the standard deviation of the total cost.
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Figure 3.1: Cost distributions for the policies learned by the CVaR-constrained and risk-neutral policy gradi-
ent and actor-critic algorithms. The left figure corresponds to the PG methods and the right figure corresponds

to the AC algorithms.
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Figure 3.2: Cost distributions for the policies learned by the chance-constrained and risk-neutral policy gradi-
ent and actor-critic algorithms. The left figure corresponds to the PG methods and the right figure corresponds

to the AC algorithms.

3.6.2 A Personalized Ad-Recommendation System

Many companies such as banks and retailers use user-specific targeting of advertisements to attract more cus-
tomers and increase their revenue. When a user requests a webpage that contains a box for an advertisement,
the system should decide which advertisement (among those in the current campaign) to show to this particu-

lar user based on a vector containing all her features, often collected by a cookie. Our goal here is to generate
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a strategy that for each user of the website selects an ad that when it is presented to her has the highest prob-
ability to be clicked on. These days, almost all the industrial personalized ad recommendation systems use
supervised learning or contextual bandits algorithms. These methods are based on the i.i.d. assumption of
the visits (to the website) and do not discriminate between a visit and a visitor, i.e., each visit is considered
as a new visitor that has been sampled i.i.d. from the population of the visitors. As a result, these algorithms
are myopic and do not try to optimize for the long-term performance. Despite their success, these methods
seem to be insufficient as users establish longer-term relationship with the websites they visit, i.e., the ad rec-
ommendation systems should deal with more and more returning visitors. The increase in returning visitors
violates (more) the main assumption underlying the supervised learning and bandit algorithmes, i.e., there is
no difference between a visit and a visitor, and thus, shows the need for a new class of solutions.

The reinforcement learning (RL) algorithms that have been designed to optimize the long-term perfor-
mance of the system (expected sum of rewards/costs) seem to be suitable candidates for ad recommendation
systems [128]]. The nature of these algorithms allows them to take into account all the available knowledge
about the user at the current visit, and then selects an offer to maximize the total number of times she will
click over multiple visits, also known as the user’s life-time value (LTV). Unlike myopic approaches, RL
algorithms differentiate between a visit and a visitor, and consider all the visits of a user (in chronological
order) as a system trajectory generated by her. In this approach, while the visitors are i.i.d. samples from
the population of the users, their visits are not. This long-term approach to the ad recommendation problem
allows us to make decisions that are not usually possible with myopic techniques, such as to propose an offer
to a user that might be a loss to the company in the short term, but has the effect that makes the user engaged
with the website/company and brings her back to spend more money in the future.

For our second case study, we use an Adobe personalized ad-recommendation [148]] simulator that has
been trained based on real data captured with permission from the website of a Fortune 50 company that
receives hundreds of visitors per day. The simulator produces a vector of 31 real-valued features that provide
a compressed representation of all of the available information about a user. The advertisements are clustered
into four high-level classes that the agent must select between. After the agent selects an advertisement, the
user either clicks (reward of +1) or does not click (reward of 0) and the feature vector describing the user is
updated. In this case, we test our algorithm by maximizing the customers’ life-time value in 15 time steps
subject to a bounded tail risk.

Instead of using the cost-minimization framework from the main paper, by defining the return random
variable (under a fixed policy ) R?(x°) as the (discounted) total number of clicks along a user’s trajectory,
here we formulate the personalized ad-recommendation problem as a return maximization problem where the

tail risk corresponds to the worst case return distribution:
maxE [R?(z")]  subjectto  CVaRy_o(—R"(")) < 5. (3.38)

We set the parameters of the MDP as T" = 15 and v = 0.98, the confidence interval and constraint threshold
as = 0.05 and S = 0.12, the number of sample trajectories N to 1,000,000, and the parameter bounds
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as Amax = 5,000 and © = [—60, 60]"*, where the dimension of the basis functions is 1 = 4096. Similar
to the optimal stopping problem, we implement both the trajectory based algorithm (PG, PG-CVaR) and
the actor-critic algorithms (AC, AC-CVaR) for risk-neutral and risk sensitive optimal control. Here we used
the 3™ order Fourier basis with cross-products in [70] as features and search over the family of Boltzmann
policies. We compared the performance of PG-CVaR and AC-CVaR, our risk-constrained policy gradient
(Algorithm [2)) and actor-critic (Algorithms [3)) algorithms, with their risk-neutral counterparts (PG and AC).
Figure shows the distribution of the discounted cumulative return R?(2°) for the policy 6 learned by
each of these algorithms. The results indicate that the risk-constrained algorithms yield a lower expected

reward, but have higher left tail (worst-case) reward distributions. Table [3.2] summarizes the findings of this

experiment.
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Figure 3.3: Reward distributions for the policies learned by the CVaR-constrained and risk-neutral policy
gradient and actor-critic algorithms. The left figure corresponds to the PG methods and the right figure
corresponds to the AC algorithms.

E(R7") | o(RP(2) | CVaR(R?(x")) | VaR(R*(z"))
PG 0.396 1.898 0.037 1.000
PG-CVaR 0.287 0914 0.126 1.795
AC 0.581 2.778 0 0
AC-CVaR 0.253 0.634 0.137 1.890

Table 3.2: Performance comparison of the policies learned by the CVaR-constrained and risk-neutral algorithms. In this
table U(R‘9 (mo)) stands for the standard deviation of the total reward.

3.7 Conclusion

In this chapter we proposed several policy gradient and actor-critic algorithms for CVaR-constrained and

chance-constrained optimization in MDPs, and proved their convergence. Using an optimal stopping problem
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and a personalized ad-recommendation problem, we showed that our algorithms resulted in policies whose
cost distributions have lower right-tail compared to their risk-neutral counterparts. This is important for a
risk-averse decision-maker, especially if the right-tail contains catastrophic costs.

In the next chapter we will study the model predictive control approach for risk-sensitive decision-making,
where the objective function is characterized by the a general class of time-consistent coherent risk measures.
As discussed in Chapter |1} the main advantage of adopting these objective functions in planning is that the

resultant policies are always guaranteed to be rational and time-consistent.



Chapter 4

Risk Sensitive Model Predictive Control

4.1 Introduction

4.1.1 Model Predictive Control

Model Predictive Control (MPC) is one of the most popular methods to address optimal control problems in
an online setting [[108] [156]]. The key idea behind MPC is to obtain the control action by repeatedly solving,
at each sampling instant, a finite horizon open-loop optimal control problem, using the current state of the
plant as the initial state; the result of the optimization is an (open-loop) control sequence, whose first element
is applied to control the system [85]].

The classic MPC framework does not provide a systematic way to address model uncertainties and dis-
turbances [[15]. Accordingly, one of the main research thrusts for MPC is to find techniques to guarantee
persistent feasibility and stability in the presence of disturbances. Essentially, current techniques fall into two
categories: (1) min-max (or worst-case) formulations, where the performance indices to be minimized are
computed with respect to the worst possible disturbance realization [72} 150, 98], and (2) stochastic formu-
lations, where risk-neutral expected values of performance indices (and possibly constraints) are considered
[15L[107].

The main drawback of the worst-case approach is that the control law may be too conservative, since
the MPC law is required to guarantee stability and constraint fulfillment under the worst-case scenario. On
the other hand, stochastic formulations, whereby the assessment of future random outcomes is accomplished
through a risk-neutral expectation, may be unsuitable in scenarios where one takes risk-aversion into account

and desires to protect the system from large deviations.

4.1.2 MPC with Time Consistent Risk Measures

In this chapter, as a radical departure from traditional approaches, we leverage recent strides in the theory of

dynamic risk metrics developed by the operations research community [[122} [119] to include risk-aversion in

60
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MPC. The key property of dynamic risk metrics is that, by assessing risk at multiple points in time, one can
guarantee time-consistency of risk preferences over time [[122| [119]. In particular, the essential requirement
for time consistency is that if a certain outcome is considered less risky in all states of the world at stage
k + 1, then it should also be considered less risky at stage k. Remarkably, in [119], it is proven that any risk
measure that is time consistent can be represented as a composition of one-step risk metrics. In other words,

in multi-period settings, risk (as expected) should be compounded over time.

4.1.3 Chapter Contribution

The contribution of this chapter is threefold. First, we introduce a notion of dynamic risk metric, referred to as
Markov dynamic polytopic risk metric, that captures a full range of risk assessments and enjoys a geometrical
structure that is particularly favorable from a computational standpoint. Second, we present and analyze a
risk-averse MPC algorithm that minimizes in a receding-horizon fashion a Markov dynamic polytopic risk
metric, under the assumption that the system’s model is linear and is affected by multiplicative uncertainty.
Finally, by exploring the “geometrical” structure of Markov dynamic polytopic risk metrics, we present a
convex programming formulation for risk-averse MPC that is amenable to a real-time implementation (for
moderate horizon lengths). Our framework has three main advantages: (1) it is axiomatically justified, in the
sense that risk, by construction, is assessed in a time-consistent fashion; (2) it is amenable to dynamic and
convex optimization, primarily due to the compositional form of Markov dynamic polytopic risk metrics and
their geometry; and (3) it is general, in that it captures a full range of risk assessments from risk-neutral to

worst-case. In this respect, our formulation represents a unifying approach for risk-averse MPC.

4.1.4 Chapter Organization

The rest of the chapter is organized as follows. In Section[d.2] we discuss the stochastic model we address in
this chapter. In Section we introduce and discuss the notion of Markov dynamic polytopic risk metrics.
In Section4.4] we state the infinite horizon optimal control problem we wish to address and in Section[4.5]we
derive conditions for risk-averse closed-loop stability. From Section[4.6]to[.8| we present a risk-averse model
predictive control law, its performance analysis and various approaches for its computation, respectively.
Numerical experiments are presented and discussed in Section[4.9] Finally, complete proofs of the technical

results and further extensions can be found in Section

4.2 Model Description

Consider the discrete time system:

Tpy1 = A(wy)zr + B(wy)ar, 4.1)
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where k € N is the time index, z; € RN« is the state, a; € RN is the (unconstrained) control input,
and wr € W is the process disturbance. We assume that the initial condition x( is deterministic. We
assume that }V is a finite set of cardinality L, i.e., W = {w[l], . ,w[L] }. For each stage k and state-control
pair (z, ax), the process disturbance wy, is drawn from set W according to the probability mass function
p = [p(1), p(2),..., p(L)]", where p(j) = P(wy = whl), j € {1,...,L}. Without loss of generality,
we assume that p(j) > 0 for all j. Note that the probability mass function for the process disturbance is
time-invariant, and that the process disturbance is independent of the process history and of the state-control
pair (2, aj). Under these assumptions, the stochastic process {zy} is clearly a Markov process

By enumerating all L realizations of the process disturbance wy, system (@.I]) can be rewritten as:

Ajzp + Brar ifwg = wm,

Te4+1 =

Apzi + Brag  if wy = wl,

where A; := A(wll) and B; := B(wl), j € {1,...,L}.
The results presented in this chapter can be immediately extended to the time-varying case (i.e., where
the probability mass function for the process disturbance is time-varying). To simplify notation, however, we

prefer to focus this chapter on the time-invariant case.

4.3 Markov Polytopic Risk Measures

In this section we refine the notion of Markov (dynamic and time-consistent) risk metrics (as defined in
Theorem [I.3.8) by adding a polytopic structure to the dual representation of coherent risk metrics. This
will lead to the definition of Markov dynamic polytopic risk metrics, which enjoy favorable computational

properties and, at the same time, maintain most of the generality of dynamic time-consistent risk metrics.

4.3.1 Polytopic Risk Measures

According to the discussion in Section .2] the probability space for the process disturbance has a finite
number of elements. Accordingly, consider Theorem by definition of expectation, one has E.[Z] =
Zle Z(§)p()¢(7). In our framework (inspired by [33]), we consider coherent risk measures where the
risk envelope U is a polytope, i.e., there exist matrices S I SE and vectors T, TE of appropriate dimensions
such that

Uy ={¢ceB|s'¢<T!, SF¢=T"}.

Tn the context of MDPs (Section , in this problem the state space X is RNz the action space A is RNa | and the state evolution
follows from (@I)). According to the problem formulation in Section[d4] the discounting factor v equals to 1, and the immediate cost
c(z,a) is given by 2 T Qz + u T Ru, where (Q, R) is a set of state and control weighting matrices.
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We will refer to coherent risk measures representable with a polytopic risk envelope as polytopic risk mea-
sures. Consider the bijective map ¢(j) := p(j){(j) (recall that, in our model, p(j) > 0). Then, by applying

such map, one can easily rewrite a polytopic risk measure as

where q is a probability mass function belonging to a polytopic subset of the standard simplex, i.e.:

Ul = {q e AL |Slg<T!, §Bq= TE}, 42)

where AL = {q € RL : Zle q(j) = 1,q > 0}. Accordingly, one has E,[Z] = Zf:l Z(j)q(4) (note

that, with a slight abuse of notation, we are using the same symbols as before for I/ poly 6T "and SE).
The class of polytopic risk measures is large: we give below some examples (also note that any comono-

tonic risk measure is a polytopic risk measure [62]).

Example 4.3.1 (Examples of Polytopic Risk Measures). As a first example, the expected value of a random
variable Z can be represented according to equation (4.2) with polytopic risk envelope

ury = {qe A" () = p(j) forall je{L,...,L}}.
A second example is represented by the average upper semi-deviation risk metric, defined as
pavs(Z) = E[Z) + cE[(Z — E[2])*],

where 0 < ¢ < 1 and (z)* := max(0,x). This metric can be represented according to equation (&.2) with
polytopic risk envelope ([193) 132]]):

L

Uy = ¢qe A q(j) = p(i) [ 1+h(G) =D h()p() | ,0<h(j) <e, jefl,...,L}
j=1

A related risk metric is the mean absolute semi-deviation risk metric, defined as

J

where 0 < ¢ < 1. This metric can be represented according to equation [.2)) with polytopic risk envelope

(193]]):

prvs(2) =E[2] + cE||2 - E 12

L
L{p°1y={qGAL|(Jz=pz(1+hz—zthl>,—0<hl<Ca le{l,...,L}}.

=1
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A risk metric that is very popular in the finance industry is the Conditional Value-at-Risk (CVaR), defined
as ([112)])

— 1 ot
OV, (2) = inf v+ TB1Z - )] @3

where « € (0,1]. CVaR,, can be represented according to equation (.2) with the polytopic risk envelope
(see [U32]]):
UPOY = {q e Al |0<q() < pi) forall je {1,...,L}}.
o

As a special case of the Conditional Value-at-Risk, by setting o = 0, the worst case risk defined as
WCR(Z) = max{Z(j): j€{1,...,L}}, 4.4)

can be trivially represented according to @.2) with polytopic risk envelope UPY = AL,

Other important examples include the spectral risk measures [21], the optimized certainty equivalent
and expected utility [[13}132], and the distributionally-robust risk [15]. The key point is that the notion of

polytopic risk metric covers a full gamut of risk assessments, ranging from risk-neutral to worst case.

4.3.2 Markov Dynamic Polytopic Risk Metrics

Note that in the definition of dynamic, time-consistent risk measures, since at stage k the value of py, is Fg-
measurable, the evaluation of risk can depend on the whole past, see [119, Section IV]. For example, the
weight ¢ in the definition of the average upper mean semi-deviation risk metric can be an Fj-measurable
random variable (see [[119, Example 2]). This generality, which appears of little practical value in many
cases, leads to optimization problems that are intractable. This motivates us to add a Markovian structure to
dynamic, time-consistent risk measures (similarly as in [[119]). We start by introducing the notion of Markov

polytopic risk measure (similar to [[119, Definition 6]).

Definition 4.3.2 (Markov Polytopic Risk Measures). Consider the Markov process {xy,} that evolves accord-
ing to equation {A.1)). A coherent one-step conditional risk measure py(+) is a Markov polytopic risk measure

with respect to {x} if it can be written as

pr(Z(rp41)) = max  Ey[Z(wg41)]

q€ULY (k)

where Z/{lf()ly(xk,p) = {q€ A" | S[(wk,p)q < T (@, p), SF (wk, p)g = T (x1,p) } is the polytopic risk

envelope.

In other words, a Markov polytopic risk measure is a coherent one-step conditional risk measure where
the evaluation of risk is not allowed to depend on the whole past (for example, the weight c in the definition
of the average upper mean semi-deviation risk metric can depend on the past only through x}), and the risk

envelope is a polytope. Correspondingly, we define a Markov dynamic polytopic risk metric as follows.
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Definition 4.3.3 (Markov Dynamic Polytopic Risk Measures). Consider the Markov process {x;} that
evolves according to equation @.1). A Markov dynamic polytopic risk measure is a set of mappings py N :
2N — Zy, defined as

Pk,N =Z(xk) + pk(Z(ka) +...+ prg(Z(l'Nfl) + prl(Z(‘TN))) .. )),

fork € {0,..., N}, where py, are single-period Markov polytopic risk measures.

Clearly, a Markov dynamic polytopic risk metric is time consistent. Definition #.3.3]|can be extended to
the case where the probability distribution for the disturbance depends on the current state and control action.

We avoid this generalization to keep the exposition simple and consistent with model (4.IJ).

4.3.3 Computational Aspects of Markov Dynamic Polytopic Risk Metrics

According to Definition[4.3.3] Markov dynamic polytopic risk measures are obtained by compounding coher-
ent one-step conditional risk measures, whose risk envelope is a polytope. Some of the algorithms presented
in Section 8| require a vertex representation of such polytopes (rather then the hyperplane representation in
Definition[4.3.7)). Several methods are available to enumerate the vertices of a polytope, such as the Fourier-
Motzkin elimination method, the simplex method, and the iterative linear programming method, see [89}
Section 5] and references therein. In our implementation, we use the vertex enumeration function included

in the MPT toolbox [75]], which relies on the simplex method.

4.4 Problem Formulation

In light of Sections and we are now in a position to state the risk-averse optimization problem we
wish to solve in this chapter. Our problem formulation relies on Markov dynamic polytopic risk metrics that

satisfy the following stationarity assumption.

Assumption 4.4.1 (Time-invariance of Risk Assessments). The polytopic risk envelopes Uy, °Y are indepen-
dent of time k and state xy, i.e. UP®" (1., p) = UPY (p) for all k.

This assumption is crucial for the well-posedness of our formulation and to devise a tractable MPC
algorithm that relies on linear matrix inequalities. We next introduce a notion of stability tailored to our

risk-averse context.

Definition 4.4.2 (Uniform Global Risk-Sensitive Exponential Stabilty). System @) is said to be Uniformly
Globally Risk-Sensitive Exponentially Stable (UGRSES) if there exist constants ¢ > 0 and \ € [0,1) such

that for all initial conditions xo € RNz,

pok(0,...,0,2] x) < c A ajxg, forallk € N, (4.5)
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where {po 1} is a Markov dynamic polytopic risk measure satisfying Assumption If condition (@.3))
only holds for initial conditions within some bounded neighborhood () of the origin, the system is said to be
Uniformly Locally Risk-Sensitive Exponentially Stable (ULRSES) with domain €.

Note that, in general, UGRSES is a more restrictive stability condition than mean-square stability, as

clarified by the following example.

Example 4.4.3 (Mean-Square Stability versus Risk-Sensitive Stability). System @) is said to be Uniformly
Globally Mean-Square Exponentially Stable (UGMSES) if there exist constants ¢ > 0 and \ € [0,1) such

that for all initial conditions xq € RN=,
E [a:,;'—xk] < ek xa—xo, forall k € N,

see [l123) Definition 1] and [15| Definition 1]. Consider the discrete time system

V0.5 x  with probability 0.2,
T (4.6)

v1.1x, with probability 0.8.

A sufficient condition for system [&.6) to be UGMSES is that there exist positive definite matrices P = PT = 0
and L = LT = 0 such that
E [:E,IHkaH} — :1:,1—19:10;C < —kaL:L‘k,

forall k € N, see [l15| Lemma 1]. One can easily check that with P = 100 and L = 1 the above inequality
is satisfied, and, hence system (.6) is UGMSES.
Assuming risk is assessed according to the Markov dynamic polytopic risk metric po, = CVaRys o

...oCVaRyg 5, we next show that system [@.6) is not UGRSES. In fact, using the dual representation given
in Example one can write

CVaRy 5(Z (xk+1)) = max Ey[Z(xk+1)], where Uroy = {q EA?|0<q <04, 0< g < 1.6}.
qEUPely

Consider the probability mass function ¢ = [0.1/1.1, 1/1.1]T. Since g € UP°Y, one has

0.1 1
CVaRo5(z7, 1) > 0527 TR z? 1= 1.0455 3.

By repeating this argument, one can then show that
2 2 k+1,.T
0.k (Tiiy1) = CVaRo5 0 ... 0 CVaRo 5(zj, 1) > o' g 2,

where a = 1.0455. Hence, one cannot find constants ¢ and X that satisfy equation (&3). Consequently,
system [&.6) is UGMSES but not UGRSES.

Consider the MDP described in Section[d.2]and let IT be the set of all stationary feedback control policies,
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ie, Il := {w : RNe — RNe}. Consider the quadratic cost function C' : RVe x RNe — R defined as
C(z,a) :=2" Qxr+u’ Ru,where Q = Q" = 0and R = R" > 0 are given state and control penalties.

Define the multi-stage cost function:
Jor(wo,m) i= po (Clao, w(w0)); . Claw, m(wn))),

where {po i} is a Markov dynamic polytopic risk measure satisfying Assumption The problem we

wish to address is as follows.

Optimization problem OP7 gs — Given an initial state zq € R+, solve

inf 1 Ji
‘nl'IelH 111611_>S£P o,k(ﬂvoﬂT)
such that xy41 = A(wg)zk + B(wy)m(xk)
||Ta71'(.1‘k)‘|2 S Amax; ||Twmk:||2 S Lmax

System is UGRSES

where (Ty, amax) and (T, Tmax) describe the second order cone constraints for the control and

state, respectively.

We denote the optimal cost function as Jg (o). Note that the risk measure in the definition of UGRSES is
assumed to be identical to the risk measure used to evaluate the cost of a policy. Also, by Assumption[d.4.1]

the single-period risk metrics are time-invariant, hence one can write

po,k(C(xo,w(xo)), o Cla, ﬂ(xk))) = O(x0, (x0)) + p(Clz1,7(x1)) + ... + p(Clar, 7(z1))) . ..),
4.7

where p is a given Markov polytopic risk metric that models the “amount” of risk aversion. This chapter

addresses problem OPT rs along three main dimensions:
1. Find lower bounds for the optimal cost of problem OPT gs.
2. Find sufficient conditions for risk-sensitive stability (i.e., for UGRSES).

3. Design a model predictive control algorithm to efficiently compute a suboptimal state-feedback control

policy.

In the next section, we provide sufficient conditions for (4.1) to be UGRSES, thereby leading to the
discussion on the MPC adaption of problem OP7T gs.
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4.5 Risk-Sensitive Stability

In this section we provide a sufficient condition for system (4.1)) to be UGRSES, under the assumptions of
Section [4.4] This condition relies on Lyapunov techniques and is inspired by [15] (Lemma [4.5.1] indeed

reduces to Lemma 1 in [15] when the risk measure is simply an expectation).

Lemma 4.5.1 (Sufficient Conditions for UGRSES). Consider a policy w € 11 and the corresponding closed-
loop dynamics for system 1)), denoted by x+1 = f(x, w). The closed-loop system is UGRSES if there
exists a function V(x) : RN+ — R and scalars by, by, bs > 0, such that for all x € RN«

b [l|* < V(w) < bolz||?, and

(4.8)
p(V(f(z,w))) = V(2) < =bslx]?.

Remark 4.5.2 (Sufficient Conditions for ULRSES). The closed-loop system is ULRSES with domain ) if the
conditions in only hold within the bounded set ().

4.6 Model Predictive Control Problem

4.6.1 The Unconstrained Case

In this section we set up the receding horizon version of problem OP7T gs, under the assumption that there
are no constraints. This will lead to a model predictive control algorithm for the (suboptimal) solution of

problem OPTgs. Consider the following receding-horizon cost function for NV > 1:

J (Tt Thiks - - > Tt N—1|k> P) 49)

=Pk o+ N (C(@hpr T (Tai))s - > C(@ht N1k Tt N— 116 (T N—11)s Ts v PTR4N),

where xp,;, is the state at time h predicted at stage k (a discrete random variable), 7|, is the control policy
to be applied at time h as determined at stage k (i.e., Ty : RN= — RNe), and P = PT = 0 is a terminal

weight matrix. We are now in a position to state the model predictive control problem.

Optimization problem MPC — Given an initial state x, € R¥= and a prediction horizon
N > 1, solve

min T (k> Thlhs - - - Mot N—1]k» P)
Tklks - Tk+N—1|k

such that  @pypp1je = A(Wkrn)Trsnix + BWkan) Trn ik (Thpnir)
forh € {0,...,N —1}.

Note that a Markov policy is guaranteed to be optimal for problem M7PC (see [119, Theorem 2]). The

optimal cost function for problem M7PC is denoted by .J; (%), and a minimizing policy is denoted by
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{TI'Z:‘ fo e TR N1 .} (if multiple minimizing policies exist, then one of the minimizing policies is selected
arbitrarily). For each state xy, we set z3,, = z, and the (time-invariant) model predictive control law is then
defined as

P () =mk (@) (4.10)

Note that the model predictive control problem MPC involves an optimization over time-varying closed-loop
policies, as opposed to the classical deterministic case where the optimization is over open-loop sequences.
A similar approach is taken in [107, [15]. We will show in Section 4.8 how to solve problem MPC efficiently.

The following theorem shows that the model predictive control law (@.18)), with a proper choice of the
terminal weight P, is risk-sensitive stabilizing, i.e., the closed-loop system (@.I)) is UGRSES.

Theorem 4.6.1 (Stochastic Stability for Model Predictive Control Law, Unconstrained Case). Consider the
model predictive control law in equation @18) and the corresponding closed-loop dynamics for system [@.1))

with initial condition xo € RN+, Suppose that P = PT = 0, and there exists a matrix F such that:

L
> a(j) (A + B;F) P(A; + B;F) —= P+Q+ F'RF <0, (4.11)

j=1

foralll € {1,..., cardinality (UP°Y:V (p))}, where UP°Y-V (p) is the set of vertices of polytope UP°Y (p), qi
is the Ith element in set UP°Y"V (p), and q(j) denotes the jth component of vector q;, j € {1 ..., L}. Then,
the closed loop system {@.1)) is UGRSES.

4.6.2 The Constrained Case

We now enforce the state and control constraints introduced in problem OP7T grg within the receding horizon

framework. Consider the time-invariant ellipsoids:
A:={a e R | |T,al2 < amax}, X :={z € RN | | T, z||2 < Tmax}-

While we focus on ellipsoidal state and control constraints in this chapter, our methodology can readily
accommodate component-wise and polytopic constraints via suitable LMI representations, for example, see
[125)144) 6] for detailed derivations.

Our receding horizon framework may be decomposed into two steps. First, offline, we search for an
ellipsoidal set Enax and a local feedback control law a(xz) = Fx that renders Eax control invariant and
ensures satisfaction of state and control constraints. Additionally, within the offline step, we search for a
terminal cost matrix P (for the online MPC problem) to ensure that the closed-loop dynamics under the model

predictive controller are risk-sensitive exponentially stable. The online MPC optimization then constitutes
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the second step of our framework. Consider first, the offline step. We parameterize &5 as follows:
Emax (W) :={z e R | oW1z <1}, (4.12)

where W (and hence W 1) is a positive definite matrix. The (offline) optimization problem to solve for W,

F, and P is presented below.

Optimization problem P£ — Solve

max logdet(WW)
W=WT>0,F,P=PT >0
T,
such that F'—%4—2F —W~' <0, (4.13)
a

max

T, T, )
(A; + B;F)" 5 (A; + BjF) - Wt =<0,vje{l,....L},

(4.14)

(Aj + B;F)TW™YA; + B;F) - W~ <0,Vj € {1,...,L},
(4.15)

L
> () (A;+ B;F)TP(A; + BiF) = P+ (FTRF + Q) < 0
j=1
Vi € {1,...,cardinality U™V (p))}. (4.16)

The objective in problem PE is to maximize the volume of the control invariant ellipsoid Epax (). Note
that £,ax (W) may contain states outside of X, however, we restrict our domain of interest to the intersection
XN Emax (W). The bi-linear semi-definite inequality in defines the terminal cost matrix P, and will be
instrumental in proving risk-sensitive stability for system (.T)) under the model predictive control law. We

first analyze the properties of the state feedback control law a(x) = Fx within the set Epax (W).

Lemma 4.6.2 (Properties of Eax). Suppose problem PE is feasible and v € XN Emax(W). Let a(x) = F.

Then, the following statements are true:
1. | Taa|l2 € Gmax, i-e., the control constraint is satisfied.
2. || Tx (A(w)z + B(w)a) ||2 < Tmax surely, i.e., the state constraint is satisfied at the next step surely.

3. A(w)x+ B(w)a € Emax(W) surely, i.e., the set Exax (W) is robust control invariant under the control
law a(x) = Fz.
Thus, a(x) € A and A(w)z + B(w)a € XN Enmax (W) surely.
Lemma establishes X N Enax (W) as a robust control invariant set under the feasible local feedback

control law a(x) = Fx. This result will be crucial to ascertain the persistent feasibility properties of the

online optimization algorithm and the resulting closed-loop stability.
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We are now ready to formalize the MPC problem. Suppose the feasible set of solutions in problem P& is
non-empty and define W = W* and P = P*, where W*, P* are the maximizers for problem PE. Consider

the following online optimization problem:

Optimization problem MPC — Given an initial state z;, € X and a prediction horizon
N > 1, solve

min T (ks Thphos - -+ Mot N—1]k» P)
Tk|ks-sTk+N—1|k

such that @y i1k = A(Wktn)Trpnie + BWktn) Trgn ik (Tranik)s
1 TaT ki (Thgnip)ll2 < @maxs 1 TeThgnt1ikllz < Zmax, A € {0,..., N =1},

TNk € Emax(W) surely. (4.17)

Note that a Markov policy is guaranteed to be optimal for problem M'PC (see [L19, Theorem 2]). The
optimal cost function for problem M7PC is denoted by J; (%), and a minimizing policy is denoted by
{71';2‘ jo e Ty N1 ..} For each state x,, we set Tk = Tk and the (time-invariant) model predictive control

law is then defined as
ﬂ,]ﬂPC(zk) :WZ\k(Iklk)~ (4.18)

Remark 4.6.3. While the problem formulation in this chapter considers hard state and control constraints,
the approach may be readily adapted to accommodate probabilistic constraints using the method described
in [381139]. The key idea is to consider control laws of the form a(x) = Fx + ¢, where F is fixed and solved
offline and c is computed online within the MPC algorithm. Additionally, the offline step solves for a set in
which state and control constraints are satisfied surely, and the set is probabilistically control invariant with
some desired confidence level. The online MPC problem then tries to either retain the state within this set, or
return the state back to this set. State and control constraint satisfaction can then be assured with the desired

probabilistic confidence.

Note that problem MPC involves an optimization over time-varying closed-loop policies, as opposed to
the classical deterministic case where the optimization is over open-loop control inputs. A similar approach
is taken in [107, [15]. We will show in Section .8 how to solve problem MPC efficiently. We now address
the persistent feasibility and stability properties for problem MPC.

4.6.2.1 Persistent Feasibility for problem MPC

The following theorem proves that problem MPC is persistently feasible:

Theorem 4.6.4 (Persistent Feasibility). Define Xy to be the set of initial states for which problem M'PC is
feasible. Assume xy),, € XN and the control law is given by (4.18)). Then, it follows that x k41 € XN

surely.
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Remark 4.6.5 (Compactness of Xn). By leveraging the finite cardinality of the disturbance set VW and the
set closure preservation property attributed to the inverse of continuous functions, it is possible to show that

Xy is closed. Then, since Xy is necessarily a subset of the bounded set X, it follows that X is compact.

4.6.2.2 ULRSES Stability for Problem MPC
The following theorem demonstrates that the closed-loop system under the MPC control law is ULRSES:

Theorem 4.6.6 (Stochastic Stability with MPC). Suppose the initial state x lies within Xy. Then, under the
model predictive control law given in @138), the closed-loop system is ULRSES with domain X

Remark 4.6.7 (Performance Comparisons). The two-step optimization methodology proposed via Problems
PE and MPC is similar to the approach described in [15)] in that both the control invariant ellipsoid (Exax)
and the conditions to ensure stability are computed offline, while problem MPC is solved online. This
hybrid procedure is more computationally efficient than the online algorithm given in [98|], and boasts better
performance as compared with the offline algorithm in [72]]. On the other hand, the stability analysis here
differs from [15]] since we use J}; as the Lyapunov function instead of the fixed quadratic form described in
[15)]. This allows us to explicitly characterize the cost function performance of the closed-loop dynamics
under the model predictive control law with respect to J; ., and Ji. To gain additional insight into this
comparison, we present an alternative formulation of problems PE and MPC in Section analogous
to the approach in [15]].

Having proven persistent feasibility for the online MPC algorithm and ULRSES stability for the resulting
closed-loop dynamics, we now present both lower and upper bounds for the infinite horizon cost function
associated with the MPC algorithm. This in-turn allows us to quantify the sub-optimality of the receding

horizon adaptation of problem OP7 gs.

4.7 Bounds on Optimal Cost

In this section, by leveraging semi-definite programming, we provide a lower bound for the optimal cost of
problem OPTgs and an upper bound for the optimal cost using the MPC algorithm. These bounds will be
used in Section 1.9 to bound the factor of sub-optimality for our MPC control algorithm. On top of these
results, a complete theoretical analysis of MPC sub-optimality performance can be found in Section

4.7.1 Lower Bound
In the following, let

T _
A;:[A;r ... Al|l , and B:=|B] ... B}
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Furthermore, let
El = dlag(ql(l)’ sy Ql(L)) - 0’

foralll € {1,...,cardinality(UP°:V (p))}, where UP°Y:V (p) is the set of vertices of polytope UP°Y (p), q;
is the Ith element in set UP°%¥+V (p), and ¢;(j) denotes the jth component of vector q;, 7 € {1 ..., L}.

Theorem 4.7.1 (Lower Bound for Problem OP T rs). Suppose there exists a symmetric matrix X > 0 such
that the following Linear Matrix Inequality holds:

R+B (% ®X)B B' (%@ X)A

- — >0, Vi e {1,...,cardinality (""" )
* AT(EZ®X)A7(XfQ) { y( ()}

(4.19)
Then, the optimal cost of problem OPT gs can be lower bounded as

J5 00 (T0) > max{xzq Xxo : X satisfies LMI in equation @19)}.

4.7.2 Upper Bound

The following theorem presents an upper bound for the infinite horizon cost incurred when executing the
MPC policy.

Theorem 4.7.2 (Upper Bound on MPC Performance). Suppose problem PE is feasible. Recall our definition
for Xn as the set of initial states for which problem M'PC is feasible. Then for all xo € Xy, the value
J§ (zo) provides an upper bound for the infinite horizon cost under the MPC policy, that is

J§ (x0) > limsup pox (C(zo, 77 (20)), . .., Clag, 7P (x1)) = limsup Jo (w0, 7" 7).
k—o0 k—o0

4.8 Solution Algorithms

In this section we discuss two solution approaches, the first via dynamic programming, the second via convex

programming.

4.8.1 Dynamic Programming Approach

While problem M7PC can be solved via dynamic programming (see [119, Theorem 2]), one would first need
to find a matrix P that satisfies (7.73). Expression is a bilinear semi-definite inequality in (P, F'). It
is well known that feasibility checks in bilinear semi-definite inequality constraints is an NP-hard problem
[150]. Nonetheless, one can transform this bilinear semi-definite inequality constraint into a linear matrix
inequality by applying the Projection Lemma [135]. The next theorem presents a linear matrix inequality
characterization of condition (7.73). Due to space limits, the proof of this theorem is included in Section[7.1]
7.4.9
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_ T _
Theorem 4.8.1 (LMI Characterization of Stability Constraint). Define A = [AlT . Aﬂ ,B= {BI
and for each q, € UPY"V (p) define ¥ = diag(q;(1)1, ..., q(L)I) = 0. Consider the following set of LMIs
with decision variables Y, G, @ = @T > 0:

Inxt®Q 0 0 —X7(AG+ BY)
-1 .
i R 0 }1/ =0, VI € {1,...,cardinality (U*°"™"V (p))}. (4.20)
* x 1 -Q:=G
* *x o+ —Q+G+GT

The expression in (T.73)) is equivalent to the set of LMIs in @20) by setting F =Y G~ and P = @_1.

Furthermore, by the application of the Projection Lemma to the expressions in (7.70), (7.71) and (7.72),

we obtain the following corollary:

Corollary 4.8.2. Let Y and G be the decision variables in the set of LMIs in (&.20). Suppose the following
set of LMIs with decision variables Y, G, and W = WT = 0are satisfied:

42, I —T.(A,G+ B;Y)

max >—O’
B -W+G+GT
(a2 1 ~T,Y @20
|+ —W+G+GT ' ’

W —(A;G + B,Y)
|+ —W+G+GT

Then, the LMIs in (7.70), (7.71) and (7.72) with F = Y G~ are also satisfied. That is, by setting F = Y G,
the inequalities above represent sufficient conditions for the LMIs in (7.70), (7.71) and (7.72).

Remark 4.8.3 (Projection Lemma with Non-strict Inequalities). The LMIs in Corollary[#.8.2| represent suffi-
cient conditions for the invariance of the set X N Enax (W) under the feasible local control law a(x) = F.
In these LMISs, strict inequalities are imposed only for the sake of analytical simplicity when applying the
Projection Lemma (Lemmal7.4.1). Using similar arguments as in [[72)], non-strict versions of the above LMIs
may also be derived, for example, leveraging some additional technicalities, [124|] presents conditions that

extend the Projection Lemma to encompass non-strict inequalities.

A solution approach for the receding horizon adaptation of problem OP7gs is to first solve the LMIs
in Theorem and Corollary If a solution for (P, Y, G, W) is found, apply dynamic programming
(after state and action discretization, see, e.g., [47, 145]). Note that the discretization process might yield
a large-scale dynamic programming problem for which the computational complexity scales exponentially

with the resolution of discretization. This motivates the convex programing approach presented next.
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4.8.2 Convex Programming Approach

Consider the following parameterization of history-dependent control policies. Let jo,...,jn € {1,...,L}
be the realized indices for the disturbances in the first i + 1 steps of the MPC problem, where h €
{1,...,N — 1}. The control to be exerted at stage h is denoted by @, (jo, - .., jn—1). Similarly, we refer
to the state at stage h as Zp,(Jo, - - ., jn—1). The quantities Tp,(jo, - .., jn—1) and @ (jo, - . ., jn—1) enable us
to keep track of the growth of the scenario tree. In terms of this new notation, the system dynamics can
be rewritten as:

To := Tk, Qo € A, T1(jo) = Aj,To + Bj,ao, forh =1,

(4.22)
Th(jo, -+ rdn—1) = Aj,_ Th—1(Jos - - -+ Jjn—2) + Bj,_1@n—1(Jos - - -+ jn—2), for h > 2.

While problem MPC is defined as an optimization over Markov control policies, in the convex program-
ming approach, we re-define the problem as an optimization over history-dependent policies. One can show
(with a virtually identical proof, see Section[7.4.T1|for more details) that the stability Theorem[4.6.6]still holds
when history-dependent policies are considered. Furthermore, since Markov policies are optimal in our setup
(see [119} Theorem 2]), the value of the optimal cost stays the same. The key advantage of history-dependent
policies is that their additional flexibility leads to a convex optimization problem for the determination of the

model predictive control law. This is illustrated by the following solution algorithm:
Algorithm M7PC — Given an initial state zy € X and a prediction horizon N > 1, solve

e Offline step: Solve

max logdet(W)
W=WT»=0,G,Y,0=0 ' =0

subjected to the LMIs in expressions (4.20) and (4.21).
e Online Step: Suppose the feasible set of solutions in the offline step is non-empty. Define:

W = W*and P = (Q")~" where W* and Q" are the maximizers for the offline step.
Now at each step k € {0,1,...,}, solve:

min Pk kN (C(Zgk; @0), - -, C(TN-1,AN-1),72)
y2(jo, -+, iN—1)s Tn(jo,- -, Jn—-1), @0,an(jo,---,Jn-1)
he{l,...,N},jO,..‘,jN71E{l,...,L}

(4.23)

subject to
— the LMIs

1 ZnGoservin-1)"

[ TN (jo,---riN-1) ]EO; 4.24)

* w

jos - s in—1)I oy in—1)T
ra(ior - -0 Exlo v (4.25)
* p!
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— the system dynamics in equation ({.22));

— the control constraints for h € {1,...,N}:
|Ta@oll2 < amax, [|Ta@n(jo, - - -5 Jn-1)ll2 < Gmax; (4.26)
— the state constraints for b € {1,..., N}:
172 (os - - -, Jn—1)]l2 < Tmax; (4.27)
Then, set 77 (24,) = ao.

Note that the terminal cost has been equivalently reformulated via the epigraph constraint in (4.25) using
the variable ;. Details of this analysis can be found in Section This algorithm is clearly suitable
only for “moderate” values of N, given the combinatorial explosion of the scenario tree. As a degenerate
case, when we exclude all lookahead steps, problem MPC is reduced to an offline optimization. By trading
off performance, one can compute the control policy offline and implement it directly online without further

optimization:

Algorithm MPC? — Given an initial state To € X, solve:

min Yo
V2, W =WT =0,G,Y,§=Q' >0

subjected to the LMIs in expressions (.20), (4.21)) and

T T
L =0, 7l T = 0.
x W * Q

Then, set 7™ PC (1) = YGay,.

Note that the domain of feasibility for MPC" is the original control invariant set X N Emax(W). Showing
ULRSES for algorithm M7PC? is more straightforward than the corresponding analysis for problem MPC

and is summarized within the following corollary.

Corollary 4.8.4 (Quadratic Lyapunov Function). Suppose problem MPCP is feasible. Then, system (@.1)
under the offline MPC policy: 7P (x),) = Y G~ ay, is ULRSES with domain X N Epax(W).

4.9 Numerical Experiments

In this section we present several numerical experiments that were run on a 2.3 GHz Intel Core i5, Mac-
Book Pro laptop, using the MATLAB YALMIP Toolbox (version 2.6.3 [77]) with the SDPT3 solver. All

measurements of computation time are given in seconds.
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4.9.1 Effects due to Risk Aversion

Consider the stochastic system: 1 = A(wg)zr + B(wg)ug, where wy, € {1,2,3} and

2 0.5 1.5 —-0.3
,A2 - 3A3 == )
05 2 02 15
3 0.1 1 05 2 03
By = . B = .
0.1 3 05 1 03 2

State plot when ¢=0.001 State plot when ¢=0.5 State plot when ¢=1
T 15 1.5 T

0.01 0.1

A=
0.05 0.01

7B3:

Norm of states

Norm of states
—
Norm of states

0.5

0 10 15 20 0 5 10 15 20 0 5 10 15 20
Time step Time step Time step

Figure 4.1: Effect of semi-deviation parameter c

The probability mass function for the process disturbance is uniformly distributed, i.e., P(wy = i) = 1/3,
for i € {1,2,3}. In this example, the goal is to explore the risk aversion capability of the risk-averse MPC
algorithm presented in Section4.6](the solution relies on the convex programming approach). We consider as
risk-aversion metric, the mean upper semi-deviation metric, where ¢ ranges in the set {0,0.25,0.5,0.75, 1}.
The initial condition is 2q(1) = x(2) = 1 and the number of lookahead steps is 3. We do not impose
additional state and control constraints and set Q = Ioy2, R = 107 4I55.

We performed 100 Monte Carlo simulations for each value of c. When ¢ = 0, the problem reduces to
risk-neutral minimization. On the other hand, one enforces maximum emphasis on regulating semi-deviation
(dispersion) by setting ¢ = 1. Table [.1] and Figure .T] summarize our results. When ¢ ~ 0 (risk neutral
formulation), the average cost is the lowest (with respect to the different choices for c), but the dispersion is
the largest. Conversely, when ¢ = 1, the dispersion is the lowest, but the average cost is the largest. In the
figure, it can be noted that the dispersion above the mean (given by the red curve) decreases as the value of ¢

increases, as expected.
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Table 4.1: Statistics for Risk-Averse MPC.
Level of Risk  Empirical Risk Cost  Dispersion ~ Standard Deviation Mean (Variance) of Time per Itr.

¢=0.001 2.5908 0.2813 0.6758 Offline: 0.3291 (0.0038)
Online: 0.0699 (0.0033)
c=0.25 2.6910 0.2667 0.5210 Offline: 0.3761 (0.0073)
Online: 0.0801 (0.0031)
c=0.5 2.8911 0.2271 0.4579 Offline: 0.4199 (0.0045)
Online: 0.0865 (0.0029)
c=0.75 2.9310 0.1683 0.3877 Offline: 0.4249 (0.0071)
Online: 0.0891 (0.0030)
c=1 3.0317 0.1145 0.2305 Offline: 0.4003 (0.0082)

Online: 0.0903 (0.0034)

4.9.2 A 2-state, 2-input Stochastic System

Consider the following stochastic system with 6 scenarios: 21 = A(w)z,+B(w)ug wherew € {1,2,3,4,5,6}

and

A _ | 20000 035000] -~ [-01564 —0.0504 15000 —0.3000
"7 |~0.5000  2.0000] —0.0504 —0.1904| 0.2000  1.5000 |

A _ [0-5768  0.2850 [ 1.8000 0.3000 ~ [0.2434 03611
*7 02859 07499 77 |~0:2000 1.8000) " "° T [0.3611 0.3630]

3 0 ~0.9540 0 2 0
B1: 3B2: 7B3: )

0 3 —0.7773  0.1852 0 2

[0.2587 —0.9364 [a 0 ~ [-1.6015 0
04721 o |77 o 4] 7" | 10249 —03834)

By =

The transition probabilities between the scenarios are uniformly distributed, i.e., P(w = i) = 1/6, i €
{1,2,3,4,5,6}. Clearly there exists a switching sequence such that this open loop stochastic system is
unstable. The objectives of the model predictive controller are to 1) guarantee closed-loop ULRSES, 2)
satisfy the control input constraints, with T, = Iox2, umax = 2.5, and 3) satisfy the state constraints, with
T, = Isxo, Tmax = 5. The initial state is xo(1) = z¢(2) = 2.5. The objective cost function follows
expression (4.9), with @ = R = 0.01 x I5 and the one-step Markov polytopic risk metric is CVaRg 75.
We simulated the state trajectories with 100 Monte Carlo samples, varying the number of lookahead steps
N from 1 to 6, and compared the closed-loop performance from algorithms MPC and MPCP. Since at
every time step we can only access the realizations of the stochastic system in the current simulation, we
cannot compare the performance of the model predictive controller with Problem OPT exactly. Instead, for
each simulation, the MPC algorithm was run until a stage &’ such that ||z |2 < Zmax. We then computed
the empirical risk from all Monte Carlo simulations for a given horizon length using the cost function Jg .
Additionally, Theorem shows that the MPC cost function evaluated at the first time step (i.e., Jg (zo)
for Algorithm MPC, and ] P*x( for Algorithm MPC") is an upper bound for the infinite horizon cost for
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Table 4.2: Performance of Different Algorithms.

Algorithms Empirical Risk Cost (Cost Upper Bound) Mean (Variance) of Time per Itr.
C — MPC” 4.016 (4.983) Offline: 0.3574 (0.0091)
Online: 0 (0)
C—-MPC,N=1 2.882(3.481) Offline: 0.3252 (0.0023)
Online: 0.1312 (0.0032)
C—-MPC,N=2 1.686(2.288) Offline: 0.3241 (0.0042)
Online: 0.8214 (0.0256)
C—-MPC,N=3 1.105(1.525) Offline: 0.3380 (0.0133)
Online: 2.9984 (0.3410)
C—-MPC,N=4 0.898(1.063) Offline: 0.3421 (0.0117)
Online: 40.9214 (2.4053)
C—-MPC,N=5 0.676(0.794) Offline: 0.3989 (0.0091)
Online: 498.9214 (15.4921)
C—-MPC,N=6 0.440 (0.487) Offline: 0.4011 (0.0154)

Online: 7502.90075 (98.4104)

Problem OPT under the MPC policy. Thus, the performances of the MPC algorithms are evaluated based
on the empirical risk and the upper bounds, summarized in Table

Solving the MPC problem with more lookahead steps decreases the performance index (J (o)), i.e., the
sub-optimality gap of the MPC controller decreases. However, since the size of the online MPC problem
scales exponentially with the number of lookahead steps, we can see that the online computation time scales
exponentially from about 4 seconds at N = 3 to over 7300 seconds at N = 6. Due to this drastic increase
in computation complexity, we are only able to run 5 Monte Carlo trials for each case at N € {4,5,6}
for illustration. Note that the offline computation time is almost constant in all cases as the complexity
of the offline problem is independent of the number of lookahead steps. Finally, using Lemma we
obtain a lower bound value of 0.1276 for the optimal solution of problem OP7T . The looseness in the sub-
optimality gap may be attributed to neglecting stability and state/control constraint guarantees in the lower

bound derivation.

4.9.3 Comparison with Bernadini and Bemporad’s Algorithm [15]

In this experiment we compare the performance of algorithm M7PC with the risk-sensitive MPC algorithm
in [15]] (the problem formulation is given in Appendix [7.4.12)). Define the following stochastic system
-08 1 -08 1 -08 1 0
) A2 = s A3 = )
0 038 0 1.2 0 -04 1

A= , Bi = By = Bg =
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Table 4.3: Statistics for Risk-Averse MPC.

Method Empirical Risk Cost ~ Standard Deviation ~Mean (Variance) of Time per Itr.

Algorithm MPC 82.9913 78.0537 Offline: 0.1448 (0.0299)
Online: 10.8312 (2.3914)

MPC algorithm in [15] 90.3348 98.0748 Offline: 0.1309 (0.0099)

Online: 13.5374 (4.0046)

where the initial state is 2o = [5,5] ", and uncertainty wy, is governed by an unknown probability mass

function (different at each time step k), which belongs to the set of distributions

M= {m = [0.5,0.3, 0.2] + 62[0.1,0.6, 03] + (53[0.2,0.1, 07] : [51, (52753} S B} .

The cost matrices used in this test are ) = 0 s and R = 1. The state constraint matrix and threshold

are given by T, = Iox2, Tmax = 12, and the control constraint matrix and threshold are given by 7}, = 1,
Umax = 2. While the MPC algorithm in [15] implemented scenario tree optimization techniques to reduce
numerical complexity (to less than 20 nodes in their example), it is beyond the scope of this paper. For this
reason, we choose N = 3 (giving 27 leaves in the scenario tree) to ensure that the above problems have
similar online complexity. Table 4.3] shows the results from 100 Monte Carlo trials. Due to the additional
complexity of the LMI conditions in algorithm MPC, the offline computation time for our algorithm is
slightly longer. Nevertheless, the resulting policy yields a lower empirical risk (the one-step dynamic coherent
risk in this example is defined as a distributionally robust expectation operator over the set distributions M,
ie. p(Z) = maxmpmem Epn[Z]), lower standard deviation, and has a shorter online computation time as
compared with its counterpart in [15]. This clearly demonstrates the advantages of using our risk averse

approach to MPC.

4.9.4 Safety Brake in Adaptive Cruise Control

Adaptive cruise control (ACC) [76} 28] extends the functionalities of conventional cruise control. In addition
to tracking the reference velocity of the driver, ACC also enforces a separation distance between the leading
vehicle (the host) and the follower (the vehicle that is equipped with the ACC system) to improve passenger
comfort and safety. This crucial safety feature prevents a car crash when the host stops abruptly due to
unforeseeable hazards.

In this experiment, we design a risk-sensitive controller for the ACC system that guarantees a safe separa-
tion distance between vehicles even when the host stops abruptly. As a prediction model for the MPC control
problem, we define vi, and ay, to be the speed and the acceleration of the follower respectively, and vy 1, a;

as the velocity and acceleration of the leader. The acceleration ay, is modeled as the integrator

ap4+1 = ap + Tsug,
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where T is the sampling period, and the control input uy is the rate of change of acceleration (jerk) which is

assumed to be constant over the sampling interval. The leader and follower velocities are given by
Vht1 = Uk + TsQp, Vi kg1 = WEULE,

where wy, is the leader’s geometric deceleration rate. Since this rate captures the degree of abrupt stopping,
its evolution has a stochastic nature. Here we assume wy, belongs to the sample space W = {0.5,0.7,0.9}
whose transition follows a uniform distribution. Furthermore, the distance dj; between the leader and the
follower evolves as

i1 = d + Ts (v ) — vg).

In order to ensure safety, we also set the reference distance to be velocity dependent, which can be modeled
as dref; = Oref + VrefUk With der = 4m and yr = 3s. Together, the system dynamics are modeled by

Th41 = A(wk)xk + B(wk)uk, where Wy € {1, 2, 3}, T = [dk — dref,k, Vg, Ak, Ul,k]7 and

1 _Ts _IVrefTs Ts 0
0 1 T, 0 0
Alor) =104 L o B =g
0 0 0 W 0

In order to guarantee comfort and safety, we assume the constraints |u| < 3ms~3 (bounded jerk), and
|vi| < 12ms~! (bounded speed), and the state and control weighting matrices within the quadratic cost are
Q = diag(Qq, @+,0,0), R = Q,, where Qg, Q,, Q. are the weights on the separation distance tracking
error, velocity, and jerk, respectively. To study the risk-averse behavior of the safety brake mechanism, we
design a risk-sensitive MPC controller based on the dynamic risk compounded by the mean absolute semi-
deviation with ¢ = 1. For demonstrative purposes, the MPC lookahead step is simply set to one (N = 1).
The performance of the risk sensitive ACC system is illustrated by the state trajectories in Figure ??. It can
be seen that the controller is able to stabilize the stochastic error dj, — dier, i (in the risk-sensitive sense) such
that the speed of the follower vehicle gradually vanishes, and the separation distance dj between the two
cars converges to the constant d.¢. Notice that besides error tracking, the dynamic mean semi-deviation risk
sensitive objective function also regulates the variability of distance separation of the follower vehicle, as
shown in Table[d.4] Compared with the risk-neutral MPC approach, this risk-sensitive ACC system results in

a lower variance in jerk and separation distance, suggesting a more comfortable passenger experience.

4.10 Conclusion

In this chapter we presented a framework for risk-averse MPC. Advantages of this framework include: (1) it
is axiomatically justified; (2) it is amenable to dynamic and convex optimization; and (3) it is general, in that

it captures a full range of risk assessments from risk-neutral to worst case (given the generality of Markov
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Table 4.4: Statistics for Risk-Sensitive ACC System (with Mean Absolute Semi-deviation Risk).

Method Mean Cost ~ Standard Deviation Mean (Variance) of Time per Itr.

c=1 451.3442  9.5854 Offline: 0.3944 (0.0036)
Online: 0.0727 (0.0054)

¢ = 0 (Risk Neutral) 423.8701 12.7447 Offline: 0.4011 (0.0024)

Online: 0.0450 (0.0067)

polytopic risk metrics).
In the next chapter we will further extend the risk-constrained optimal control framework to include

multi-stage constraints that are induced by time-consistent, Markov coherent risk measures.



Chapter 5

Stochastic Optimal Control with

Dynamic Risk Constraints

5.1 Introduction

5.1.1 An Overview on Constrained Stochastic Optimal Control

Constrained stochastic optimal control problems naturally arise in several domains, including engineering,
finance, and logistics. For example, in a telecommunication setting, one is often interested in the maxi-
mization of the throughput of some traffic subject to constraints on delays [4, [71], or seeks to minimize the
average delays of some traffic types, while keeping the delays of other traffic types within a given bound
[97]. Arguably, the most common setup is the optimization of a risk-neutral expectation criterion subject to
a risk-neutral constraint [40} (104, 41)]. This model, however, is not suitable in scenarios where risk-aversion
is a key feature of the problem setup. For example, financial institutions are interested in trading assets while
keeping the riskiness of their portfolios below a threshold; or, in the optimization of rover planetary missions,
one seeks to find a sequence of divert and driving maneuvers so that the rover drive is minimized and the risk
of a mission failure (e.g., due to a failed landing) is below a user-specified bound [[74].

A common strategy to include risk-aversion in constrained problems is to have constraints where a
static, single-period risk metric is applied to the future stream of costs; typical examples include variance-
constrained stochastic optimal control problems (see, e.g., [[104, (136} |82]), or problems with probability
constraints [40, [104]. However, using static, single-period risk metrics in multi-period decision processes
can lead to an over or under-estimation of the true dynamic risk, as well as to a potentially “inconsistent”
behavior (whereby risk preferences change in a seemingly irrational fashion between consecutive assessment
periods), see Section and references therein. In [118], the authors provide an example of a portfolio

selection problem where the application of a static risk metric in a multi-period context leads a risk-averse

83
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decision maker to (erroneously) show risk neutral preferences at intermediate stages.

Indeed, in the recent past, the topic of time-consistent risk assessment in multi-period decision processes
has been heavily investigated [120} 122} 121} [119}[129,[1311[130} 142} [1]]. The key idea behind time consistency
is that if a certain outcome is considered less risky in all states of the world at stage k, then it should also
be considered less risky at stage k£ [62]. Remarkably, in [119], it is proven that any risk measure that is
time consistent can be represented as a composition of one-step conditional risk mappings, in other words, in

multi-period settings, risk (as expected) should be compounded over time.

5.1.2 Chapter Contribution

Despite the widespread usage of constrained stochastic optimal control and the significant strides in the
theory of dynamic, time-consistent risk metrics, their integration within constrained stochastic optimal control
problems has received little attention. The purpose of this chapter is to bridge this gap. Specifically, the
contribution is threefold. First, equipped with the notion of dynamic, time-consistent risk metrics in Section
we formulate a risk constrained MDP problem whose constraint is modeled by such risk metric. Second,
we develop a dynamic programming approach for the solution, which allows efficient computation of the
optimal costs by value iteration. There are two main reasons behind our choice of a dynamic programming
approach: (a) the dynamic programming approach can be used as an analytical tool in special cases and as
the basis for the development of either exact or approximate solution algorithms; and (b) in the risk-neutral
setting (i.e., both objective and constraints given as expectations of the sum of stage-wise costs) the dynamic
programming approach appears numerical convenient with respect to other approaches (e.g., with respect to
the convex analytic approach [4]) and allows to build all (Markov) optimal control strategies [[104]]. While the
dynamic programming algorithm provides a theoretically sound methodology to tackle the risk constrained
MDP problem, its implementation presents several computation challenges. Thus third, we present two
approximate dynamic programming solution approaches to (approximately) solve the risk constrained MDP

problems for medium to large scale systems.

5.1.3 Chapter Organization

The rest of the chapter is structured as follows. In Section we formulate the problem we wish to solve
as a risk constrained MDP problem, while in Section [5.3] we propose a dynamic programming approach for
computing the solution (the value function of the risk constrained MDP problem) and a procedure to construct
optimal policies. In Section [5.4] we develop two novel approximate dynamic programming approaches to
solve for the value function and provide the corresponding error bound guarantees. All technical results of
this chapter will be given in Section[7.5]
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5.2 Problem Formulation

In this section we formally state the problem we wish to solve. According to Section[I.2] consider the CMDP
framework (a CMDP with finite state and action spaces) (X, A, C, D, P,v, xo,d). Given a policy w € Iy,

an initial state xo € X, the cost function is defined as

T . N—-1 ¢

C™(xzp) := lim E [tho Y C(xs, ar) | l‘o,ﬂ'}
N—oo
and the risk constraint is defined as
D™ (xo) :== lm pon—_1 (D(xo,ao), AN I D(2N aN,1)> | zo,m,
N—oo

where for N € N, po n—1(-) = popo---o0p(-) is a Markov risk measure (see Sectionfor more details).

—_——

N
The problem we wish to solve is then as follows:

Optimization problem OP7 gc — Given an initial state ¢y € X and a risk threshold dy € R,
solve
. cr
in - C" (o)

subjectto D™ (xqg) < dp.

If problem OPTgc is not feasible, we say that its value is co. Note that, when the problem is feasible, an
optimal policy always exists since the state and control spaces are finite. When p is replaced by an expectation,
we recover the usual risk-neutral constrained stochastic optimal control problem studied, e.g., in [40, [104].
In the next section we present a dynamic programming approach to solve problem OP7T gc.

To characterize the value function of problem OP7T rc, we first define the (non-empty) set of feasible
constraint thresholds at state z € X as ®(z) := [d(x), d]. Here the minimum risk-to-go for each state z € X’
is given by d(z) := mingem, D™(z). Since {pr n_1}n o is a Markov risk measure for all N € N, d(x)
can be computed by using a dynamic programming recursion (see Theorem 2 in [L19]]). The function d(x)
is clearly the lowest value for a feasible constraint threshold. On the other hand, to characterize the upper
bound, let:

max -— D s .
Prmas = max p(D(z,a))

By the monotonicity and translation invariance of Markov risk measures, one can easily show that

max D™ (z) < Pmax . _ d, Vr € X.
w€lly 1—’)/

Therefore, the value functions are then defined as follows:
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o Ifd e ®(x):

V*(z,d) = min C™(x)

welly
subjectto D™ (x) < d;
the minimum is well-defined since the state and control spaces are finite.
o Ifd ¢ ®(x): V*(x,d) = 0.

For (z,d) = (z0,dp), we recover the definition of problem OPTgc. Notice that the size of the feasi-
bility region of the above optimization problem is inversely proportional to the constraint threshold d. One
immediate observation to the value function V*(z, d) is its non-increasing property in d € R for any given

initial state x € X.

5.3 A Dynamic Programming Algorithm for Risk-Constrained Multi-
Stage Decision-Making
In this section we present the Bellman optimality condition of problem OP7Tyc and discuss a dynamic

programming approach to solve problem OPT gc.

5.3.1 Dynamic Programming Recursion

In this section we prove that the value functions can be computed by dynamic programming. Let B(X)
denote the Borel space of real-valued bounded functions on X, and B(X x R) denote the space of real-
valued bounded functions on X’ x R. Now we define the dynamic programming operator T[V] : B(X xR) —
B(X x R) according to the equation:

T[V](z,d) := inf {C’(x,a) + Z P(x'|z,a) V(x',d’(m’))}, 5.1

T (a,d)eF(2,d
(a.d')EF(z.d) =,

where F' C R x B(X) is the set of control/threshold functions:

F(z,d) ::{(a,d')

a € A(z),d (2') € ®(2') forall 2’ € X, and D(x,a) + vyp(d' (2')) < d}.

If F(xz,d) = 0 we set T[V](z,d) = oo. Note that d € ®(x) implies that F(z, d) is non-empty; likewise,
d ¢ ®(z) implies that F'(z, d) is empty (these facts can be easily proven by contradiction).

For a given state and threshold constraint, set F' characterizes the set of feasible pairs of actions and
subsequent constraint thresholds. Feasible subsequent constraint thresholds are thresholds which if satisfied

at the next stage ensure that the current state satisfies the given constraint threshold.Note that equation (5.1)
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involves a functional minimization over the space B(X). Indeed, since X is finite, B(X") is isomorphic
with RI?*!, hence the minimization in equation can be re-casted as a regular (although possibly large)
optimization problem in the Euclidean space. Computational aspects are further discussed at the end of
this section. Also note that the value functions are defined on an augmented state space, which combines
the original (discrete) states = with the real-valued threshold states d. We will refer to the MDP problem
associated with such augmented state space as augmented MDP (AMDP). We start by stating a number of

useful properties for the dynamic programming operator in equation (5.T).

Lemma 5.3.1. Let V and V be functions belonging to B(X x R), and T[V] : B(X x R) — B(X x R) be
the dynamic programming operator in equation (5.1). Then, the following statements hold:

1. Monotonicity: For any (x,d) € X X R, if V < V, then T[V](z,d) < T[V](z, d).

2. Constant shift: For any real number L and (z,d) € X x R, T[V + K](z,d) = T[V](z,d) + K,
where (V + K)(z,d) := V(z,d) + K,V (z,d) € X xR

3. Contraction: Forall V,V € B(X x R),

infinity norm.

TV] = T[V]llse <AV = Vl|oo, where || - || oo denotes the

The proof of these properties is standard in the dynamic programming literature and we refer interesting
readers to [[L7] for more details. We are now in a position to state the first main result of this chapter on

Bellman’s equation.

Theorem 5.3.2 (Bellman’s equation with risk constraints). Assume that, when the optimization problem in
equation (5.1) is feasible (i.e., F(x,d) # 0), the infimum is attained. Then, the value function V* is the

unique solution of the Bellman’s equation:
V(z,d) = T[V](z,d), Y(z,d) € X x R.

Remark 5.3.3 (On the assumption in Theorem [5.3.2). In Theorem we assume that the infimum in
equation (9.1)) is attained. This is indeed always true in our setup, where, in particular, we assume a finite
state space and a finite control space. The proof of this result would be almost identical to the proof of Lemma

5 in [41l] and is omitted in the interest of brevity.

Remark 5.3.4 (On alternative solution approaches). In principle, problem OPT gc could also be solved by
transforming it into an unconstrained optimization problem via, for example, logarithmic barrier functions.
However, the cost function in the unconstrained problem would not have any obvious “compositional” struc-
ture, and its minimization would be particularly challenging (e.g., a direct dynamic programming approach

would not be, in general, applicable).

Remark 5.3.5 (Computational issues). In our approach, the solution of problem OPT ¢ entails the solution

of two dynamic programming problems, the first one to find the lower bound for the set of feasible constraint
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thresholds (i.e., the function d(x)), and the second one to compute the value functions V (x,d). The latter
problem is the most challenging one since it involves a functional minimization. However, as already noted,
since X is finite, B(X) is isomorphic with IXI and the functional minimization in the Bellman’s operator

(5.1) can be re-casted as an optimization problem in the Euclidean space.

5.3.2 Construction of optimal policies

In this section we present a procedure to construct optimal policies. Under the assumptions of Theorem[5.3.2]
for any given z € X and d € ®(x) (which implies that F'(x, d) is non-empty), let u*(z, d) and d"*(z, d)(-)
be the minimizers in equation (3.I). By letting (x,d) as an augmented state (in state space X x R), here
we notice that u* is an augmented Markovian stationary policy. Furthermore d'*(x, d)(-) is the “optimal”
constraint threshold in the next stage (starting at state  with constraint threshold d), and is therefore denoted

as the risk-to-go. Next theorem shows how to construct optimal policies.

Theorem 5.3.6 (Optimal policies). Let 7}, = {10, p1, ...} € Ily be a history-dependent policy recursively
defined as:
i (hy) = w* (i), VE > 0, (5.2)

with initial conditions xq and yo = «, and state transitions

xp ~ P(- | op—1, 0" (2p—1,dr—1)),

di = d"*(xp—1,dk—1)(xk),Vk > 1,

(5.3)

Then, T§; is an optimal policy for problem OPT gc with initial state xo and constraint threshold dy € ®(x).

Interestingly, if one views the constraint thresholds as state variables (whose dynamics are given in the
statement of Theorem [5.3.6)), the optimal (history-dependant) policies of problem OPT rc have a Markovian

structure with respect to the augmented control problem.

5.4 Discretization/Interpolation Algorithms for AMDP

According to Theorem[5.3.2] problem OPT can be (formally) solved using value iteration on an augmented
state space. However, the “threshold state” d appearing in the value function V' (x, d) is a continuous, real-
valued variable. This requires the design of discretization/sampling algorithms in order to carry out such value
iteration in practice. Our approach is to extend the uniform-grid discretization approximation developed in

[45] and the linear interpolation approach developed in Section [2.4]

5.4.1 Discretization Algorithm

For any state x € X, we partition ®(x) with a discretization step A into © + 1 intervals using © grid

points {dV) ... d®)} (clearly, © depends on z, we omit this dependency for notational simplicity). For
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0 € {0,...,0}, define the discretized region ®?) (z) = [d®) d®+V), where d®) = R(x) and d®+V) =
d + e, for arbitrarily small € > 0. We also define ®(z) := {d®,...,d®*+D}. Letd € {0,...,0} such that
d € ) (z). Now, define the approximation operator Tp for z € X, d € ®)(z) according to:

Tp[V)(x,d) := Tp[V](x,d?), (5.4)

where

TolV(e,d) - {cww s X Pelea v ae) 55)

~ (adp)EFp (a.d)
D ' eX

and where F’p is the set of control/threshold functions:
Fp(z,d) :{(a,dlp)‘a € A(z),dp(2") € ®(2') forall 2’ € X, and D(z,a) + vp(dp(z')) < d}.

If Fp(z,d) = 0, then Tp[V*](x,d) = cc.

By construction, any optimal solution of Tp[V](z, d) is a feasible solution for the the dynamic program-
ming equation in T[V](x, d) (since Fp(x,d) C F(x,d) and d¥) < d). Because Fp(z,d) is a finite set,
the minimization in Tp[V](z, d) is always attained. One can also readily show that the dynamic program-
ming operator Tp[V] also satisfies the properties in Lemma In the next subsection we will derive a
bound for | T[V](x,d) — Tp[V](z, d)||; in particular, we will show that this bound converges to zero as

the discretization step converges to zero, and that the convergence is linear in the step size.

5.4.1.1 Error bound analysis

The error bound analysis for the above discretization algorithm relies on two Lipschitz-like assumptions.

Assumption 5.4.1. Forany x € X, a,a € A(x), there exists M¢c, Mp > 0 such that
|O(I, a) - C(CC,EL/” < MC|Q - a|a |D(‘T7a) - D(Iaa” < MD‘a - a‘
Assumption 5.4.2. For any a,a € A(x), there exists Mp > 0 such that

Z |P(2|z,a) — P(x'|x,a)| < Mpla —al.
r'eX
The first assumption is rather mild, while the second assumption is more restrictive. Note, however, that
this is a typical “regularity” assumption for discretization algorithms for stochastic optimal control [435].

First, we have the following technical lemma on the Lipschitz-ness of of set-valued mapping F'(x, d).

Lemma 5.4.3. For every given x € X and c?,d € ®(z), suppose Assumptions to hold. Also,
define d' = {d'(z')}pecx € RIXI and d = {E’(x’)}xlex € RI*. If F(z,d) and F(z,d) are non-empty
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sets, then for any (a,d') € F(x,d), there exists (a, @) € F(x, J) such that for some Mg > 0,

ja—al+ ) |d'(a") —d(«')| < Mgld—dl. (5.6)
r'eX

The following theorem is the main result of this paper. It provides an error bound between the value
function V*(z, d) and the discretized value function V5 (x, d), defined as the unique fixed point solution of
discretized bellman’s equation:

Vi (z, d):=Tp[VA](z,d), Vz,d.

Theorem 5.4.4. Suppose Assumptions and hold. Then,

Vo =V

< 1 + ( MC MPCmax

T1l-y\1-17 ﬂ—v?)NhA’

where My, is the constant defined in inequality (5.6) and A is the discretization step size.

Clearly, Theorem implies that, as the step size A — 0, for any € X and d € ®(z) one has
Vi(x,d) — V*(x,d). Note that the convergence is linear in the step size, which is the same convergence

rate for discretization algorithms for unconstrained dynamic programming operators [45].

Remark 5.4.5. Similar to the multi-grid discretization approaches discussed in [45| 151} 58], the discretiza-
tion algorithm in this paper suffers from the curse of dimensionality. In fact, suppose the number of dis-
cretization intervals is T. For each time horizon, the size of the state space for AMDP is |X|T, and the size
of the action space is | A| TIXI, which is exponential in the size of the original state space. To alleviate this
issue, one could use methods such as Branch and Bound or rollout algorithms to find the minimizers at each

step, if upper/lower bounds for the value functions can be efficiently calculated.

5.4.2 Interpolation Algorithm

In the last section we explored a discretization approach that approximates the dynamic programming algo-
rithm given in Theorem[5.3.2] While this method is simple and intuitive, Theorem [5.4.4] shows that, in order
to obtain an accurate estimate of the value function, one requires a high resolution grid space for the risk-to-
go state. This potentially leads to an exponential increase in the size of state space (of the AMDP), and results
in computational intractability. To circumvent this issue, in this section we propose an interpolation approach
to approximate the dynamic programming algorithm. Indeed it can be showed that approximation by dis-
cretization is a special case of the approximation by linear interpolation with an integral constraint. Although
theoretically the approximation error still grows linearly with the decrease of grid points, we later show that
numerically the interpolation approach is way more efficient compared to the discretization approach.
Formally, let NV () denote the number of interpolation points. For every x € X', denote by ®(z) the set of
interpolation points. We denote by Z,[V](d) the linear interpolation of the function V' (x, d) on these points,
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Algorithm 4 Value Iteration with Linear Interpolation
1: Given:

e Set of interpolation points ®(x) at every state 7 € X.
e Initial value function Vy(z, d).
2:Fork=1,2,...
e For each x € X and each d € ®(z), update the value function estimate as follows:

Vk+1($,d) = TI[Vk](IE,d), Vk Z 0

3: Set the converged value iteration estimate as V' (z, d), for any x € X, and d € ®(x).

ie.,
V(z,d)) —V(z,d®)
dO+1) — 4

L [V)(d) = V(2,d?) + (d—d?),

where d(¥) = max {d’ € ®(z) : ' < d} and d®*+Y is the closest interpolation point such that d € [d(?), d+D].
We now define the interpolated Bellman operator Tz as follows:

TZ[V](z,y) = C(z,a)+7 Y Pa'|z,a) Ly [V}(d’z(x’))}, (5.7)

min {
/ oy
(a,d7)EF (x,d) X

Algorithm [I] presents value iteration with linear interpolation for problem OPT gc. The only difference
between this algorithm and standard value iteration Vj11(z,d) = T[Vi](z,d) is the linear interpolation
procedure described above. In the following, we show that Algorithm [4] converges by first showing that the

useful properties such as contraction also hold for interpolated Bellman operator Tz.

Lemma 5.4.6 (Properties of interpolated Bellman operator). Tz[V] has the same properties of T[V] as in
Lemma namely 1) monotonicity, 2) constant shift, and 3) contraction.

The proof of this technical result is straightforward, and thus we refer interested readers to similar ar-
guments in the proof of Lemma [5.3.1] for more details. Consequently, the contraction property in Lemma
guarantees that Algorithm @ converges, i.e., there exists a value function V; & RIXIXE guch that
limy 00 TH [Vo](2, d) = V; (z,d), ¥d € ®(z). In addition, the convergence rate is geometric and equals to
.

The following theorem provides an error bound between approximate value iteration and exact value

iteration problem OPT gc in terms of the interpolation resolution.

Theorem 5.4.7 (Convergence and Error Bound). Suppose Assumptions and hold. Then,

— 1 M M max
Vi (2, d) < Vi(x,d), Vd € B(z), © € X, and |V — V*|o < —1 < < rC

1-y\1—v (1—7)2>MRA’

where Mp, is the constant defined in inequality (5.0) and A is the discretization step size.
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Theorem shows that 1) the interpolation procedure is consistent, i.e., when the A is the discretization
step size is arbitrarily small, the approximation error tends to zero; and 2) the approximation error converges
linearly with A, which is similar to error of the discretization approach in Section [5.4.1 While we cur-
rently have no further proofs showing that the interpolation approach converges faster than the discretization

approach, its superiority in error convergence rate will be later illustrated in the experiments.

5.5 Experiments

5.5.1 Curse of Dimensionality with Discretization Approach

Consider an MDP with 3 states (z € {1,2,3}), 2 available actions (v € {1,2}), and discounting factor

~v = 0.667. The costs for the objective and constraint functions are respectively given by:

c(1,1) C(1,2) 1 3 D(1,1) D(1, ) 5 4
Cc(2,1) C(2,2)| = |2 4|, |[D(2, D(2, =10 6 3
C(3,1) (C(3,2) 5 6 D(3,1) D(3,2) 5 1
The transition probabilities are given by:
0.2 0.5 0.3 0.3 0.5 0.2
P(2'|z,1)= |04 0.3 0.3]|, P(@'|z,2)= (02 0.3 0.5
0.3 0.3 04 0.3 04 0.3

For any o € X and dy € ®(xg), the risk-constrained stochastic optimal control problem we wish to

solve is as follows:
min  lim E [ZN% Y C(xy at)}
welly N—oco t=0 ’

subject to Nlim PO,N—1 (D(ﬂfo,ao)ﬁD(ﬂh,m),n-,WN_lD(l”N—l,aN—ﬁ) < dy,
— 00

where uj = Wk(ho,k> fork € N, ,0()7N_1(Z07 21y, ZN—l) =Zy+ ,D(Zl + p(ZQ + ...+ p(ZN—l)))’ and

the one-step conditional risk measures are given by the mean upper semi-deviation risk metric:
51\ /2
p(V) =E[V]+02(E[IV -E[VI2]) .

As discussed in Section [5.3] this problem can be cast as an AMDP. In light of Theorem [5.4.4] one can
use equations (5.4) and (5.3) to approximate the value functions via value iteration. In this example, we
discretize the risk threshold sets (that, for simplicity, are suitably adjusted to have the same length - this is

always possible given their definition) into M regions, where
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Table 5.1: Computation Times with Different Discretization Step Sizes.

M | Computation time for each horizon (in seconds)
5 20.5542

10 58.4712

20 104.0001

40 353.9901

60 900.5084

80 1751.7630

100 3306.3002

150 14572.6631

M = {5,10,20,40, 60,80, 100, 150}.

For the different step sizes, we obtain approximations of the value functions with various degrees of ac-
curacies. Figure[5.1|shows the approximations of the value functions for the different step sizes. As expected
(Therem [5.4.4), when the number of M increases, the approximated value functions converge towards the
“true” value functions. Table[5.1|provides the computation times for our numerical experiments; one can note

the exponential increase of computation time with respect to the discretization step size.

28
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Figure 5.1: Convergence of Approximated Value Functions using Different Discretization Step Sizes.
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5.6 Conclusion

In this chapter we have presented and analyzed both the uniform-grid discretization algorithm and the ap-
proximate value iteration algorithm for the solution of stochastic optimal control problems with dynamic,
time-consistent risk constraints. Although the current uniform-grid discretization algorithm suffers from
curse of dimensionality, it is the one of the simplest algorithms to practically solve this class of problems. On
the other hand, based on approximate value-iteration on an augmented state space, we presented a tractable
algorithm for solving the aforementioned risk-constrained control problem, whose convergence analysis and
finite-time error bounds were explicitly studied. Furthermore, we concluded the algorithmic analysis of this
section by drawing a connection between the uniform-grid discretization algorithm and approximate value
iteration, where the former algorithm is indeed a special case (step-wise interpolation) of the general interpo-
lation based method.

In the next chapter, we will summarize all the algorithms developed in this thesis and will discuss several

interesting future research directions.



Chapter 6

Conclusion

In this thesis, we studied four important aspects regarding to the control of MDPs where risk modeling of the
inherent uncertainty and model uncertainty was taken into account.

In the first part of this thesis, we investigated the well-known CVaR MDP problem and proposed a scal-
able approximate value-iteration algorithm on an augmented state space. We also established convergence
guarantees and finite time error bounds, which led to a robust algorithmic stopping criterion with a specific
error threshold. In addition, we discovered an interesting relationship between the CVaR risk of total cost and
the worst-case expected cost under adversarial model perturbations. In this formulation, the perturbations
were correlated in time, and led to a robustness framework significantly less conservative than the popu-
lar robust-MDP framework, where the uncertainty was temporally independent. Together, our work provided
crucial theoretical underpinnings in CVaR MDPs that guaranteed efficient computation of robust control poli-
cies, with respect to cost stochasticity and model perturbations. Furthermore, to increase the practicality of
our methodologies, we also proposed extensions such as the sampling based CVaR ()—learning algorithm
and approximate value iteration for Mean-CVaR MDPs.

In the second part of this thesis, we studied the CMDP problem formulation whose constraints were
modeled using percentile risks, such as CVaR and tail probabilities. We proposed novel policy gradient
and actor-critic algorithms for CVaR-constrained and chance-constrained optimization in MDPs, and proved
their convergence. These methodologies circumvented the curse-of-dimensionally issue and made real time
computations of large scale risk sensitive CMDPs (whose state and action spaces are large or even contin-
uous) possible. Using an optimal stopping problem and a personalized ad-recommendation problem, we
showed that our algorithms resulted in policies whose cost distributions have lower right-tail compared to
their risk-neutral counterparts. This was extremely important for a risk-averse decision-maker, especially if
the right-tail contained catastrophic costs. Furthermore we also provided insights to the convergence of our
AC algorithms when the samples were generated by following the policy and not from its discounted visiting
distribution, and extensions via importance sampling [8} [146]] where gradient estimates in the right-tail of the

cost distribution (worst-case events that are observed with low probability) could significantly be improved.
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In the third part of this thesis, we presented a framework for risk-averse MPC. Here the risk metric is
chosen to be the time consistent, Markov risk. Advantages of this framework include: (1) it is axiomatically
justified; (2) it is amenable to dynamic and convex optimization; and (3) it is general, in that it captures
a full gamut of risk assessments from risk-neutral to worst case (given the generality of Markov polytopic
risk metrics). For the solution algorithm, we have shown that the risk averse MPC framework can be posed
as a hybrid (offline-online) convex optimization problem, which can be implemented using semi-definite
programming techniques. We have also rigorously derived the performance of this MPC algorithm, in terms
of sub-optimality gap, and numerically illustrated its superiority over its risk neutral counterpart given in [[15]].

In the final part of this thesis, we presented a dynamic programming approach to stochastic optimal con-
trol problems with dynamic, time-consistent (in particular Markov) risk constraints. In particular we showed
that the optimal cost functions could be computed by value iteration and that the optimal control policies
could be constructed recursively. Furthermore we proposed and analyzed a uniform-grid discretization al-
gorithm for the solution of this stochastic optimal control problem. Although the current algorithm suffered
from curse of dimensionality, it was by far the simplest approximation algorithm that practically solved this
class of problems. As an improvement to the present approach, we also derived an interpolation based approx-
imate dynamic programming algorithm which further simplified the risk-to-go estimation and led to lower
approximation errors.

We hereby summarize the major conclusions of our work in this thesis, and discuss several important

future extensions.

6.1 Inherent Uncertainty Versus Model Uncertainty

In this thesis, we have studied sequential planning problems in the presence of inherent uncertainty and
model uncertainty and proposed algorithms to tackle scenarios with different sources of uncertainty. This
was mainly motivated by the representation theorem of Markov coherent risk [[119] that drew an equivalence
between the dynamic risk measure and conditional worst-case expectation over model-perturbations. Earlier
work that addressed model uncertainties in the context of risk-sensitive sequential decision making could be
found in [95]], in which the author related dynamic Markov coherent-risk to model uncertainties. In Chapter
[2] we further extended this equivalence to connect model uncertainty to static CVaR risk, and we showed that
such a risk metric represented a particular robust MDP with a coupled uncertainty structure (that could not be
solved by conventional robust dynamic programming approaches). This suggested that many risk-sensitive
reinforcement learning algorithms developed in this thesis were also applicable to tackle a more general class

of robust MDP problems with coupled uncertainty structures.
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6.2 Time Consistency in Risk-aware Planning

In this thesis, we have investigated the important aspect of time-consistency in risk-aware sequential decision
making. While a common strategy to include risk-aversion is to have the objective function or constraints
where a static risk metric is applied to the future stream of costs, it is also well-known that using static, single-
period risk metrics in multi-period decision processes can lead to an inconsistent behavior where risk pref-
erences change in a seemingly irrational fashion between consecutive assessment periods [62]]. On the other
hand, it has been shown in [[119] that in order to guarantee time-consistent risk assessment in multi-period de-
cision processes, risk must be compounded over time. Therefore, one major contribution of this thesis was to
integrate time-consistent risk measures in sequential decision making. By exploiting the Markovian structure
in the dynamic risk metrics, we successfully developed dynamic programming approaches for risk-sensitive
and risk-constrained decision making problems. Not only did this dynamic programming approach effec-
tively analyze risk-assessment across multiple decision-making time steps, it also led to the development of

data-driven algorithms that effectively solves for (Markov) optimal control policies in large-scale problems.

6.3 Risk-shaping

In this thesis we have showed that by extending the studies of risk-neutral MDPs to include other risk-sensitive
objective functions, one might effectively utilize the principle of dynamic programming to accomplish risk-
sensitive planning. Furthermore by combining the aforementioned framework with data-driven decision mak-
ing theories, we have also derived a family of risk-sensitive reinforcement learning algorithms that balances
exploration, exploitation and safety. The main objectives of our work were to provide a theoretically sound
formulation for risk-aware sequential decision making and to derive a set of computationally tractable tools
for solving these MDP problems. Recall that the algorithms studied in this thesis were based on the class
of (static and dynamic) coherent risk measures. This feature provided decision-makers with great flexibil-
ity to select objective functions that served multiple purposes in cost variability management. Evidently,
this important phenomenon of selecting appropriate problem-specific risk measures to achieve effective risk
aversion was corroborated by several numerical experiments in this thesis.

Moreover, through the connections of inherent uncertainty and model uncertainty, the decision-maker can
easily handle uncertainties in model mis-specification by specifying the risk objective function in the MDP
problem of interest. This suggests the potential application of risk-shaping —a technique that customizes
risk measures to control variability —to model both systematic and cost uncertainties. While risk-shaping
was not our major focus, the primary contribution of this thesis was to show that with appropriately chosen

risk measures, the resultant risk-sensitive planning problem could be handled efficiently.
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6.4 Future Work

We finally conclude this thesis with several additional important future research directions.

6.4.1 Exploration Versus Exploitation in Risk-sensitive Reinforcement Learning

In this thesis we have not explicitly studied the issue of balancing exploration and exploitation in reinforce-
ment learning (RL) with a risk-sensitive objective. In risk-sensitive ()J—learning and in CVaR constrained
policy-gradient, exploration was inherently defined in the policy definition, which was not explicitly adapted
during learning. On the other hand, in risk-sensitive MPC one assumed that the stochastic model was explic-
itly provided, in which MPC merely solved a planning problem without exploration. In general, the issue of
balancing exploration-exploitation in RL has been the focus of many studies. In the literature of multi-armed
bandit problems, several studies have considered exploration-exploitation tradeoffs with risk-sensitive objec-
tives. However, to the best of our knowledge this line of work has not been detailedly studied in risk-sensitive
RL. Interestingly, risk-sensitivity may be used as a metric to quantify the level of exploration in standard
risk-neutral MDPs. In particular, in an unknown environment the learner should behave in a risk-seeking
fashion in order to retrieve more information from potentially interesting regions. Once the environment
is sufficiently explored, one may utilize risk-averse planning to guarantee safety while optimizing the cu-
mulative return. This intuition is formalized in the UCRL2 algorithm [[65]], in which exploration policy is
determined by solving an optimistic-MDP (the risk-seeking MDP counterpart compared to robust MDP). We
speculate that the technical results presented in this thesis can be used as the theoretical underpinnings to

further develop a principle strategy that trades-off exploration and exploitation in risk-sensitive RL.

6.4.2 Risk Sensitive Importance Sampling

Recall that in risk-sensitive policy-gradient one relies on sampled trajectories to estimate the risk-sensitive
gradients. However for risk-measures such as CVaR that are sensitive to rare events, this method requires a
large number of samples for an effective gradient estimation. To alleviate this issue, importance-sampling
based approaches can be applied to estimate the (sampling-based) gradients with lower variance. For exam-
ple in [141]], by assuming the knowledge of the transition probability, the authors proposed an importance-
sampling method for CVaR risk-sensitive policy gradient method and showed that this method significantly
improved the sampling efficiency of the policy gradient algorithm. Therefore we believe that similar impor-
tance sampling based approaches can be applied to a wider range of risk-sensitive RL problems (for example
to risk-sensitive RL problems whose objective functions are characterized by other coherent risk measures
besides CVaR) to bolster their performances. Furthermore, designing an effective importance-sampling ap-

proach that is model-free is another important direction for future research.
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6.4.3 Relationship to Safe Policy Improvement

Most data-driven risk-sensitive sequential decision making (risk-sensitive RL) algorithms presented in this
thesis balance exploration versus exploitation and guarantee safety at the same time. These characteristics
can also be found in the recently popular work on safe policy improvement [126, 166, [117]. Either by formu-
lating the objective function with a regret metric (instead of a expected cumulative return) or by imposing
extra constraints using the Kullback-Leibler divergence metric, in these studies the corresponding reinforce-
ment learning algorithms always return safe policies, i.e., policies that are guaranteed to outperform certain
baselines. Since providing safety guarantees in data-driven policy optimization is crucial to many real-world
applications such as robotic path planning [S7]] and online marketing [149]], we conjecture that by construct-
ing appropriate risk metrics via shaping techniques (analogous to reward-shaping in reinforcement learning
[90Q]), one can equivalently transform the risk-sensitive RL algorithms in this thesis to incorporate safe policy

improvement.



Chapter 7

Supplementary Materials

7.1 Technical Results in Chapter 2]

In this section we present the detailed proofs to the technical results in Chapter[2]

7.1.1 Proof of Proposition 2.2.1|

By definition, we have that

T
Ep thC(xt,aa]
=0
T
= Z Po(20)d1(x1|20, a0) - - - Pr(zer|rr—1, ar—1)dr (2r|rr—1, ar—1) Z’th(iﬂt,at)
(x0,a0,...,z7) t=0
T
= Z P(zo, a0, ..., x7)d1(x1]T0, a0)d2(72|21,a1) - - Or (@7 |2T-1, AT -1) Z'th(xtaat)
(20,@0,...,7T) t=0
T
= Z P(anGOa 7xT)5(w07a07' 7xT)Z’th(xt7at)'
(z0,a0,-.-,xT) t=0

Note that by definition of the set A, for any (d1,...,d7) € A we have that
P((ﬂ(h ag, ... 7£CT) >0— 5(1’0,&0, ey (ET) > 07
and

E[(S(l‘o,ao,...,JZT)] = Z P(Io,ao,...,JZT)(S(.Z‘(),CL(),...,.C(,‘T) =1

(z0,a0,--,xT)
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Thus,
T
sup E v C (e, ar)
(51 ..... 5T)€A77 t=0
T
= sup Z P(J:O,ao,...,wT)é(xmao,...,a:T)nytC(xt,at)
OS‘;(IO:aO»m@T)S% (10 g, IT) t=0

E[6(z0,a0,..-,x7)]=1

T
=CVaR 1 (Z ’ytc(xt,at)> )
=0

where the last equality is by the representation theorem for CVaR [132].

7.1.2 Proof of Lemma[2.3.2

The proof of monotonicity and constant shift properties follow directly from the definitions of the Bellman

operator, by noting that £(z') P(«’|z, a) is non-negative and

Y @) P|e,a)) = 1

z'eX

for any £ € Ucvar (v, P(+|x, a)). For the contraction property, denote ¢ = ||V — V2 || Since
Va(z,y) = [Vi = Valloo < Vilz,y) < Va(z,y) + Vi = Voo, Vo € X,y €D,
by monotonicity and constant shift property,
T[V2](z,y) =7IV1 = Valloo < T[Vi](z,y) < T[V2](2,y) +[IVi = Valloo Vo € X,y € V.
This further implies that
ITVil(z,y) — T[Ve](z,y)| <[Vi = Valloo V2 € X,y €Y

and the contraction property follows.

Now, we prove the concavity preserving property. Assume that yV (x, y) is concave in y for any = € X.
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Lety1,y2 € Y, and A € [0, 1], and define yy = (1 — \)y; + Ay2. We have

(1 =N TV](z,y1) + M TV](x,y2)

=(1-=MNwu ;{1612‘ C(x,a1) + ’Yfleucmggx o ;fl (', &1 (a")) P(2' |z, al)‘|
+Ayz min | C(z, az) + L. S ;iz (@', y262(2")) P(2'|2, az)}

= min [(1 — Ny C(z,a1) + L - S ;{51 (@', y161(2)) P! |2, a1)(1 - /\)yll
+ min | AyoC(, az) + L e S ZZE; o (2" )V (2, y2a(2")) P(2'|a, az)Ayz]

<min |5pC(ra) by max S0 Pl a) (1-Nn& @)V @06 6@) F b @)V @ pee)
a 1&€Ucvar (Y1, z,a
&a€Uevar (y2,P(+|z,a)) © ex

<min |y»C(z,a) +v max ZP o, a) (1=N)y1& (") + Ay (2") V (2, (T=Nyr&a(z”) + Ay2ba(2)))

a€A &1€Uevr (y1,P(¢|z,a)) ex
&a€Ucvar (y2,P(|z,a))*

where the first inequality is by concavity of the min, and the second is by the concavity assumption. Now,
define

(1=Ny1&1 + Ay
Yx '

&=

When &1 € Ucvar (Y1, P(+|x, a)) and & € Ucvar (Y2, P(+|z, a)), we have that £ € [0, y%} and

Zf x|z a) = 1.

z'eX

We thus have
(1 =N TV](z,y1) + A2 T[V](z,y2)

< min [ykcw,a)m max 3 Pl aluad()V (nyf(x'))}

§€Ucvar (yx, P (|, oex

=y, min
Y acA

C(x,a) +7 max o) > P(w'lzya)f(x')v(%@uf(ﬂ)] = nTV](z,yn).

E€Uevar (Yx, P(-|z,a oeX
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Finally, to show that the inner problem in (2.4) is a concave maximization, we need to show that

Awya(z) = { Zv(xlaz)P(l’/|1'7a)/y ify 7& 0

0 otherwise

is a concave function in z € R for any given z € X, y € )Y and a € A. Suppose zV (z, z) is a concave
function in z. Immediately we can see that A, , ,(z) is concave in z when y = 0. Also notice that when
y € Y\ {0}, since the transition probability P(z’|z, a) is non-negative, we have the result that A, , ,(2) is

concave in z. This further implies
P2 |z, a
Z MAI ,Y,a y§ Z f ayf(x,))P(z/|x7a)
r'eX Yy z'eX

is concave in £. Furthermore by combining the result with the fact that the feasible set of ¢ is a polytope, we

complete the proof of this claim.

7.1.3 Proof of Theorem 2.3.3

LetCor = ZtT:O ~tC (z+, a;) denote the total discounted cost from time 0 up to time 7". The first part of the
proof is to show that for any (z,y) € X x ),

Valz,y) := T [Vo](z,y) = ;Pelhns CVaR,, (Co.n, + 7" Vo(Zn, yn) | o =z, 1t) , (7.1)

by induction, where the initial condition is (zg,yo) = (z,y) and control action a; is induced by u(xy, ys).

For n = 1, we have that

Vi(z,y) =T[Vol(z,y)

—Jxenn C(zo,a0) +vCVaRy (C(z1,a1) + Vo(z1,y1) | o = x, 1)

from definition. By induction hypothesis, assume the above expression holds at n = k. Forn = k + 1,

Vi (z,9) = T Vo] (z,y) = T[Va(z, y)

=min |C(z,a) + Wil yé(a' )Pm'x,a
acA ( ) ’YEEZ’{(‘V\R(U P(|z,a)) Z S k( & (@] )

/eX f
L Y
=min |C(z,a) + v Z E(@YP(2 |z, a) m1n CVaR,, (CO K+ Vo | @o =2/ ,u) (72)
acA ' §€Ucvdk(y P (-lz,a)) o e ' ’
— min |C(z, E CVaR,, (C G |, )
min | (z,a) t o2 ) g[ﬂﬂelm aRy, (Crot1+7" " Vo |21, p

= min CVaR, <C0,k+1 + ’yk+1V0 | xro = CE’M) s
HE s
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where the initial state condition is given by (zo,y0) = (z,y). Thus, the equality in is proved by
induction.

The second part of the proof is to show that V* (2o, y0) = min,eng CVaRy, (limy, 00 Con | Zo, 1t).
Recall T[V](z,y) = minge 4 C(2, a) + yMaXecyey (y, P(-|z,0)) Ee[V |2, , a]. Since T is a contraction and

V5 is bounded, one obtains
Viz,y) = TV(z,y) = lim T"[Vo](z,y) = lim V,(z,y)

for any (z,y) € X x ). The first and the second equality follow directly from Proposition 2.1 and Proposition
2.2 in [17]] and the third equality follows from the definition of V,,. Furthermore since Vj(z,y) is bounded
for any (x,y) € X x Y, the result in (7.2)) implies

= Tim 7" [Volloe < V*(20,90) — min CVaRy, ( lim Con | wo,1) < Tim 7" [Voloc.
n— oo pells n— 00 n— o0

Therefore, by taking n — oo, we have just shown that for any (zg,yo) € X x Y,

V*(zo,y0) = Mrrennns CVaRy, (nh_)rréo Con | xonu) .
The third part of the proof is to show that for the initial state zy and confidence interval yg, we have that

V*(e0,m) = 1mip, CVaRy, (fin Co | 70.7)

Atany (x¢,y;) € X x Y, we first define the ¢ tail-subproblem of problem OPT ¢y as follows:

V(J;t,yt):wrgli%}{ CVaR,, (nh—)IEQ Cin | xt,ﬂ)

where the tail policy sequence is equal to m = {j, ft¢41,...} and the action is given by a; = p;(h;)
for j > ¢. For any history depend policy 7 € Iy, we also define the m—induced value function as
CVaR,, (limy,—yo0 Ct .y | T4, T) Where 7™ = {fiy, fly41, ...} and a; = fi;(h;) for j > ¢.

Now let 7* be the optimal policy of the above " tail-subproblem. Clearly, the truncated policy 7 =
{Wi 1 15 s, ..} is a feasible policy for the (¢ + 1)™ tail subproblem at any state ;41 and confidence
interval yy41:

min CVaR ( lim C T ﬂ') .
reily Y41 "y oo t+1,n ‘ t+1,
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Collecting the above results, for any pair (z¢,y:) € X x Y and with a; = p} (x;) we can write

V(e ye) =C(xt,at) + v §(xi41) - CVaRy, (nh—{%o Cit1n | 3Ct+177~1')

max
E€Uevar (¢, P(-|xe,at))

VE(Ze11,Y041),Ye+1=YE(Te41)

>C E¢[V >TV .
=z ($t7at)+7£eucm(gﬁg<(.l%at)) d (g1, Ye& (o)) | 2o, Yo, ag) > TV] (24, ye)

The first equality follows from the definition of V(x, y;) and the decomposition of CVaRs (Theorem .
The first inequality uses the inequality: V™ (x,y) > V(z,y), V(x,y) € X x V. The second inequality follows
from the definition of Bellman operator T.

On the other hand, starting at any state x,41 and confidence interval y, 11, let 7 = {uf, 1, i1 0,...} €
11z be an optimal policy for the tail subproblem:

min CVaR (hm c x 77).
reily Yt4+1 "y oo t+1,n‘ t+1,

For a given pair of (x,y:) € X x Y, construct the “extended” policy T = {fi¢, fit+1, ...} € g as follows:
fig(xe) = u* (w¢,y;), and fij(h;) = pj(hy) forj >t +1,
where u* (x4, y¢) is the minimizer of the fixed-point equation

U* (xtv yt) S argminc(‘rta a) + v E§ [V(xt+17 ytg(xbl»l)) | Tty Yt, a]v

max
a€A Eclevar (Y1, P(+|x¢,a))
with v, is the given confidence interval to the " tail-subproblem and the transition from y; to v, is given

by yi41 = y:&*(x441) Where

§*€arg E [f(fvtﬂ) ~CVaRy,¢(2,,1) (nh_{go Cisim | $t+1,7~T)}

max
E€Uevar (yt, P(-|ze,a%))

Since 7* is an optimal, and a fortiori feasible policy for the tail subproblem (from time ¢ 4 1), the policy
7 € Il is a feasible policy for the tail subproblem (from time ¢): min.erm, CVaRy, (limy, 00 i | @4, ).

Hence, we can write

V(zs,y:) < Clwy, iy (24)) +vCVaRy, (nh_{rolo Citin | xt;%) .
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Hence from the definition of 7*, one easily obtains:

V(%a yt)

SC T ,U* T, + max
(¢ (x4, 91)) 7§EMCV3R(yt,p(.|x,,,u*(xt,yf,)))

=C(x¢,u" (2, y:)) +v Ee[V(@ii1, ye€(@eg1)) | e, ye, w* (@4, y4)]

max
EeUevar (Y, P (|ze,u* (ze,y1)))

:T[V](xt, Yt)-

Collecting the above results, we have shown that V is a fixed-point solution to V' (z, y) = T[V](x, y) for
any (z,y) € X x ). Since the fixed-point solution is unique, combining both of these arguments implies
V*(z,y) = V(x,y) for any (x,y) € X x ). Therefore, it follows that with initial state (x,y), we have
V*(z,y) = V(z,y) = mingem,, CVaRy, (limp_o Cor | 2o = x, ).

Combining the above three parts of the proof, the claims of this theorem follows.

7.1.4 Proof of Theorem 2.3.4]

Similar to the definition of the optimal Bellman operator T, for any augmented stationary Markovin policy

u: X x ) — A, we define the policy induced Bellman operator T, as

T, [V](z,y) = C(z,u(z,y)) + max 2V (2, yé(2")) P(2 |z, u(z,y)).
Vi) = Cloaleal) 47, s 57 OV (@) Pl uton)
Analogous to Theorem [2.3.3] we can easily show that the fixed-point solution to T, [V](z,y) = V(z,y) is

unique and the CVaR decomposition theorem (Theorem [2.3.1)) further implies this solution is equal to
CVaRy ( lim CO,T | o = 1‘,7TH) N
T—o00

where the history dependent policy mg = {po, pi1, - . -} is given by ug (hy) = w(zk, yx) for any k > 0, with
initial states g, yo = «, state transitions (2.6)), but with augmented stationary Markovian policy u* replaced
by .

To complete the proof of this theorem, we need to show that the augmented stationary Markovian policy

u* is optimal if and only if

where V*(z,y) is the unique fixed-point solution of T[V](x,y) = V(x,y). Here an augmented stationary
Markovian policy v* is optimal if and only if the induced history dependent policy 73; in 2.3) is optimal to
problem OPT cu.

First suppose «* is an optimal augmented stationary Markvoian policy. Then using the definition of u*

E [f(xtﬂ) -CVaRy, ¢(z,41) (nll_{go Citin | 9Ct+17%> |z, ye, u™ (4, yt)}
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and the result from Theorem 2.3.3] that

V*(z,y) = Wrélﬁlz CVaR,, (TIEI;O Cor | ®o = 1:,71') )
we immediately show that V*(z,y) = Vi (x,y), where V,- is the fixed-point solution to V(x,y) =
T, [V](z,y) for any x,y. By the fixed-point equation T[V*|(z,y) = V*(z,y) and Ty« [V ](z,y) =
Vi (z,y), this further implies holds.

Second suppose u* satisfies the equality in (7.3). Then by the fixed-point equality T[V*](z,y) =
V*(x,y), we immediately obtain the equation V*(x,y) = Ty« [V*](z,y) for any 2 € X and y € ).
since the fixed-point solution to T« [V](x,y) = V(x,y) is unique, we further show that T[V*](x,y) =
V*(z,y) = Vi (2,y) and V= (2,y) = mingen, CVaRy (limy o Co,r | 9 = @, 7) from Theorem [2.3.3]
By using the policy construction formula in (2.3)) to obtain the history dependent policy 7}; and following
the above arguments at which the augmented Markovian stationary policy u is replaced by u*, this further
implies

Wrgllql}q CVaR, <Tlgréo Cor | ®o =z, 7T> = CVaR, (Tlgréo Cor | ®o = I,Tl'}k{) ,

i.e., u* is an optimal augmented stationary Markovian policy.

7.1.5 Proof of Lemma

We first proof the monotonicity property. Based on the definition of Z,,[V](y), if Vi(z,y) > Va(z,y) Vo € X
and y € ), we have that

1(y) = Yir1Va(,yir1) (Y — i) + yiVi(@, vi) (Yir1 — y)

M Yit1 — Vi

 ify € Ii().

Since y;, yi+1 € Y and (yi+1 — y), (y — y;) > 0 (because y € I;(z)), we can easily see that Z,.[V4](y) >
Zo[Va](y). Asy € Yand &(-) P(-|z,a) > 0forany £ € Ucvar (y, P(-|x, a), this further implies Tz[V1](z, y)
Tz[Va](z,y).

Next we prove the constant shift property. Note from the definition of Z,[V'](y) that

v

LIV + K]y
Yir1(V(z,yi11) + K) —yi(V(z, ) + K .
(V) + K) + YtV @vin) V) mwlV@y) 2 K) () e e 1),
Yi+1 — Yi
i1V (2, Yir1) — vV (2, 45 .
:yK+yiV(x>yi)+y+1 (@ ir1) — 9 (my)(y—yi)alfyeh(x)
Yi+1 — Yi

=Z.[V](y) + yK.

Therefore by definition of Tz[V](z, y), the constant shift property: Tz[V + K|(z,y) = Tz[V](z,y) + vK
forany z € X, y € ), follows directly from the above arguments.

Equipped with both properties in monotonicity and constant shift, the proof of contraction of Tz directly
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follows from the analogous proof in Lemma|2.3.2
Finally we prove the concavity preserving property. Assume yV (z,y) is concaveiny € ) forany x € X.
Then for y;19 > yiy1 > ¥, Vi € {1,..., N(z) — 2} the following inequality immediately follows from the

definition of a concave function:

dZ.[V](y) _ Vi1V (2, yiv1) — vV (2, y:)
dy yel 1 () Yirl — Yi -
S Yir2V(@ yive) = i VI, yip1) _ dZe[VI(y) . '
B Yit2 — Yit1 dy el ()

We then show that the following inequality in each of the following cases, whenever the slope exists:

dZ,[V
II[V](Zl) < Im[V](Zg) + Eiy](y) (2’1 — 2’2), V21,20 € Y \ {0}
Y==z2
(1) There exists ¢ € {1,..., N(z) — 1} such that 21, z2 € I;41(x). In this case we have that
dZ.[V](y) _ dL[V](y)
dy Yy=z1 dy y:z;
and this further implies
dZ,[V
LV = TV + 2 ),
Y=z2

(2) There exists 4,7 € {1,...,N(z) —2},7+1 < jsuch that z; € I,;1(z) and 2o € I;(x). In this case,
without loss of generality we assume j = ¢ + 1. The proof for case: j > ¢ + 2 is omitted for the sake
of brevity, as it can be completed by iteratively applying the same arguments from case: 7 = ¢ + 2. Since

z1 € Li(x), z2 € I;(x), we have zo — 21 > 0 and

dZ.[V](y)

Based on the definition of the linear interpolation function, we have that

dZ,[V](y)

L VIWi+1) = Yir1 V(2 yiv1) = T[V](yi) + i

(Yit1 — vi)-
y€Ly1(x)

Furthermore, combining previous arguments with the definitions of Z,.[V'](21), Z,.[V](22) implies that for

(22 = yiy1) >0,
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we have that

LVI(e2) ~Z Vi) + T (o)
<L) + 0] )
i+ V) L
V) dy yEIi+1(z)( )
=T, [V](z1) + deS;](y) (22 — 21).

Yy=z1

(3) There exists 7,7 € {1,...,N(z) —2},7+1 < jsuch that zo € I 1(z) and z; € Ij(x). In this case,
without loss of generality we assume j = ¢ + 1. The proof for case: j > ¢ + 2 is omitted for the sake
of brevity, as it can be completed by iteratively applying the same arguments from case: 7 = 7 + 2. Since

zo € Lipi(x), z1 € Ij(x), we have 21 — 2z > 0 and

dZ.[V](y)

Similar to the analysis in the previous case, we have that

dZ.[V](y)

L. [VI(yi) = viV(2,9i) = Ze[V](yit1) + dy

(yi - yi+1)
y€lit1(x)

Furthermore, combining previous arguments with the definitions of Z,[V](z1), Z,[V](22) implies that for
(22 —21) <0,

L) T + gl
V) + 0| )
e + | )
<TL[V)(21) + dzmg]@) G

Thus we have just shown that the first order sufficient condition for concave functions, corresponding to
Z.[V](y), holds, i.e., Z,[V](y) is concave in y € YV \ {0} for any given x € X. Now since Z,[V](y) is
a continuous piecewise linear function in y € ) and a concave function when the domain is restricted to
Y\ {0}. By continuity this immediately implies that Z,[V'](y) is concave in y € ) as well. Then following

the identical arguments in the proof of Lemma [2.3.2] for the concavity preserving property, we can thereby
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show that

Tz[V](z,y) = min< yC(x,a) + max
yTz[V](z,y) aeA{y (z,a) et )

A [V]@f(x'))P(x’x,a)}

z'eX

is concave in y € ) for any given x € X.

7.1.6 Useful Intermediate Results

Lemma 7.1.1. Let f(y) : [0,1] — R be a concave function, differentiable almost everywhere, with Lipschitz
constant M. Then the linear interpolation Z[f](y) is also concave, and with Lipschitz constant M; < M.

Proof For every segment [y, y;1] in the linear interpolation, f(y) is concave, and with Lipschitz constant
M, and Z[f](y) is linear. Also, f(y;) = Z[f](y,), and f(yj+1) = Z[f](y;+1), by definition of the linear
interpolation. Denote by ¢; the magnitude of the slope of Z[f](y) aty € [y;, ¥j+1]-

Assume by contradiction that ¢; > max,c(,. ,..,]|f'(y)| whenever f’(y) exists. Consider the case when
f(yj+1) > f(y;). This implies c; is the slope of the interpolation function Z[f](y) aty € [y;,y;+1]. Then
by the fundamental theorem of calculus, we have

Yj+1

flos0) = 1) = [ " Py < / U )y < [ ety = @) - T,

Yj Yj Yj

contradicting f(y;+1) = Z[f](y;+1) and f(y;) = Z[f1(y;)-
On the other hand, consider the case when f(y;+1) < f(y;). This implies —c; is the slope of the

interpolation function Z[f|(y) at y € [y;, y;+1]. Again by fundamental theorem of calculus,

Yi+1 , Yji+1 , Yj+1
0< flyjra) — fly) = / f(y)dy = / =1 (W)ldy > / —cidy = Z[f)(y;) — Z[f1(y41)-
Yi Yj Yj
Since f(y;+1) = Z[f](y;+1) and f(y;) = Z[f](y;), which implies Z[f](y;) — Z[f](yj+1) = 0, the above
expression clearly leads to a contradiction.
We finally have that max,c(,. ..., [/ ()| > c; for segment j € {1,..., N(x) — 1}. As this argument

holds for each segment, by maximizing over j over {1, ..., N(z) — 1}, we have that

M > max max _|f'(y)] > max cj = Mj.
je{l,...,N(I)—l}ye[yj,yj+1] jE{l,...,N(w)—l}

The concavity property (thus differentiability almost everywhere) are well-known results of linear inter-
polation [[103]].

Lemma 7.1.2. Let yV (x,y) be Lipschitz with constant M, concave, and differentiable almost everywhere,
foreveryx € X andy € [0,1]. Then yT[V](x,y) is also Lipschitz with constant Cypax + vy M.
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Proof For any given state-action pair z € X, and a € A, let P(2’) = P(2/|z, a) be the transition kernel.

Consider the function

H(y) = max
EeUevar (y,P(+))

D eV (@, yé(a)) P(a).

z'eX

Note that, by definition of Ucv,r, and a change of variables z(x') = y£(z'), we can write H(y) as follows:

H(y) = max > 2@V (2, 2(a")) P(a). (7.5)
0<z(a)<1, - 4=,
. Pa)z(z")=y

The Lagrangian of the above maximization problem is

Lz Ay) = Y 2@V (@', 2(2) P@') = MDY P(a')z(a') — y).

z'eX

Since yV(x,y) is concave, the maximum is attained. By first order optimality condition the following ex-

pression holds:
OL(z, \sy)
0z(z")

O [z(z)V (2, 2(2"))]
0z(x")

= P(z') — AP(z') = 0.

Summing the last expression over z’, we obtain:

5 pia) ] 5 g

zZ\T
z'eX 0 ( z'eX

Now, from the Lipschitz property of yV (z, y), we have

> AP(a)

z'eX

<> P@)

z'eX

<Y P@E)M=M.
r'eX

9[2(z")V (2, 2(a"))] ‘
0z(x")

Thus,

A< Y P@)

z'eX

Note that the objective in (7.5)) does not depend on y. From the envelope theorem [86], it follows that

dH
W _
dy
therefore, H (y) is Lipschitz, with constant M.
Now, by definition,
T[V](z,y) = min |yC(z,a) + max 2V (2, yé(2))) P(2 |2, a
yT[V](@,y) = min |yC(z,a) ’ygeuchR(y,P(‘n,a))Zyg( WV (', yé(a) P(a' |z, a)

z'eX
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Using our Lipschitz result for H (y), we have that for any a € A, the function

C(z,a) + max YW (2, y€(2)) P(2' |z, a
yC(,a) Wﬁeucwn(y,P(-\z,a))m;( W@V (@, utl(e) P, a)
is Lipschitz in y, with constant C(z,a) + vM. Using again the envelope theorem [86]], we obtain that
yT[V](z,y) is Lipschitz, with constant Cy,,ax + M.

Lemma 7.1.3. Consider Algorithm[I| Assume that for any x € X, the initial value function satisfies that
yVo(z,y) is Lipschitz (in y), with uniform constant My. We have that for any t € {0,1,...,}, the function
yVi(z,y) is Lipschitz in y for any © € X, with Lipschitz constant

1- t Cmax

My = = Cla + 7'My < =22 4 M, Vt.

11—y 11—~
Proof Let T7[V] denote the application of the Bellman operator T to the linearly-interpolated version of
yV (x,y). We have, by definition, that

m(xvy) = TI[%](Ivy)

Using Lemma and Lemma|7.1.2] we have that V; (z, y) is Lipschitz, with M < Cpax + 7M.
Note now, that Va(z, y) = Tz[V1](z, y). Thus, by induction, we have

_ ,-Yt
— 5 Cmax + ’YtMOa

1
M; <
1
and the result follows.

7.1.7 Proof of Theorem 2.4.4

The proof of this theorem is split into three parts. In the first part, we bound the difference Z,.[V{](y)/y —
Vi(z,y) at each state (z,y) € X x ) using the previous technical lemmas and Lipschitz property.
In the second part, we bound the difference of Tz [V;](z,y) — T[Vi](x, y).
In the third part we bound the interpolation error using contraction properties of Bellman recursions.
First we analyze the bounds for Z,.[V;](y)/y — Vi(z,y) in the following four cases. Notice that from
Lemmal[7.1.3] we have that |dZ,[V;](y)/dy| < M := Cpax/(1 —7) + Mo.
(1) When y = 0 (for which y € I (z)).
Using previous analysis and L'Hospital’s rule we have that lim, .o Z,[V;](v)/y = Vi(x,0). This further
implies lim, 0 Z,[Vi](y)/y — Vi(x,0) = 0.
2)Wheny € I;11(x),2 <i< N(z) — 1.
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Similar to the inequality in (7.4), by concavity of yV;(z, y) in y € Y, we have that

w _ Vi1 Vi@, yiv1) — yiVi(w, ys) < yVi(z,y) — viVi(z, vs)
dy y€lit1(x) Yi+1 — Yi - Y — Yi )
and
w — yi+2‘/t(l'7yi+2) _yi+1W($,yi+1) < yi+1Vt(1’,yi+1) _y‘/;(x,y)
dy y€Liy2(x) Yit2 = Yit1 B Yit1 — Y

From the first inequality, for each (z,y) € X x Y we get,

e Vel pisa) = 6Va(o 14) (v —vi) —yVil(w y>> < 0. (7.6)

L.\ Vs — V '
M — |/t(17,y) < (yl t(x’yi)
y Yi+1 — Yi

Y

On the other hand, rearranging the second inequality gives

1
Q(Iz[Vt](y) —yVi(z,y))
1 dZ,.[Vi](y dZ.[Vi](y
>— (yin(x,yi)Jr % (v —yi) = i1 Vi@, yig1) — % (yy¢+1)>
Y Yy y€lit1(x) Yy y€liya(x)
_ <dzx Vil(v) A0 ) TETIER <y+ . 1) |
dy y€lipa(w) dy y€lira () Yy y
1.7
Furthermore by the Lipschitz property, we also have the following inequality as well:
1
;(L@[Vt](y) —yVi(z,y))
7 Vi s Y — Y ZV » Yi 7 -
Y Vel@ yie) (= 90) £ 9iVe@y0) Wi —9)
(Yi+1 — wi)y (7.8)
S Vi@, yi)ly = i) + Ve, 4i) (Wirr —y) = M(yir1 —yi)(y — i) _ Vi, 1) '
- (Yiv1 — yi)y 7
i Yi) — My — v i
Y )

Combining the inequalities (7.7) and (7-8), the following lower bound for Z,,[V;|(y)/y — Vi(z, y) holds:

1 i Yi .
Z(Im[Vt](y) —yVi(z,y)) > 6 := —2Mmin{1 - %, y—;_l - 1} ,VyeLipi(x),i>2.

From the above definition, when y; < y < (y; + yi+1)/2, the lower bound becomes § = —2M (1 — y;/y)

and when (y; + yi+1)/2 < y < yi41, the corresponding lower bound is 6 = —2M (y;+1/y — 1). In both

cases, 9 is minimized when y = (y; + y:+1)/2. Therefore, the above analysis implies the following lower
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bound: )
~( L Vi) — yVale,y) > —2M 20y e 1 (), i > 2,
Y Yi+1 + Vi

When y; 1 = 0y; fori € {2,..., N(z) — 1} for some constant § > 1, this further implies that

LTI - sVile) 2 —2M G = —MO- 1), Yy € V0.6

Then combining the results, here we get the following bound for Z,[V;](v)/y — Vi(z, y):

Me-1) < Z.[Vil(y)
Ty

- ‘/t(xay) S Oa Vy S Ii—‘rl(x)a { Z 2.

(3) When ye IN(I) (LU), ie., (BS (yN(:c)—lv 1]

Similar to the proof of case (2), we can show that for any x € X and y € Iy, (x), the same lines of
arguments in inequality and hold, which implies

YN (z)— 1
—2M (1 - yn(my-1) < —2M (1 - (y“) < (TIVI) ~ yWile,y) <O
When yn () = 1 = 0yn(z)—1, this further shows that
1
—2MyN(z)—1(9 —1)=-2M (yN(ac) - yN(:c)fl) < ;(Iw[Vt](y) —yVi(z,y)) <0,

and
2 1
—2M(0-1) < —gM(6-1) < ;(%[Vt}(y) —yVi(z,y)) <0.
(4) When y € Io(x), ie., y € (0,y2].
From inequality (7.6), the definition of Z,.[V;](y), we have that

B Y Y

The first inequality is due to the fact that yV;(x, y) is concave in y € ) for any x € X, thus the first order
condition implies
Y2V (2, y2) =1V (@,y1) _ yVa(2,y) — 1V (2, 91)

Y2 — 1 Yy—un

) Vy € 12 (.’K )7
and the last inequality is due to the similar fact that

Vi(z,w) =

white,w 7_00' Vi@, 0) < 2Vi(w,2) = 0- Va(,0) =Vi(z,2), Vz,w e Y, z <w.

w - z—0
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Therefore the condition of this theorem implies

Z.[Vil(y) — yVi(z,y)
y

0>

> Vt>0,zeX, ye).

Combining the above four cases, we have that for each state (x,y) € X x ),

Z.[Vil(y)
)

0>

Second, we bound the difference of Tz[V{](z,y) — T[Vi](z,y). By recalling that £(-)P(-|x,a) is a
probability distribution for any & € Ucvar (y, P(-|z,a)), we then combine all previous arguments and show

thatatany t € {0,1,...,}andanyz € X,a € A,y € Y(z),

- > (BRI @) ) )P o) = 26— 1) -

X
o P (100) Ly eyletinso N V@)
This further implies
T[Vil(z,y) —7(2M (0 — 1) +€) < Tz[Vi](z,y) < T[Vi](2,y). (7.9)

Third, we prove the error bound of interpolated value iteration using the above properties. By putting
t = 0 in (7.9), we have that

—y(2M (0 — 1) + €) < Tz[Vo)(z,y) — T[Vo](2,y) < 0.

Applying the Bellman operator T on all sides of the above inequality and noting that T is a translational

invariant mapping, the above expression implies
T?[Vo](x,y) —+*(2M (0 — 1) + €) < T[T [Vo]l(z,y) = T[Vi](z,y) < T*[Vo](z,y).

By adding the inequality: —y(2M (0 — 1) + €) < Tz[V1](z,y) — T[Vi](x,y) < 0 to the above expression,

this further implies the following expression:
T2 [Vol(z,y) — v(1+7)(2M(0 — 1) + €) < T7[Vi](z,y) = T3[Vol(z,y) < T*[Vo](z, ).

Then, by repeating this process, we can show that for any n € N, the following inequality holds:

T Val(a,1) — v (M6~ 1) + O < THV](,9) < T"0il(w.0).

Note that when n — oo, we have that v converges to 0, T" [V;](x, y) converges to min, ey, CVaR,, (imr_,o0 Co,r | , 1)
(follow from Theorem D and T%[Vp](x, y) converges to V*(x,y) (follow from the contraction property
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in Lemma[2.4.3).

Furthermore, from Proposition 1.6.4 in [[17], the contraction property of Bellman operator T implies that

forany x € X, y € ), the following expression holds:
,777/

T Vo) = V* ()] < 75

Cmax+ ZOO
m 1Z1loc)

where Z is the bounded random variable of the initial value function Vy(x,y) = CVaR,(Z | zy = x) such
that ||Vo|loo < || Z]|c0»> and V*(z,y) = minyemn, CVaR, (limy_ o Cor | x, 1). This further implies for any
reX,yel,

_,771 ,.yn
2M(6 -1 —— (Chmax + | Z||0)-
7( ( )+e)+1_7( + 1Z]|o0)

THVel(r,y) — V* (2, 9)] <7+

Then, by combining all the above arguments, we prove the claim of this theorem.

7.1.8 Proof of Theorem 2.5.1]

The convergence proof of ()—learning is mainly based on stochastic approximation theories. Recall that the

state-action Bellman operator F is given as follows:

Lo [V](y&(2"))
z'eX Yy

Fz[Q)(x,y,a) =C(z,a) +v P(2'|x,a).

max
E€Ucvr (¥, P (+|z,a))
where V (z,y) = minge 4 Q(z, y, a). Therefore, the (Q—update can be re-written as
Qk+l(x7 Y, a’) :(1 - Ck(m7 Y, (Z))Qk(l’, Y, a)

+ 7Gx, y, a) < Lo [Vi (y€ (')

max P |z, a) + My(z,y,a) |,
geuCVuR(va(‘lmva))Z ( | ) k( g )>

' EX Y
where the noise term is given by
Mu(ery.a) = i = vk TN ey Z VO p
’ €l (4.Px, (120)) N, - ¢€Uevin (3, P(|e,a)) y e

=1 z'eX

(7.10)
for which My (x,y,a) — 0 almost surely as k — oo (consistency property whose proof follows from Section
[71]D of [146] using the law of large numbers) and for any k € N,

2

Ny, 1, , !
o NLZ 08D 5 ZAVOEE < e s, .

x,Yy,a
z'eX Yy Y
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Then the assumptions in Proposition 4.5 in [19] on the noise term My (x,y,a) are verified. Furthermore,
following the same analysis from Lemma[2.4.3]that Tz is a contraction operator with respect to the co—norm,
for any two state-action value functions Q1 (x, y, a) and Q2(x, y, a) such that Vi (z,y) = mingec 4 Q1(z,y, a)

and Vo (z,y) = minge 4 Q2(x, y, a), we have that

Lo Vi](&(2) s
C(zx,a) + max 2 Y P(z'|z,a) — C(z,a
‘ ( ) ’yéeucwk(yvp(‘hﬂ))xgx Y = ) ( )
— max Z MP(I,‘I,G)
§€Ucvar (v, P(-|z,a)) o e Y
! !
o e ST 5 TeVOKED)
telov (v P(l2.0)) £, y teliovm (v P(l2.0)) £, y
/ /
o s, 3 [ BIGEN] i
§€MCVaR(yaP(“zﬁa))I,€X Y Y

SWH;%XIVl(w,y) = Va(z,y)| <v11Q1 — Q2| -

(7.11)
The second inequality follows from sub-additivity of max —operator:
% ! T | V5 !
- VIO pe )~ ma VS i
E€Ucvr (¥, P (+|z,a)) oen Y E€Ucevr (v, P(-z,a)) oen Y
Lo ! Ly !
e Y [ Vil(w(@) T [Val(wé(x >>} Pelo.a).
€€UCVaR(y7P('|fF~,G))w,eX Y Y

The third inequality is due to the same lines of arguments in Lemma[2.4.3] Therefore the above expression
implies that |Fz[Q1] — Fz[Q2]||s < 7 [|Q1 — Q2] ., i-e., Fz is a contraction mapping.

By combining these arguments, all assumptions in Proposition 4.5 in [19] are justified. This in turns
implies the convergence of {Q(z,y, a) }ren to Q*(z,y, a) component-wise, where Q* is the unique fixed-

point solution of F7[Q](z,y, a) = Q(z,y, a).

7.1.9 Proof of Theorem [2.5.2]

Similar to the proof of Theorem [2.5.1] the Q—update in asynchronous ()—learning can be written as:

Qk+1(l’,y, 0,) = (1 - Ck(x7y’ a))Qk(xvy’ a) + Ck(xvy’ a)(@k(m,y,a) + \I’k'(xvyv CL)),

where

7,/ Vi) (wé (&’ ,
Ok, y,a) = { C(z,a) + 7 MaXe vy (v, P(-|2,0)) Dz ex WP(M%G) if (z,y,a) = (zx(y),y, ar(y))

Qr(z,y,a) otherwise
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with Vi (z,y) = minge 4 Qk(z,y, a) and the noise term is given by

Uy (z,y,a) = My(2,y,a) if (z,y,a) = (2r(y),y, ar(y))
o 0 otherwise

with My, defined in (7.10). Since My (z,y,a) — 0 as k — oo, it can also be seen that U, (z,y,a) — 0 as

k — oc. Furthermore, for any k € N, we also have that ¥% (z,y,a) < M7 (2,y,a) < 2max, ., Q1(z,y,a).

Then the assumptions in Proposition 4.5 in [19] on the noise term My (x,y, a) are verified. Now we define

the asynchronous Bellman operator

B2 0l(e ) = { Ca,0) + 7 maXecrona(y (I Lorer “EELP@ o) i (2,5,0) = (20(0): 9 ax(v))
Q(z,y,a) otherwise

)

where V(z,y) = minge 4 Q(,y, a). It can easily checked that the fixed-point solution of Fz[Q](z,y,a) =
Q(z,y,a), ie., Q, is also a fixed-point solution of fI[Q}(z,y,a) = Q(z,y,a). Next we want to show
that f‘I[Q] is a contraction operator with respect to co—norm. Let {{;} be a strictly increasing sequence
(r; < Ly for all k) such that £y = 0, and at every CVaR confidence level y € Y every state-action pair
(z,a) in X x A is being updated at least once during this time period. Since every state action pair is visited
infinitely often, Borel-Cantelli lemma [116]] implies that for each finite &, both ¢;, and ¢y are finite. For any
0 € [0k, lx+1], the result in (7.11)) implies the following expression:

FL Q) ,0) — Q* (i, < 7 | FoQ) - Q7| if (2, 9,a) = (24(1), ,0x(9))
|13§+1[Q](x’y’a> - Q*(z,y,a)| = |f§[Q](x,y,a) —Q*(x,y,a)| otherwise

From this result, one can first conclude that F7[Q)] is a non-expansive operator, i.e.,

Q) y.a) = Q" (2, y.0)] < |[F5lQ] - @7

N
Let I(z,y, a) be the last index strictly between ¢}, and ¢;; where the state-action pair (z,y, a) is updated.
Then

B Q) v, ) - @ (w,y, )] < v [FF Q) - @

oo
From the definition of /i1, it is obvious that £, < max, . [(z,y,a) < fi41. The non-expansive property

of IT“I also implies that

[EE @ - @

< |Fr@ -

oo

Therefore we have that

[ Q) y.0) = Q (2 y.a)| < 7 |[FE[Q) - Q7

oo
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=~ X S0, «
Combining these arguments implies that | F/ " [Q] — Q*[|oc < v HF% Q- Q

. Thus for 5]@ = €k+1 —
U > 1and Qi (z,y,a) = Fg" [Q](z,y, a), the following contraction property holds:

IFE Q1] — Qoo <711Q1 — Q| - (7.12)

where the following fixed-point equation holds: ]/5\‘%’“ [Q*](x,u) = Q*(x,u). Then by Proposition 4.5 in [19],
the sequence {Qx(z, y, a) }ren converges to Q*(z, y, a) component-wise, where Q* is the unique fixed-point
solution of both F£[Q](x, y,a) = Q(x,y,a) and F£[Q](z,y,a) = Q(z,y, a).

7.1.10 Proof of Theorem 2.6.1]

First we want to show that

ps, B(Z | he,m) > GGUM.X(érgaX(-\rt,at))E[f(xt—i_l) ' p5/5($t+1)7ﬂ5($t+1)(z | Pgr, ) | ht’ﬂ-]’ (7.13)
where the risk envelop is given by
uMix(aaﬁap(’|xt7at)): §: &(mt-s-l Z fz $t+1 xt+1|xt7at) =1,V
$t+16X

Recall that a; is the control input induced by p:(h:) for any ¢ > 0. From the dual representation theorem of

coherent risk [[132]], one obtains

- . Z | hgy1,m) = max Epl¢'Z | hyyr, 7). 7.14
Poe(rra).pe( Hl)( [ R, m) &' eUnix(6/€(xe+1),8E(x4+1), P(-|ze41,a141)) PIEZ | ey, ] ( )
For any feasible & in Unix(6/E(x41), BE(Te41), P(-|x4+1,a:41)) where azyq is the control input induced
by p¢+1(hes1) and any feasible & in Ungix (9, 8, P(+|2¢, at)), we have that

1
0 <& (@rp2)é(mi1) < 2y Varpa € X, Y Ei(@ipa) Plargalrir, arsn) = 1.

Tiyo€X

Q

Now since the following equality holds:

B¢ 7] = > &ern) D (@) P@ryalwes, apr) Pzl ar) = 1,

Ti41E€EX Ti42€X

we can then show that £’ is in Unix (6, B, P(+|x+, a¢)). Furthermore based on the dual representation theorem

of 5 /¢(z111),86(wi51) (Z | hey1, ) from (7.14), for any € > 0 there exists

€ € Unix(8/€(xe41), BE@e11), P(|ag1, arin))
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such that
pé/ﬁ(wt+1)»55(€vt+1)(z | hH—lvﬂ-) < EPK/Z | ht+1a7r] te

This immediately implies the following inequality for any & € Unmix (6, B, P(-|xt, at)):

max Ep[¢Z|hy, 7] > Bp [£6/ Z|hy, 7
e  BoleZ|h, ] > p |68 20007

>EIE(Te41) - Ps/e(wisn) Be(@esr)(Z | higr, ) | by, ] — €.

By taking the supremum on the right side of the above inequality over £ € Unix (6, 3, P(-|x¢, at)), using the
dual representation theorem (7.14) and letting € — 0, one obtains the inequality in (7.13).

Second we want to show that

ps.8(Z | hyym) < ma.

X E[&(x . = o Z | hiy1,m) | he,m]. 7.15
- feuMix(é,ﬁ,P(".’Et,af,)) [6( t+1) Pa/g( t+1)7,3§( +1)( | t+1 ) | t ] ( )

We first choose some £* € Unmix(6, 8, P(-|z¢, ar)) such that E[§* Z|h,, w] = psp(Z | hy, 7). Furthermore
define a(xtﬂ) = Zzt“ex & (@41, Teg2) P(xig2|2e41, ary1), where one immediately sees that the fol-

lowing properties hold:

~ 1 ~
§<&ilwern) < 2 Y &il@)P(@p o, ar) = 1.
B ex
Tt4+1
On the other hand, by defining
Sloentees) - if gy ) > 0
= +1
§(Tit1, Te2) = tzern) i )
1 otherwise
the following properties hold as well:
) 1 .
=~ < E(Teg1, Tig2) < —=—, Vi, Z §i(Tig1, Tey2) P(Tei2|Ti1, ary1) = 1.
§(41) BE(we+1) Tyi2€X

Utilizing the above construction of §~, we have the following chain of inequalities:

pip(Z | he,m) <E[E"Z | hu,w] = Ep [E€2 | h ]
=E [{(21+1)E[£Z | Fria] | he, 7]

<E[S(Zt4+1) * P /& (0011), 88 wesr) (2 | Pts1, ) | he, ]

< E P /e o) (Z | haga, ) | by, 7).
= el (5.6.P(200)) (@ess) - Pojeconn) decer) (Z | hegr,m) | e,

Therefore the claim of this theorem is concluded by combining both arguments in (7.13)) and (7.13).
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7.2 Technical Results in Chapter [3: Policy Gradient Methods

In this section we present the convergence proof to the risk constrained policy gradient method.

7.2.1 Computing the Gradients

i) Vo L(v,0,)): Gradient of L(v, 0, \) w.r.t. § By expanding the expectations in the definition of the objec-
tive function L(v, 6, A) in (3.3), we obtain

L(v,0,)) ZPQ +Ay+ﬁz}?9(§)(i)(f)—y)+—)\ﬂ.
13

By taking the gradient with respect to 6, we have

VgL l/ a, )\ ZVQ]PQ Jr % ZV@]P)(-)(f) (D(f) — I/)+-
3

This gradient can be rewritten as

A

1 —«

VL0100 = Y Bale) - ValouPa(6) (C(6) +

(D) —v)1{D(¢) = u}) , (116)
&:Po (§)#0

where in the case of Py(§) # 0, the term V log Py (€) is given by:

T—1
Vo log Py(€) =V {Z log P(wys1]wr, ax) + log pu(alars 6) + log 1o = }}

k=0
T-1 T-1 1

Vo log p(ak|xk; ——Voulag|zk; 0).
I;) g:u’ k‘ k> ) I;),U'(akh:lwa) lu’( k‘ k )

ii) 0, L(v,0, \): Sub-differential of L(v, 0, ) w.r.t. v From the definition of L(v, 0, \), we can easily see

that L(v, 6, \) is a convex function in v for any fixed 6 € ©. Note that for every fixed v and any 1/, we have

+ +
(D) —v)" = (D) —v)" 2g- (V' —v),
where g is any element in the set of sub-derivatives:

1 if v < D),
g€d,(DE)—v) :={ _q:qel0,1 ifv=D),

0 otherwise.
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Since L(v, 6, A) is finite-valued for any v € R, by the additive rule of sub-derivatives, we have

A
l1—«

A

OuL(1,0,0) = § ——2— S REI{D(E) > v} — T S Re(@)1{D(e) =} + A | g € [0,1)
3 3

1
(7.17)

In particular for ¢ = 1, we may write the sub-gradient of L(v, 0, \) w.r.t. v as
DL, 0N gm0 = A — —— S By(€) - 1{D(€) > v}
» Uy q= 1_ o - =

or

A— ﬁ ;Pe(g) -U{D(&) > v} € 0,L(r, 0, \).

iii) VaL(v, 0, \): Gradient of L(v,0, \) w.r.t. X Since L(v, 0, \) is a linear function in A, one can express
the gradient of L(v, 0, A) w.r.t. A as follows:

VaL(v,0,0) =v -+ ﬁ D By(§) - (D) —v)1{D() > v} (7.18)
€

7.2.2 Proof of Convergence of the Policy Gradient Algorithm

In this section, we prove the convergence of the policy gradient algorithm (Algorithm 2).
Since v converges on the faster timescale than @ and ), the v-update can be rewritten by assuming (6, \)

as invariant quantities, i.e.,

vis1 =In [yi —(3(7) </\ - (1—)\04)N i D(,) > ”i}ﬂ : (7.19)

Consider the continuous time dynamics of v defined using differential inclusion
veYT,[-g)], Yg(v) € 0,L(v,0,)\), (7.20)

where
T, [K(v) = O<linn_1>0 In(v+ UK;V)) - FN(V>.

Here Y, [K (v)] is the left directional derivative of the function I'y () in the direction of K (v). By using the
left directional derivative T, [—g(v)] in the sub-gradient descent algorithm for v, the gradient will point in
the descent direction along the boundary of v whenever the v-update hits its boundary.

Furthermore, since v converges on a faster timescale than 6, and A is on the slowest time-scale, the

f-update can be rewritten using the converged v*(6), assuming A as an invariant quantity, i.e.,
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92+1 =Ig |: C2 ( Z Vo log Py 57 1)‘0 0; C(f] z)

Jj=1

A

N
+ T 2 Vo loE PGl (PL6,) — )16, > u*(@)}ﬂ .

Consider the continuous time dynamics of § € O:
0 ="o[~VoL(v,0,\)]|o=r-(s): (7.21)

where

YolK ()] := lim o6+ UK;G)) —Te(®)
Similar to the analysis of v, To[K ()] is the left directional derivative of the function I'g () in the direction
of K (). By using the left directional derivative Ty [—~VgL(v, 0, \)] in the gradient descent algorithm for
6, the gradient will point in the descent direction along the boundary of ©® whenever the f-update hits its
boundary.
Finally, since the A-update converges in the slowest time-scale, the A-update can be rewritten using the

converged 0*(\) and v*(\), i.e.,

N
Z (&) i))*-ﬁ) . (7.22)

Xiv1 =Ta [ N +G(9) (V (A
Consider the continuous time system

At) =T |VaL(v,6,)) A(t) >0, (7.23)

0_0*()\),1/_1/*()\)‘| 7

where

TAKO)] = Jim La(r+ "KE:)) “TaY),
Again, similar to the analysis of (v, 8), TA[K ()] is the left directional derivative of the function I' (\) in the
direction of K (). By using the left directional derivative Y5 [V AL (v, 8, A)] in the gradient ascent algorithm
for A, the gradient will point in the ascent direction along the boundary of [0, Apmax] Whenever the A-update
hits its boundary.
Define

L*(A) = L{r*(A), 07 (), A),

for A > 0 where (6*(X\),v*(\)) € © x [—

Ho
1
S

7222] is a local minimum of L(v, 6, A) for fixed A > 0, i.e.,
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L(v,0,)\) > L(v*(X\),0*(\), ) forany (6,v) € © x [—If%‘;" ‘j:*] N B(g=(x),u=(x)) (1) for some r > 0.
Next, we want to show that the ODE is actually a gradient ascent of the Lagrangian function
using the envelope theorem from mathematical economics [86]. The envelope theorem describes sufficient
conditions for the derivative of L* with respect to A to equal the partial derivative of the objective function L
with respect to A, holding (6, v) at its local optimum (0, v) = (6*(\),v*()\)). We will show that V,L*()\)

coincides with V. L(v, 0, A)[g—g+(x),u=v= () as follows.

Theorem 7.2.1. The value function L* is absolutely continuous. Furthermore,
A
L*(\) = L*(0) + / Y L(v, 0, V) ds, A > 0. (7.24)
0 0=0*(s),v=v*(s),\'=s

Proof. The proof follows from analogous arguments to Lemma 4.3 in [34]. From the definition of L*, observe
that for any X', A" > 0 with \' < \”/,

IL*(\") = L*(X)| < sup |L(v,0,\") = L(v, 0, \)|
€0, ve[— Bmax Dmax)
= sup VAL(v,0,s)ds
6€0©,€[— Bmax Dmax)
A// 3Dmax
§/ sup |IVAL(v,0,s)|ds < #(X' - \).
" 6e®,ve[—pmax Dmax] (I-a)(1-9)

This implies that L* is absolutely continuous. Therefore, L* is continuous everywhere and differentiable
almost everywhere.

By the Milgrom-Segal envelope theorem in mathematical economics (Theorem 1 of [86]), one concludes
that the derivative of L*(\) coincides with the derivative of L(v, 8, \) at the point of differentiability A and
0 = 6*(\), v = v*(\). Also since L* is absolutely continuous, the limit of (L*(\) — L*(X\'))/(A — X) at
AT X (or A | X) coincides with the lower/upper directional derivatives if \” is a point of non-differentiability.
Thus, there is only a countable number of non-differentiable points in L* and the set of non-differentiable
points of L* has measure zero. Therefore, expression holds and one concludes that V y L* () coincides
with VAL (v, 0, A) g+ (x),p=v+ (1) O

Before getting into the main result, we have the following technical proposition whose proof directly
follows from the definition of log Py(€) and Assumption that Vou(ag|zk; 0) is Lipschitz in 6.

Proposition 7.2.2. VyL(v,0, ) is Lipschitz in 0.

Remark 7.2.3. The fact that Vo L(v, 0, \) is Lipschitz in 0 implies that ||V g L(v, 0, \)||?> < 2(|[ Vo L(v, 00, \) ||+
1601)2 + 2|62 which further implies that

IVoL(v,0, M)|* < K1(1 + [10]%).
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for K1 = 2max(1, (|[VoL(v, 00, \)||+|60]))%) > 0. Similarly, the fact that V g log Py () is Lipschitz implies
that
Vo log Py (€)]1> < Ka2(£)(1 +[16]1%)

for a positive random variable Ko(§). Furthermore, since T < oo wp. 1, p(ag|zr;0) € (0,1] and
Vou(ak|zy; 0) is Lipschitz for any k < T, K2(€) < co w.p. 1.

Remark 7.2.4. For any given 0 € ©, A\ > 0, and g(v) € 0, L(v, 0, \), we have
9] < 3N+ IW])/(1 - a). (7.25)

To see this, recall that the set of g(v) € 0, L(v,0, \) can be parameterized by q € [0, 1] as

g(v;q) = Z]Pg ) > }—721% & =v}i+ A

Itis obvious that |1 {D(&) = v}|, |1 {D(§) > v}| < 1+|v|. Thus,

Po(§)1{D() > v}| < sup¢ [1{D(€) > v}| <
,and |32 Pe(§)1{D() = 1/}’ <1+ |v|. Recalling that 0 < (1 — q), (1 — «) < 1, these arguments
imply the claim of (71.23).

We are now in a position to prove the convergence analysis of Theorem [3.3.2]

Proof of Theorem We split the proof into the following four steps:

Step 1 (Convergence of v-update) Since v converges on a faster time scale than 6 and )\, one can take both

0 and X as fixed quantities in the v-update, i.e.,

A

N
v =T 1+ GO | 7= 8 S D) = v} = A+ oviga | |, (7.26)
j=1

(1
and the Martingale difference term with respect to v is given by
N

1{D(&.) > v; +Z]P’9 VL{D(&) > v} | . (7.27)
j 1

A 1
11—«

5V¢+1 =
First, one can show that dv; 1 is square integrable, i.e.,

A 2
E[||0vita|® | Foa] < 4 22
vl | £l < 4 (222

where F, ; = a(um, OV, m < 2) is the filtration of v; generated by different independent trajectories.
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Second, since the history trajectories are generated based on the sampling probability mass function
Py(&), expression (7.I7) implies that E [0v;41 | F, ;] = 0. Therefore, the v-update is a stochastic approxi-
mation of the ODE ([7.20) with a Martingale difference error term, i.e.,

Z]Pg l{D > Vi} - )\ S 78VL<V30a /\)‘V:W'

Then one can invoke Corollary 4 in Chapter 5 of [35] (stochastic approximation theory for non-differentiable

systems) to show that the sequence {v;}, v; € [—[1)%'1‘;‘, lfrj"jy"] converges almost surely to a fixed point
vt e |- %‘:", ’?mif] of the differential inclusion (7.20), where

* . 7‘DnlaX DmaX . _ _
vt e N, = {1/6{ 1_771_7} Y[ g(l/)]O,g(V)GayL(l/,G,/\)}.

To justify the assumptions of this corollary, 1) from Remark [7.2.4] the Lipschitz property is satisfied, i.e.,

SUPg()ea, Limon 19 < 3AL + [v))/(1 - «), 2) [~ B ’?m“} and 9, L(v,0,\) are convex compact
sets by definition, which implies {(v,g(v)) | g(v) € 8,,L(1/,9,/\)} is a closed set, and further implies
0, L(v,0, ) is an upper semi-continuous set valued mapping, 3) the step-size rule follows from Assump-
tion , 4) the Martingale difference assumption follows from (7.27), and 5) v; € [—%r;x’ max] Vi
implies that sup, ||v;|| < oo almost surely.

Consider the ODE for v € R in (7.20), we define the set-valued derivative of L as follows:
(v,0,) {g [ )] | Vg(v) E@DL(V,Q,)\)}.
One can conclude that

max Dy L(v,0,\) = max {g(u)Tl, [ — g(u)] | g(v) € 0, L(v, 0, )\)}

g(v)

We now show that maxg,) D;L(v,0,A) < 0 and this quantity is non-zero if T,,[ — g(v)] # 0 for every

g(v) € 0,L(v,0, \) by considering three cases. To distinguish the latter two cases, we need to define,

G(v):= {g(u) € 0L, (v,0,\)|Vno > 0, In € (0,n0] such that 0 — ng(v) ¢ {— Dinax Dmax} } .

1—-v 1—7

Case l: v € (7%‘:&’ [1)%7;{)

For every g(v) € 0, L(v,0, \), there exists a sufficiently small 79 > 0 such that v —gg(v) € [—Dmax  Dmax)

1—v ) 1—v
and

Ln (0 —nog(v)) — 6 = —nog(v).
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Therefore, the definition of Yy[—g(v)] implies

m(eu)( DyL(v,0,)) = max { — ¢°(v) | g(v) € 8,L(v,0,\)} <0. (7.28)
g(v

The maximum is attained because 0, L(v, 0, A) is a convex compact set and g(v)Y, [ — g(v)] is a continuous
function. At the same time, we have max,) D;L(v, 0, \) < 0 whenever 0 & 0, L(v, 0, \).

Case2: v € {— ?‘“1{", 1'“1;‘} and G(v) is empty.

The condition v — ng(v) €

[7 Dmax  Dmax

T S | implies that

Then we obtain
max D;L(v,0,\) = max { — ¢*(v) | g(v) € 9,L(v,0,)\)} <0. (7.29)

9(v)
Furthermore, we have max,,) D;L(v, 0, \) < 0 whenever 0 & 0, L(v, 0, \).
Case 3: v € {— D"‘a"7 S=ax} and G(v) is nonempty.
First, consider any g(v) € G(v). For any n > 0, define v,, := v — ng(v). The above condition implies that

when 0 < n — 0, 'y [V,,] is the projection of v, to the tangent space of [— %1;‘, %] For any element
vel[-2 T ?fi;‘] since the set {v € [~ 2 T %‘j;‘] lv —vpll2 < ||? — vy ||2} is compact, the projection
of v, on [— %7 [1)‘“3"} exists. Furthermore, since f(v) := (v — v,)? is a strongly convex function and
V f(v) = v — vy, by the first order optimality condition, one obtains
D D
VIR0 =) = 0~ ) - ) 20, e |-, o]

where 17 is the unique projection of v, (the projection is unique because f (v) is strongly convex and

[—@ D max] g a convex compact set). Since the projection (minimizer) is unique, the above equality

1—vy 7 1—v
holds if and only if v = v/}.
Therefore, for any v € [— ?E:‘, D Ta"] and n > 0,

ST = 9] =90  Jim )

0<n—0 n
* * 2 *
. V-V . Uy B (7 A . vy — v
=( lim —2 lim 42— )= lim —2———+ lim (V* — 1/,7) U <0.
0<n—0 7 0<n—0 7 0<n—0 n? 0<n—0 v " 72

Second, for any g(v) € 9, L(v,0,\) N G(v)°, one obtains v — ng(v) € [—Dmax D 722x], for any n € (0, 70]

and some 79 > 0. In this case, the arguments follow from case 2 and the following expression holds:
Y[ - 9()] = —g(v).
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Combining these arguments, one concludes that

max Dy L(v, 6, \)
9 (7.30)
<max {max {g(v) T.[—g()] | g(v) € G(v)}, max { — g°(v) | g(v) € D L(r,6,)) N Gv)°}} <o.
This quantity is non-zero whenever 0 ¢ {g(v) T,,[ — g(v)] | Vg(v) € 8, L(v,0,\)} (this is because, for any
g(v) € 8,L(v,0,\)NG(v)¢, one obtains g(v) T, [—g(v)] = —g(v)?). Thus, by similar arguments one may
conclude that max () D;L(v,0,\) < 0 and itis non-zero if Y, [ — g(v)] # 0 for every g(v) € 9, L(v,0, \).

Now for any given 6 and A, define the following Lyapunov function
£97A(V) = L(l/, 9, )\) — L(V*, 9, /\)

where v* is a minimum point (for any given (6, \), L is a convex function in v). Then Ly »(v) is a positive
definite function, i.e., £y () > 0. On the other hand, by the definition of a minimum point, one easily
obtains 0 € {g(v*) T,[ — g(v*)]lv=v+ | Yg(v*) € 8,L(v,0,\)|y=,~} which means that v* is also a

stationary point, i.e., v* € N,.

Note that max,) Dy Lo x(v) = max,(,) D;L(v,0,\) < 0and this quantity is non-zero if T, [—g(v)] #
0 for every g(v) € 0,L(v,0,\). Therefore, by the Lyapunov theory for asymptotically stable differential
inclusions (see Theorem 3.10 and Corollary 3.11 in [14], where the Lyapunov function Ly »(v) satisfies
Hypothesis 3.1 and the property in (7.30) is equivalent to Hypothesis 3.9 in the reference), the above ar-
guments imply that with any initial condition v(0), the state trajectory v(¢) of converges to v*, i.e.,

L(v*,0,)\) < L(v(t),0,\) < L(v(0),0, \) for any t > 0.
Dmax
=
differential inclusion (7.20), and thus converges almost surely its solution [35]], which further converges

As stated earlier, the sequence {v;}, v; € [— ) %‘;"] constitutes a stochastic approximation to the

almost surely to v* € N.. Also, it can be easily seen that N, is a closed subset of the compact set

[7 Dmax  Dmax

Smex ], and therefore a compact set itself.
-y’ 1-v

Step 2 (Convergence of f-update) Since 6 converges on a faster time scale than A\ and v converges faster
than , one can take A as a fixed quantity and v as a converged quantity *(6) in the 6-update. The 6-update

can be rewritten as a stochastic approximation, i.e.,

Oir1=Te (91' + (2(4) ( —VoL(v,0,\)|6=9, v=v=(0,) + 59i+1>> ; (7.31)

where

LN

00i11 =VoL(v,0,\)|o=0, v—v+(0:) — N Z VologPq (i) lo=0, C(&j.)

=t (7.32)
D . .

- m ;Vf) 10gp9(€j,z‘)|9:9,; (D(fgz) -V (Qi))l{p(fj,i) > v (91)}
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First, one can show that 66,1 is square integrable, i.e., E[||00;+1 > | Fp.i] < K;(1 + ||6;]*) for some
K; > 0, where Fy; = a(@m, 60, m < z) is the filtration of #; generated by different independent trajecto-

ries. To see this, notice that

166111
2 2 (C 2AD P& i
<2 (VoL 0, Nlo=o, = 0) + 72 <1faf;+ — 7)) 3" Vo logPo(&)i) loo,
j=1
2N Cmax 2>\maxDmaX ? al
<20+ 1007) + 3 (T2 o2} (5 9 log o) lo-o,

Jj=1

2N Cmax 2)\maxDmaX
<2K 1 ,;(1+1|6:]°) + (

N2 11—y (1-a)(1l-—xn

2N_1 C'max + 2)\maxDmaX 2
N \1-7v (A-a)(l=v)/) 1

2 N
)> ST Ko (60 (1+ 16:])
j=1

§2<K1,i+ max_

max Kg(fj,¢)>(1+ll9i||2).

The Lipschitz upper bounds are due to the results in Remark Since K2(§;,;) < oo w.p. 1, there
exists Ko ; < oo such that maxi<,;<ny K2(§;;) < K2,. By combining these results, one concludes that
E[60;:11% | Foil < Ki(1+]6:]2) where

2N71K2 7 Cmax 2)\maXDmax 2
K, =2 Ky, - < .
( LT (1—7+(1—a)(1—7)> >

Second, since the history trajectories are generated based on the sampling probability mass function
Py, (£), expression (7.16) implies that E [66;41 | Fp,;] = 0. Therefore, the f-update is a stochastic approxi-
mation of the ODE (7.21)) with a Martingale difference error term. In addition, from the convergence analysis
of the v-update, v*(6) is an asymptotically stable equilibrium point for the sequence {v;}. From (7.17),
0, L(v,0, \) is a Lipschitz set-valued mapping in 6 (since Py(&) is Lipschitz in 6), and thus it can be easily
seen that v* () is a Lipschitz continuous mapping of 6.

Now consider the continuous time dynamics for § € ©, given in (7.2I). We may write

dL(v,0,\)

T
dt o) = (VOL(V797>‘>|V=V*(9)) TG[ - VHL(VaGa)‘)L/:u*(Q)]' (7.33)

By considering the following cases, we now show that dL(v, 0, \)/dt|,—,+g) < 0 and this quantity is non-
zero whenever || Yo [~VoL(v,0,A)],—p-(o)] H # 0.

Case 1: When 6 € ©° = 0O\ 00.

Since ©° is the interior of the set © and O is a convex compact set, there exists a sufficiently small 779 > 0
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such that 0 — 0oV L(v,0,\)|,—,+9) € © and
Lo (0 —1noVoL(v,0,N)]y=pe ) — 0 = =10V L(1,0,\)],p(6)-

Therefore, the definition of Yo [ — VoL (v, 0, A)|,—,+(g)] implies

dL(v,0,))

s V0 L@, 0, M=o < 0. (734)

At the same time, we have dL(v, 0, \) /dt|,—,- @) < 0 whenever |[VgL(v, 0, \)|,=,«(g)| # 0.

Case 2: When 6 € 0O and 6 — nVgL(v,0, )|, € O for any n € (0,n0] and some ny > 0.
The condition 6 — nVgL(v,0, A)|,—,~(9) € © implies that

TG [ - VQL(V; 97 >\)|1/:1/* (0)] = *VQL(V, 03 )‘)|V=V*(9)'

Then we obtain

dL(v,0,))

7o P ML M= o)|* < 0. (7.35)

Furthermore, dL(v, 0, \) /dt|,—,- )y < 0 when ||V L(v, 0, \)[,,— sl # 0.

Case 3: When 6 € 00 and 0 —nNoL(v,0,\)|,—+ ) € © for some 1 € (0,m0] and any 1y > 0.

For any 1 > 0, define 0, := 6 — Vo L(v,0,\)|,—,+(9). The above condition implies that when 0 < 1 — 0,

T'e [07,} is the projection of 6, to the tangent space of ©. For any element 0 € O, since the set {6 € ©:
1

16 —6,ll2 < 16— 0|2} is compact, the projection of 6, on © exists. Furthermore, since f(6) := 3|6 —6,||3

is a strongly convex function and V f(¢) = 6 — 6,,, by the first order optimality condition, one obtains
VEO;)T(0—0;) = (0;—0,)T(0—0;) >0, VO€O,

where ¢} is the unique projection of 6, (the projection is unique because f(6) is strongly convex and © is
a convex compact set). Since the projection (minimizer) is unique, the above equality holds if and only if
0 =05

Therefore, for any § € © and 7 > 0,

T _ T( . O-0
(VoL(v,0,N)]y—v+0)) Yo = VoL (v,0,N)]uer-(0)] = (VoL(1,0,N)]y—r(0)) (0<11nlgo 7 )

T * * 2 *
— 0r — —|6r —6 0r—06
:(lim b 9") <1im " ): lim ”’772”+ lim (9;;—9,7)T(’72 )go.
0<n—0 n 0<n—0 n 0<n—0 n 0<n—0 n
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By combining these arguments, one concludes that dL(v, 6, \)/dt|,—,- () < 0 and this quantity is non-zero
whenever || Yo [=VoL(v,0, )|y 0] || # 0.

Now, for any given A, define the Lyapunov function
Lx(0) = L(v*(0),0,\) — L(v*(6"),0", \),

where 6* is a local minimum point. Then there exists a ball centered at 8* with radius 7 such that for any
0 € By (r), Lx(0) is a locally positive definite function, i.e., £, (¢) > 0. On the other hand, by the definition
of a local minimum point, one obtains Y[~V L(0*, v, A)|,—y=(9+)]l9=6~ = 0 which means that 6* is a
stationary point, i.e., 0* € O..

Note that dL(6(t))/dt = dL(6(t),v*(0(t)), A)/dt < 0 and the time-derivative is non-zero whenever

||T«9 [_VGL(Vv 0, )\)|V:I/*(9)} || 7é 0.

Therefore, by the Lyapunov theory for asymptotically stable systems [68]], the above arguments imply that
with any initial condition 6(0) € By~ (1), the state trajectory 6(t) of (7.21)) converges to 6*, i.e.,

L(0%,v7(67),A) < L(6(1),v"(0(t)), A) < L(6(0),»*(6(0)), A)

forany ¢t > 0.

Based on the above properties and noting that 1) from Proposition VoL(v,0,)) is a Lipschitz
function in 6, 2) the step-size rule follows from Assumption [3.3.1} 3) expression implies that 6,1 is a
square integrable Martingale difference, and 4) 6; € ©, Vi implies that sup; ||6;|| < oo almost surely, one can
invoke Theorem 2 in Chapter 6 of [35] (multi-time scale stochastic approximation theory) to show that the
sequence {6;}, 6; € © converges almost surely to the solution of the ODE (7.21)), which further converges
almost surely to 8* € ©.

Step 3 (Local Minimum) Now, we want to show that the sequence {6;, v;} converges to a local minimum
of L(v, 0, \) for any fixed . Recall that {6,, v;} converges to (6*,v*) := (6*,v*(0*)). Previous arguments
on the (v, #)-convergence imply that with any initial condition (6(0),~(0)), the state trajectories 6(¢) and
v(t) of and converge to the set of stationary points (6*, v*) in the positive invariant set O, x N,

and
L(0%,v",A) < L(0(¢),v*(6(1)), A) < L(6(0),7(6(0)), A) < L(6(0), v(t), A) < L(6(0),v(0),A)

forany t > 0.

By contradiction, suppose (6*, v*) is not a local minimum. Then there exists (6, 7) € ©x[— lf"f‘f*y", Ef%i;‘]ﬂ
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B(g= =) (r) such that

L(0,7,)) = min L(v,0,)).

(0,v)€O X[~ Hmax Dmax]nB . . (r)

The minimum is attained by the Weierstrass extreme value theorem. By putting §(0) = 0, the above argu-

ments imply that

L(0,p,)\) = min L(v,0,\) < L(6*,v*,\) < L(0,7,)\)

(0,v)€O X[~ Hmax Bmax]nB . . (r)

which is a contradiction. Therefore, the stationary point (6*, v*) is a local minimum of L(v, 0, \) as well.

Step 4 (Convergence of A\-update) Since the A\-update converges in the slowest time scale, it can be rewrit-
ten using the converged 6*(\) = 6*(v*(\), A) and v*(N), i.e.,

Aip1=Ta |l M+ G (Z) (V,\L(u, 0, )\) + 5)\i+1> (7.36)
0:0*(}\1')711211* ()\1),)\:>\1

where

6)\i+1 = —v,\L<V, 9, )\)

4 (m» + ﬁ%z (D) — v ()~ 6)

(7.37)

0=0*(\),v=v*(N),A=X\;

From (7.18)), we see that V,L(v, 0, \) is a constant function of . Similar to the §-update, one can easily

show that §\; 1 is square integrable, i.e.,

> 3Dmax )
El[6Aia[l” | Faal <2 (ﬁ + MM) ;

where Fy; = 0'()\m, Am, m < z) is the filtration of A generated by different independent trajectories.
Furthermore, expression (7.18) implies that E [§A;41 | Fr;] = 0. Therefore, the A\-update is a stochastic
approximation of the ODE with a Martingale difference error term. In addition, from the convergence
analysis of the (0, v)-update, (6*(\),v*()\)) is an asymptotically stable equilibrium point for the sequence
{0;,v;}. From (T16), VyL(v,0,)) is a linear mapping in A, and (6*(X),v*(\)) is a Lipschitz continuous
mapping of \.

Consider the ODE for A € [0, Ayax] in (7.23). Analogous to the arguments for the §-update, we can write

d(~L(v,6,)) = —VaL(v.0,)) 1

V)\L(I/, 0, /\)
dt 0=0*(\),v=r*(\) 0=0*(\),v=v*(\)

)

0=0*(\),v=v* (A)]
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and show that —dL(v, 0, \) /dt|g—g+(x),y=v+(n) < 0. This quantity is non-zero whenever
1x [dL(v, 0, N) /dXg=g+ (x),v=r- ()] || # O
Consider the Lyapunov function
L(A) ==L (N\),v*(A),A) + L(6"(A"), v (A¥), A")

where \* is a local maximum point. Then there exists a ball centered at A* with radius r such that for any
A € By« (r), L(A) is alocally positive definite function, i.e., £(\) > 0. On the other hand, by the definition

of a local maximum point, one obtains
T [dL(v,0,0)/dNo=0(2) =0 (x) A=r+] [r=2= = 0

which means that \* is also a stationary point, i.e., \* € A.. Since

dL(A(t)) _ _dL("(A(®)), " (A1), A1) _
dt dt =

and the time-derivative is non-zero whenever HTA[V,\L(V, 0, N) lu=u=(2),0=0% (1)) H # 0, the Lyapunov the-
ory for asymptotically stable systems implies that \(¢) converges to A*.

Given the above results and noting that the step size rule is selected according to Assumption [3.3.1] one
can apply the multi-time scale stochastic approximation theory (Theorem 2 in Chapter 6 of [35]) to show
that the sequence {);} converges almost surely to the solution of the ODE (7.23), which further converges
almost surely to \* € [0, Apax]. Since [0, Amax] is @ compact set, following the same lines of arguments
and recalling the envelope theorem (Theorem [7.2.1)) for local optima, one further concludes that A* is a local
maximum of L(6*(\),v*(\), \) = L*(\).

Step 5 (Local Optima) By letting §* = 6*(v*(\*),\*) and v* = v*(\*), we will show that 6* is a
locally optimal policy for the CVaR-constrained optimization problem, which constitutes a (local) saddle
point (6%, v*, \*) of the Lagrangian function L(v, 6, X) if A* € [0, Apax)-

Suppose the sequence {\;} generated from (7.36) converges to a stationary point A* € [0, Apax). Since

step 3 implies that (6*, v*) is alocal minimum of L(v, 6, A*) over the feasible set (0, v) € O x[— Ll)f'jy" , %“1{"],
there exists a r > 0 such that
* * * * Dmax Dmax
L(6*,v*,\") < L(v,0,\"), V(0,v) €O x |— , N Bgx 1) (7).
L=y 1-v '
In order to complete the proof, we must show
* 1 0%/ 0 +\ T
vt IE[(D (x)—y)}gﬁ, (7.38)
-«
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and
1l—«

A (1/* + ;E [(De* (z°) — 1/*)+} — ﬂ) = 0. (7.39)
These two equations imply
* ox yx\ _170%/,..0 * * 1 0% (.0 _  * + _
L(o*,v*, \*) =V7 (z7)+A V+1—04E (D7 (a°) — v*) B

=V (29)

>V (2°)+ A <y* + iﬂﬂ (D" (%) =) "] - 6) = L(0",v", ),

which further implies that (6*,*, \*) is a saddle point of L(v,6,\). We now show that (7.38) and (7:39)
hold.
Recall that

T [VAL(, 0, M) |0+ (3)w=v+(\),x=2* | [x=r= = 0.

We show by contradiction. Suppose

v
11—«

E [(De*(xo) - V*)T > .
This implies that for A* € [0, Ayax ), We have

* * 1 0* (.0 %\ T * * 1 0%/ .0 *\ T
T'a ()\ —17(5— (1/ —&—7170[1}3[(2) () —v ) ]))) =\ —n(ﬂ—(u +717Q]E[(D (”)—v ) ])
for any ) € (0, Nmax], for some sufficiently small 9., > 0. Therefore,

T)\ V,\L(U, 9, )\)

=v
l1—«
A=A~

E[(D" (2% —v") ] - 5>0.
0=0%(\),v=v*(X),A=X*
This is in contradiction with the fact that T » [V)\L(V, 0, X)o=0=(n),py=v (X)J\:)\*]
holds.

To show that holds, we only need to show that \* = 0 if

a=x+ = 0. Therefore, (7.38)

* 1 0%/ 0 «\ T
Suppose A* € (0, Amax), then there exists a sufficiently small 79 > 0 such that

1

L (3 (e 00+ R 60 1)) ) e

Mo
=v'+ %E [(De* (z%) — l/*)+} - p<0.

—
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This again contradicts the assumption T [V,\L(V,O, )\)|9:9*(>\)$,}:V*(,\)’)\:/\*] [x=a+ = 0. Therefore (7.39)
holds.
When \* = \.x and v* + ﬁE [(De*($0) — V*)+} > 3,

ra (0 =05 (v 4 2B @) 1)) ) ) = A

for any 7 > 0 and
T [VAL@, 0, M) |o=p(0),v=v-(\),a=2* | [a=2-=0.

In this case one cannot guarantee feasibility using the above analysis, and (6*,v*, A\*) is not a local saddle
point. Such a \* is referred to as a spurious fixed point [73]. Notice that A* is bounded (otherwise we can
conclude that the problem is infeasible), so that by incrementally increasing Aax in Algorithm [2, we can
always prevent ourselves from obtaining a spurious fixed point solution.

Combining the above arguments, we finally conclude that 8* is a locally optimal policy. O
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7.3 Technical Results in Chapter 3 Actor-Critic Algorithms

In this section we present the convergence proof to the risk constrained actor-critic method. Recall from
Assumptionmmat the SPSA step size {Ay} satisfies Ay, — 0 as k — oo and >, ((o(k)/Ag)? < o0.

7.3.1 Gradient with Respect to \ (Proof of Lemma 3.4.4)

By taking the gradient of V% (2%, v) w.r.t. A (recall that both V' and @ depend on \ through the cost function
C of the augmented MDP M), we obtain

VaVO(20,v) = Z w(alz®, v;0)VAQ? (20, v, a)

acA
= Zu alz®,v;0) VA[ (2%, v, a) + Z vP(2',s'|2°, v, a)Vg(ac’,s')}
acA (z',8")EX
= Zu alz®, v;0)VAC (20, v, a) + Z (alz®,v;0)P(z, 5" |2°, v,a) VAV (2', s")
h(z%,v)
h(x°v) + Z (alz®,v;0)P(2, 8" |2%, v,a) VAV (2!, s") (7.40)

h(x°v) + v Z (alz®,v;0)P (m’,s’|x0,u7a)[h(x’,3’)

a,x’, s’

+ Z M(a/‘l‘/,sl;e)P(J?N,8”|$l,Sl,a/)vkve(l‘u,sﬂ)}.

a’,x',s"

By unrolling the last equation using the definition of V\V?(x, s) from (7.40), we obtain

VAV (%, v) Z*y Zka—zsk—s\xo—z so = v;0)h(x,s)

Zda z,s|2°, v)h(z,s) = —— Z de (z, 5|2, v)p(a|z, s)VAC(z, s, a)
1 0 0 ~
m 7 (%, s,alz”,v)VAC(z, s,a)
L 70 (x,s,alz’,v) L o =2 f(—s)"
1 _ ’y vy ) ) ) 1 —« ar .

z,s,a

This completes the proof.
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7.3.2 Proof of Convergence of the Actor-Critic Algorithms
7.3.2.1 Proof of Theorem[3.4.3;: Critic Update (v-update)
By the step size conditions, one notices that {vy } converges on a faster time scale than {vy }, {6k}, and {\; }.

Thus, one can take (v, 8, \) in the v-update as fixed quantities. The critic update can be re-written as follows:

U1 = Uk + Ca(k)d(wk, 55) 0k (V) (7.41)

where the scalar

Sk (vk) = —v] Bk, sk) + Y0R & (Tps1, Skr1) + Ox (T, Sky ak)

is the temporal difference (TD) from (3.18)). Define

A=Y w8 dles)oy,s) | 6T (ns) =7 Y Pl ly s a)oT (25" |, (742
y,a’,s’ 2,8
and
b= Z Wz(y,SI,a'|x,s)gb(y,s')C’A(y,s’,a’). (7.43)
y,a,s’

It is easy to see that the critic update v in can be re-written as the following stochastic approximation

scheme:
V41 = U + C4(k)(b — Avy, + (5Ak+1), (7.44)

where the noise term § A4 is a square integrable Martingale difference, i.e., E[6 A1 | Fr] = O if the

0
Y

by different independent trajectories. By writing

~-occupation measure 7 is used to generate samples of (zy, sk, ar)—with Fj, being the filtration generated

0Apt1 = —(b— Avi) + ¢(zk, sk)0k(vk)

and noting Eo [¢(2k, )0k (vk) | Fi] = —Auvy + b, one can easily verify that the stochastic approximation
scheme in is equivalent to the critic iterates in (7.41) and Ay is a Martingale difference, i.e.,
Ero [0Ak+1 | Fr] = 0. Let

h(v):=—Av+b.

Before getting into the convergence analysis, we present a technical lemma whose proof can be found in [20,
Lemma 6.10].
Lemma 7.3.1. Every eigenvalue of the matrix A has positive real part.

We now turn to the analysis of the critic iteration. Note that the following properties hold for the critic
update scheme in (7.41): 1) h (v) is Lipschitz, 2) the step size satisfies the properties in Assumption [3.4.1] 3)

the noise term d A1 is a square integrable Martingale difference, 4) the function h. (v) := h (cv) /¢, ¢ > 1
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converges uniformly to a continuous function A, (v) for any v in a compact set, i.e., h. (v) = heo (v) as
¢ — 00, and 5) the ordinary differential equation (ODE) v = h (v) has the origin as its unique globally
asymptotically stable equilibrium. The fourth property can be easily verified from the fact that the magnitude
of b is finite and ho, (v) = —Awv. The fifth property follows directly from the facts that ho, (v) = —Awv and
all eigenvalues of A have positive real parts.

By Theorem 3.1 in [33]], these five properties imply:

The critic iterates {vy } are bounded almost surely, i.e., sup ||vg|| < oo almost surely.
k

The convergence of the critic iterates in can be related to the asymptotic behavior of the ODE
0 =nh@w)=0b— Av. (7.45)

Specifically, Theorem 2 in Chapter 2 of [35] and the above conditions imply v, — v* with probability 1,
where the limit v* depends on (v, 6, \) and is the unique solution satisfying h (v*) = 0, i.e., Av* = b.

Therefore, the critic iterates converge to the unique fixed point v* almost surely, as k — oco.

7.3.2.2 Proof of Theorem [3.4.5

Step 1 (Convergence of v-update) The proof of convergence for the critic parameter follows directly from

Theorem 3.4.3]

Step 2 (Convergence of SPSA based v-update) In this section, we analyze the v-update for the incre-
mental actor-critic method. This update is based on the SPSA perturbation method. The idea of this method
is to estimate the sub-gradient g(v) € 9,L(v,0,\) using two simulated value functions corresponding to
v~ =v—Aand v = v+ A. Here A > 0 is a positive random perturbation that vanishes asymptotically.

The SPSA-based estimate for a sub-gradient g(v) € 0, L(v, 0, \) is given by

gv) = A+ i (67 (2% v +A) =" (2% v — A))w.

We turn to the convergence analysis of the sub-gradient estimation and v-update. Since v converges faster
than v, and v converges faster than 6 and A, the v-update in (3.20) can be rewritten using the converged critic

parameter v*(v), i.e.,

vpp1 =Ty (Vk — G3(k) ()\ + ﬁ (67 (2% v+ Ak) — " (2, v — Ay)) v*(Vk))) , (7.46)

where (6, A) in this expression are viewed as constant quantities.
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First, we consider the following assumption on the feature functions in order to prove that the SPSA

approximation is asymptotically unbiased.

Assumption 7.3.2. For any v € R", the feature functions satisfy the following conditions
oy, (2% v+ A)v— bv (2% v — A)v| < K1 (v)(1 4 A).

Furthermore, the Lipschitz constants are uniformly bounded, i.e., Sup, cp«, K3 (v) < 0o.

This assumption is mild as the expected utility objective function implies that L(v, 8, \) is Lipschitz in v,
and ¢y, (2°,v) v is just a linear function approximation of V¥ (0, v).

Next, we establish the bias and convergence of the stochastic sub-gradient estimate. Let

g(v,) € argmax{g: g € O, L(v,0,\)|p=0, },

and
T (.0 A — T (20 v — A *
Apor = (@7 (2% v+ Ag) — o7 (20, v k) v* (k) _ Bu(k) ),
2A;,
Ao =M, + Efp (k) — g(ve),
Ay =En (k) — Exy(k),
where
1
EM(I{?) =K |:2Ak (¢T (SCO,l/k + Ak) - QJ)T (LUO,Z/k - Ak)) ’U*(Vk) | Ak:| 3
1
Bl (k) :=E [QA (Ve (xo, v + Ak) —ve (xOJ/k — Ak)) | Ak] )
k
Note that (7.46) is equivalent to
Vk+1 = FN (Vk — C3(/<1) (g(l/]g) + A17k+1 + Ag,k —|— A37k)) . (747)

First, it is clear that Aq 1 is a Martingale difference as E[A4 41 | Fx] = 0, which implies that
k
Myp1 =Y G5)A
j=0

is a Martingale w.r.t. the filtration 7. By the Martingale convergence theorem, we can show that if sup,. .o E[M, 2 <

oo, when k — oo, Mj, converges almost surely and (3(k)A;1x+1 — 0 almost surely. To show that
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supyso E[M}] < oo, for any ¢ > 0 one observes that
k
12
E[MZ ) =) (GG) EEAT ;41 | Ay]]

< 2iE{ (%”?)2 {E [(((j)T (% v+ A5) =67 (20, — A)) )u*(yj))2 | AJ}

J

FE[(07 (o 8) =07 (o = 8))0" () | 4,7} |

Now based on Assumption[7.3.2] the above expression implies

k . 2
EMZ,,) <23 E K%"X’) 2K (14 A,)?
7=0 J

Combining the above results with the step size conditions, there exists K = 4K 12 > ( such that

()

Second, by the Min Common/Max Crossing theorem in [[18], one can show that 9, L(v, 6, A)|,—,, is a

+(G(7))? < oo

supE[M7, ] < KZE
k>0 =0

non-empty, convex, and compact set. Therefore, by duality of directional directives and sub-differentials, i.e.,

L(Vk +£a97)‘) - L(Vk? _fvea)‘)
2& ’

max{g:g € 0L, 0,\)|=0,} = 1&18

one concludes that for A\, = X (we can treat \; as a constant because it converges on a slower time scale than

Vk),
A+ Ef (k) =g(ve) + O(Ay),

almost surely. This further implies that
Agyk = O(Ak), ie., Ag’k —0 as k— o0,

almost surely.

Third, since df (z°, v|2°,v) = 1, from the definition of ey (v* (1)),
[As,k| < 2€9(v" (Vi) /A

As t goes to infinity, eg(v*(vy))/Ak — 0 by assumption and Ag j, — 0.
Finally, since (3(k)A1 g+1 — 0, A2 — 0, and A3, — 0 almost surely, the v-update in (7.47) is a noisy

sub-gradient descent update with vanishing disturbance bias. Thus, the v-update in (3:20) can be viewed as
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an Euler discretization of an element of the following differential inclusion,
v € Tl/ [—g(y)] ’ Vg(u) € 8I/L(V7 07 )\)7 (748)
and the v-convergence analysis is analogous to Step 1 of the proof of Theorem [3.3.2]

Step 2’ (Convergence of semi-trajectory v-update) Since v converges on a faster timescale than 6 and ),
the v-update in (3.23) can be rewritten using a fixed pair (6, \), i.e.,

A
Vg1 = I'n (Vi - Cg(k) <)\ - m (]P (STar <0 | o = (EO,SQ = Vk,/L) + (51/]\4,k+1))> ’ (7.49)

where
U1 = —P (st <0 | mo = 2%, 50 = vi, 1) + 1{xp = Tpar, 5x < 0} (7.50)

is a square integrable stochastic term, specifically,
E[(0vark1)” | Fur] <2,

where F, = 0(Vp,, 0V, m < k) is the filtration generated by v. Since E [6vas k41 | Fux] = 0, 0vas k41
is a Martingale difference and the v-update in is a stochastic approximation of an element of the

differential inclusion

A

17]? (51 SO o =250 = Vg, 1) = A€ =0, L(1,0,\)] 1=y,
—a

Thus, the v-update in (3.23) can be viewed as an Euler discretization of the differential inclusion in (7.48)),

and the v-convergence analysis is analogous to Step 1 of the proof of Theorem [3.3.2]

Step 3 (Convergence of 6-update) We first analyze the actor update (6-update). Since € converges on
a faster time scale than A, one can take A in the f-update as a fixed quantity. Furthermore, since v and
v converge on a faster scale than 6, one can also replace v and v with their limits v*() and v* () in the
convergence analysis. In the following analysis, we assume that the initial state 20 € X is given. Then the
f-update in can be rewritten as follows:

O (v*(0
Okt1=To (9k — Ga(k) (Ve log u(ak|ﬂfk,8k;9)|e—ekw>) : (7.51)

Consider the case in which the value function for a fixed policy p is approximated by a learned function

*

approximator, ¢ ' (x, s)v*. If the approximation is sufficiently good, we might hope to use it in place of

V9 (x,s) and still point roughly in the direction of the true gradient. Recall the temporal difference error
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(random variable) for a given pair (zy, s;) € X x R:
0 (V) = —v " P(zp, sk) + 70 G (Tpt1, Spr1) + On(Th, Sks ar)-
Define the v-dependent approximated advantage function
A% (z,s,a) == Q% (x,s,a) — v P(x, s),

where
Q" (w,5,0) =7 _ P,s|z,5,a)v" ¢(a',s") + Ca(x, 5,0).

The following lemma, whose proof follows from the proof of Lemma 3 in [27]], shows that 0 (v) is an

unbiased estimator of A%,

Lemma 7.3.3. For any given policy i and v € R*, we have
14971)(3"’570/) = E[ék(’u) I T =T,Sk = S,0 = a]'
Define

. 1 .
VoL, (v,0,)) := ﬁ Zﬂ'z(x,s,a\xo = 1% 50 = v)Vylog u(alz, s;0) A% (z, s, a)

as the linear function approximation of ng(l/, 6, ). Similar to Proposition , we present the following
technical lemma on the Lipschitz property of VoL, (v, 6, \).

Proposition 7.3.4. VyL,(v,0, \) is a Lipschitz function in 6.

Proof. Consider the feature vector v. Recall that the feature vector satisfies the linear equation Av = b, where
A and b are given by and (7.43)), respectively. from Lemma 1 in [25]], by exploiting the inverse of A
using Cramer’s rule, one may show that v is continuously differentiable in §. Now consider the y-occupation
measure 7r2. By applying Theorem 2 in [5] (or Theorem 3.1 in [[134])), it can be seen that the occupation
measure wg of the process (z, si) is continuously differentiable in 6. Recall from Assumption in
Section[3.2.2]that Vg pu(ak|zk, si; 6) is a Lipschitz function in 6 for any a € Aand k € {0,...,7 — 1}, and
w(ag|zk, si; 0) is differentiable in 6. By combining these arguments and noting that the sum of products of
Lipschitz functions is Lipschitz, one concludes that V4 L, (v, 0, \) is Lipschitz in 6. ]

We turn to the convergence proof of 6.

Theorem 7.3.5. The sequence of 6-updates in (3.21)) converges almost surely to an equilibrium point o
that satisfies Yo [—Vin*(g)(V*(e),e,)\)} = 0, for a given A € [0, Aax]. Furthermore, if the function
approximation error €9(vy,) vanishes as the feature vector vy, converges to v*, then the sequence of 0-updates

converges to 0* almost surely, where 0* is a local minimum point of L(v*(0),0, \) for a given \ € [0, Apax]-
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Proof. We will mainly focus on proving the convergence of 6, — 6* (second part of the theorem). Since
we just showed in Proposition that Veiu*(e) (v*(0),0, ) is Lipschitz in 6, the convergence proof of
O — o (first part of the theorem) follows from identical arguments.

Note that the f-update in (7.51)) can be rewritten as:
Or11 =To (Ok + C2(k) (=VoL(1,0,X)|y=+(0),0=0, + 00k+1+80c)) ,

where

Aek’v*(ek)(x’, S/, a/)

1—7

8kir = Y w2, d lzo = ¥, 50 = v* (1)) Vo log p(a'|a, 53 0) o=,
Ik (v*(6r))

— Vglog p(ak|zr, sk 0)lo=o, T4

and

80 = Y w2l d|wg = a0, s = v (Ok))-

Y
z’,a’,s’

Vg log M(al'|x',5/§9)|9:9k (A% (2!, s, a') — A%V O (o o' a'))
-7

First, one can show that §6; is square integrable, specifically,

E[[|00x+1]1 | Fo.1]

2 o
< 1= IVolog lulz, 5:0)loa, 1 {5300 > 0} % (1A% O a5, )l + 16 (" (60
2 [Vonulz, 5:0)lo=o, I o
. 39 0 Abwv 0r) 2 S (9 2
ST 00 |t =0 5 072 (0l + 194" GOIF)

K2||9k‘|2 A 2 2 2
<64 I max |Cy(z, s,a)|” + 2max ||¢(z, s)||° sup ||vg]|
-y z,8,a .8 k

K26, 22D nax
< 64M (‘max {C’max, T( }
Y

2

2 2
=T ==y | T 2maxlel )l suplo )

for some Lipschitz constant K, where the indicator function in the second line can be explained by the fact
that wgk‘ (z,8,u) = 0 whenever u(u | x, s;0;) = 0 and because the expectation is taken with respect to Tzk.
The third inequality uses Assumption [3.2.3] and the fact that y takes on finitely-many values (and thus its
nonzero values are bounded away from zero). Finally, supy, ||vk|| < oo follows from the Lyapunov analysis
in the critic update.

Second, note that

" Sweek (v (0r)), (7.52)
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where ¥y (z, s,a) = Vg log p(alz, s; 6) is the “compatible feature.” The last inequality is due to the fact that

6

- 1s a probability measure, convexity of quadratic functions implies

since 7

Z w02, s dlwg = 20,50 = v*(0))(A% (2,8, d') — APV (', 5, a'))

< Z (@, s a lvg = 2% so = v (0)(Q% (¢, 8", a') — Q¥ (2, &', a))
xz’,a’,s’
+ > dl( 5w = 20,5 = v (0)) (VO (', ') = VO ()
=~ Z ﬂf;(x’,s’,aﬂxo — 370,80 — V*(Q)) Z 13(37”7s”|x’7s’,a’)(V‘g(ac",s”) _ ¢T(I//7SH)’U>
+ \/Z df(a',s'|xg = 20,50 = v*(0))(VO(a/,5") — Vo (!, )2
<0 [ ol = a5 = 1 (0) 3 Plat sl o ) (VO ) — 6T (2", 5)0)?
€o(v)
-y
< Z ((iQ/(l,//7 S”|l‘0, V*(Q)) _ (1 _ 7)1{1‘0 =z v = S//}) (Ve(l‘”, S”) _ ¢T(x//7 8”)1})2 + ;Q(U)
I/, 8// - ’y
1
<(122) o

Then by Lemma if the ~-occupation measure 7r$ is used to generate samples (zy, sg, a), one
obtains

E[60k+1 | Fox] =0,

where Fy ; = 0(0p, 00,,, m < k) is the filtration generated by different independent trajectories. On the
other hand, we have that
‘(596‘ — 0 as e, (U*(Qk)) — 0.

Therefore, the -update in (7.51)) is a stochastic approximation of the continuous system 6(t), described by
the ODE
é =Ty [*VQL(V; 97 >\)|1/:l/* ((9)] )

with an error term that is a sum of a vanishing bias and a Martingale difference. Thus, the convergence
analysis of  follows analogously from Step 2 in the proof of Theorem[3.3.2] i.e., the sequence of §-updates

in (3:21)) converges to 8* almost surely, where 6* is the equilibrium point of the continuous system 6 satisfying

Yo [-VoL(v,0,))|,=,0)] = 0. (7.53)
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Step 4 (Local minimum) The proof that (6*, v*) is a local minimum follows directly from the arguments
in Step 3 in the proof of Theorem[3.3.2]

Step 5 (A\-update and convergence to saddle point) Note that the A-update converges on the slowest time
scale, thus, (3.20) may be rewritten using the converged v*(\), 8*(X), and v*(\) as

/\k+1 =TI ()\k =+ Cl(k) (V)\L(I/, 9, )\) =+ 5/\k+1>> s (7.54)
0=0*(\),v=v* (\),A\=Ap,
where
k41 = —VaL * (=se)” -
k41 = —VaL(v,0,)) + (v )+ ——2—1{zp =21} — B | . (7.55)
9=0+(\),v=1" (A), A=As (1-a)(1-7)

From (7:18), VAL(v, 6, \) does not depend on A. Similar to the §-update, one can easily show that §\x 1 is

square integrable, specifically,

E[[[0N1[? | Fax] <8 <52 + (1 'y) + ((17)2(104)) ) ’

where F) j, = cr()\m, A, m < k) is the filtration of A generated by different independent trajectories.

Similar to the §-update, using the y-occupation measure wg, one obtains E [0A;41 | Fa k] = 0. As above,

the A-update is a stochastic approximation for the continuous system A(¢) described by the ODE

A ="y |VaL(r,0,))

)

0=0*(\),v=v* (A)]

with an error term that is a Martingale difference. Then the A-convergence and the analysis of local optima

follow from analogous arguments in Steps 4 and 5 in the proof of Theorem3.3.2]
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7.4 Technical Results in Chapter {4

In this section we present the detailed proofs to the technical results in Chapter 4]

7.4.1 Proof of Lemma 4.5.1

From the time consistency, monotonicity, translational invariance, and positive homogeneity of Markov dy-

namic polytopic risk measures, condition (@.8)) implies

p07k+1(07 sy 07 blek-‘rl”Q) Spo,k-‘rl (07 cee 707 V(l‘k+1)) = PO,k(07 cee 707 V(Ik:) + p(V(xk+1) - V(Z‘k;)))
<po,k(0,...,0,V(x) — bsllzkl]*) < pox(0,...,0,(by — bs)|lzk?).

Also, since pg 41 is monotonic, one has b1pg k+1(0, ..., 0, ||zr+1||?) > 0, which implies b, > b3 and in

turn (1 — b3 /bs) € [0,1). Since V (z)/ba < ||zk||, by using the previous inequalities one can write:

b
po,k-i-l(ov (RS 707 V(xk-i-l)) < po,k(07 (R 707 V(Z‘k;) - b3||$k;||2) < (1_b3> P0,k (Oa KN Oa V(.’L’k)) .
2
Repeating this bounding process, one obtains:

b k
p0st (0, 0V () < (1 - bz) oo (V)

-(1- ‘;j)kpwl)) <(1- Z)k (Vo) balaolP) < o (1~ Z)k+ ol

Again, by monotonicity, the above result implies

b2 bg k+1
p[)’k;Jrl(O, .o ,0,$z+1$k+1) S — (1 — ) LL'(—JFCL'().

By setting ¢ = by /by and A = (1 — b3 /b2) € [0, 1), the claim is proven.

7.4.2 Proof of Theorem [4.6.1]

The strategy of this proof is to show that J;' is a valid Lyapunov function in the sense of Lemma
Specifically, we want to show that J;' satisfies the two inequalities in equation (.8); the claim then follows
by simply noting that, in our time-invariant setup, J;; does not depend on k.

We start by focusing on the bottom inequality in equation [.8)). Consider a time k and an initial condition

Tgk € R¥= for problem MPC. The sequence of optimal control policies is given by {m; iy k},]:fz_ol. Let us
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define a sequence of control policies from time k + 1 to N according to

Thnik(@rtn) ifh e[l N —1],

' (7.56)
ka—Q—N\k if h =N.

Tt k41 (Thgnlk) 1= {

This sequence of control policies is essentially the concatenation of the sequence {7} 4 k},ivz_ll with a linear
feedback control law for stage N (the reason why we refer to this policy with the subscript “k + h|k + 17 is
that we will use this policy as a feasible policy for problem MPC starting at stage k + 1).

Consider the MPC problem at stage k 4 1 with initial condition given by @y 1441 = A(wk)2p, +
B(wy)m (k)x), and denote with Jr+1(@p41)541) the cost of the objective function for the MPC problem
assuming that the sequence of control policies is given by {7Tk+h| k1) sz:r Note that x4 1)1 (and therefore

7k+1(mk+1‘k+1)) is a random variable with L realizations, given zy,;,. Define

T T T
N = =T NPT Nk + Toyp N QT Nk + (F Tpgpnie) RE Tegni

Ziynt1 = ((Alwpgnp) + B(wk+N|k)F)xk+N|k)T P ((A(wisnik) + B(wignip) F)Trenik) -

By exploiting the dual representation of Markov polytopic risk metrics, one can write
Zys NPkt N (Z s Ny1) = $Z+N\k (=P+Q+ F"RF) zj N+

L

. T
q€£%§(p)ZQ(J)xZ+N\k (Aj + BjF)" P (Aj+ BjF) xpy N
j=1

Combining the equation above with equation (#.TT)), one readily obtains the inequality

Ziy N + praN(Zryng1) < 0. (7.57)

One can then write the following chain of inequalities:
Ti@nik) = @ Qe+ (i (wapk)) T Rk (Tre) + ok (Pk:+1,N (C(xk+1|kv Tt (Ths1k)s - - > Ty N (R QTN 1+
(Fzpinpg)  RETgq N +pk+N(Zk+N+1)_Zk+N_Pk+N(Zk+N+1)>>
> 2, Qg+ (i () T R (k) + px <pk+1,N <0($k+1|1m Tt (Trg1r))s - -

Tp e NpQTrank + (F 2pgnie) R Tppnpe + pk+N(Zk+N+l))>

= 2, Qurpe+ (m  (Tag)) T Rk () + ok (7k+1($k+1\k+1)>

> xakaklk+(ﬂlt\k(xklk))TRW;;‘k(ka) + Pk (Jl;k+1($k+1\k+1))7 (7.58)
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where the first equality follows from the definitions of Zj x and of dynamic, time-consistent risk measures,
the second inequality follows from equation and the monotonicity property of Markov polytopic risk
metrics (see also [119] Page 242]), the third equality follows from the fact that the sequence of control policies
{Thsnjk+1}hy is a feasible sequence for the MPC problem starting at stage k + 1 with initial condition
Thg1ipr1 = A(we)zg, + B(wk)ﬂzlk(xk‘k), and the fourth inequality follows from the definition of J
and the monotonicity of Markov polytopic risk metrics.

We now turn our focus to the top inequality in equation [@.8). One can easily bound J;; (), ) from below

according to:
Ty (@) > ka|kQ3?k\k > Amin (@)l zr ] 1%, (7.59)

where Ayin (@) > 0 by assumption. To bound J; () from above, define:

My = max max A AL A e
A {0 N=1} Jorjr € (1L} 14, - A Ajollz

Since the problem is unconstrained (and, hence, zero is a feasible control input) and by exploiting the mono-

tonicity property, one can write:

Ji (@rix) < c(Tk)k, 0) + pr (C($k+1|k7 0) + pr+1 (C(xk+2|k7 0)+ ...+ pr+N-1 (:E/;r-t,-N\kka-i-le) . ))

< 1QUzlewnl3 + i (I QN zks1ysll3 + oo (1Ql2Iwxsaml3 + -+ prn—1 (IPlallnsnl3) )

Therefore, by using the translational invariance and monotonicity property of Markov polytopic risk mea-

sures, one obtains the upper bound:
Ti(@rie) < (N1|Qll2 + [|Pll2) Mallzw3- (7.60)

Combining the results in equations (7.538)), (7.39), (7.60), and given the time-invariance of our problem setup,

one concludes that J;/ () is a “risk-sensitive” Lyapunov function for the closed-loop system (#.1)), in the

sense of Lemma[.5.1] This concludes the proof.

7.4.3 Proof of Lemma [4.6.2

We first prove statements 1) and 2) and thereby establish a(z) = Fx as a feasible control law within the set
Emax (). Notice that the condition || T, Fz||2 < @max holds if and only if:

ITaFW2 (W™ 22)|2 < amax-
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From (#12), and by applying the Schur complement, we know that ||W =2z, < 1 for any z € Epax(W).

Thus, by the Cauchy Schwarz inequality, a sufficient condition for the control constraint is given by
1
||TU.FW2 ||2 S Amax;
which can be written as

(FW) T T (FW?) =2, I < F T T,F < a2, W'
Re-arranging the inequality above yields the expression given in (7.70). The state constraint can be proved in
an identical fashion by leveraging conditions (@.12)) and (7.71). It is omitted for brevity.
We now prove the third statement. By definition of a robust control invariant set, we are required to show
that for any & € Enax (W), that is, for all o that satsify the inequality: ='W ~'z < 1, application of the

control law a(x) = Fx yields the following inequality:
(Ajz+ BjFz) "W (Ajz + BjFx) <1, Vj € {1,...,L}.

Using the S-procedure [161], it is equivalent to show that there exists A > 0 such that the following condition
holds:
AW — (Aj—FBjF)TW_l(Aj +BjF) 0

* —

=0, Vje{l,...,L}.

By setting A = 1, one obtains the largest feasibility set for W and F'. The expression in (7.72) corresponds

to the (1,1) block in the matrix above.

7.4.4 Proof of Theorem 4.6.4]

Given zy), € X, problem MPC may be solved to yield a closed-loop optimal control policy:

{WZ\k(l"mk), e 77TZ+N_1|/C(951<:+N71|1§)}7

such that 2, n|x € XN Enax(W). Consider problem MPC at stage k + 1 with initial condition 1541
From Lemma4.6.2} we know that the set XN Epax (W) is robust control invariant under the feasible feedback

control law a(z) = Fz. Thus,

T re @rnie)s - Top v @neN—118), Fr N} (7.61)

is a feasible control policy at stage k£ + 1. Note that this is simply a concatenation of the optimal tail policy
from the previous iteration {7 Bl k($k+h|k)};:’;11, with the state feedback law F'zj x|, for the final step.

Since a feasible control policy exists at stage k + 1, Zpp1jp41 = AjTpk + Bjﬂ,jlk(ka) € Xy for any
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j€{l,..., L}, completing the proof.

7.4.5 Proof of Theorem 4.6.6)

The first part of the proof is identical to the reasoning presented in the proof for Theorem4.6.1] In particular,
we leverage the policy given in as a feasible policy for problem M7PC at stage k + 1 and inequality

(7-73) to show:

Jil@n) 2 © (wue i @en)) + pr i (@), (7.62)

for all ), € Xy. Additionally, we retain the same lower bound for J;: () as given in (7.39). The upper

bound for J; () is derived in two steps. First, define

My =

max ) maX Oéj
re{0,...,N—1} jo,...,jr€{1,...,L}

WhCI'C Clj = HAJ +BjF||2, F)f = HQ+FTRF||2

. O[jloéjo,

T

Suppose zyj; € X N Enax(W). From Lemma [4.6.2, we know that the control policy 7y p i (Tptnk) =
{F2pqn k}hN:—OI is feasible and consequently, X N Epax (W) C Xy. Thus,
Ji(@p) <C (@, Fogy) + pk (C (Trtrpir Fpgapn) + -+ preN—1 (x;-N\kpxk-i-le) )

<Orllzrkll3 + pr (9f||$k+1\k||§ + oo+ preenv—t ([|Pll2llzesn3) - - -)7

for all 2, € X N Emax(W). Exploiting the translational invariance and monotonicity property of Markov

polytopic risk metrics, one obtains the upper bound:

Ji (@) < (N 05+ [|1Pll2) Ma |zgsll3, Y2r, € XN Emax(W). (7.63)

:=£>0

In order to derive an upper bound for .J;; () with the above structure for all 2, € X, we draw inspiration
from a similar proof in [110]. Notice that there exists some constant I" > 0 such that J; (2;) < I for all
zyx € Xy. That T is finite follows from the fact that {||zsnx[l2}h_o and {||7pinpk(@rrns)ll2}h—o are
finitely bounded for all 2, € Xn. Now since Eyax (W) is compact and non-empty, there exists a d > 0
such that £; := {2 € RN* | ||z]|2 < d} C Emax(W). Let 3 = max{f||z||3 | ||z||2 < d}. Consider now, the
function: (I'/3)8]|x||3. Then since §||z||3 > 3 forall 2 € Xy \ £; and T' > f, it follows that

I
Ji (@) < (;) lkkll3, Yogr € Xn, (7.64)

as desired. Combining the results in equations (7.62)), (7.39), (7.64)), and given the time-invariance of our

problem setup, one concludes that .J;} () is a “risk-sensitive” Lyapunov function for the closed-loop sys-
tem (@), in the sense of Lemma[4.5.1} This concludes the proof.
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7.4.6 Proof of Theorem 4.7.1

Consider a symmetric matrix X such that the LMI in equation (4.19) is satisfied. Also, let 7 be a stationary
feedback control policy that is feasible for problem OP7T rs. At stage k, consider a state xj, (reachable under
policy ) and the corresponding control action a = 7(xy) (since 7 is a feasible policy, the pair (z, ax)
clearly satisfies the state-control constraints). By pre- and post-multiplying the LMI with [ag, xz} and

its transpose, one obtains the inequality
—T — =T — —T —
af Ray +a. B (X, ® X)Bay + 24, B (X ® X)Az, + 2 (A (2@ X)A - (X —Q))zp >0,

which implies
L
oy Xoy — > a(i)(Ajzn + Bjar) ' X(Ajzy + Bjax) < aj Ray, + x Qxy,
j=1

for all [ € {1,...,cardinality(U* "V (p))}. Since UP°Y(p) is a convex polytope of probability vectors g
(with vertex set UP°"Y:V (p)), then for any g € UP°Y(p) one has the inequality
L
IEX:Ek — Z q(j)(AJQSk + Bjak)TX(ijk + Bjak) < a,:Rak + ;E;!ka

j=1

Exploiting the dual representation of Markov polytopic risk measures, one has

T T
Pre(@p g1 Xopgr) = max  Eglrg, Xap),
qEUPY (p)

which leads to the inequality
x) Xaxp — /Jk($z+1X£Ek+1) < a} Ray + z} Q.

As the above inequality holds for all £ € N, one can write, for all k£ € N,

k

k
Z (zp Xzn — pr(2p 1 XTptr)) < Z (up Rup, + z, Qy,) .
h=0 h=0

Since each single-period risk measure is monotone, their composition pg o ... o py_1 is monotone as well.

Hence by applying pg o ... o pi_1 to both sides one obtains

k k
POO...0pPK_1 (Z (xZXxh — ph(xZHXth))) <ppO...0pk_1 (Z (uZRuh + xZQx;J) .

h=0 h=0
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By repeatedly applying the translational invariance property (see Definition[I.3.7), the right-hand side can be

written as

k
POO...0pPE—1 (Z U;Ruh + I;Qxh>

h=0
= ag Rag + x4 Qo + po(u{ Ruy + x{ Quy + ...+ pp_1(a] Ray + z; Q). ..)

= po.k (aOTRao + 29 Qxo, .. .,a; Ray + x;ka) = Jo.x(zo, ),

where the last equality follows from the definition of dynamic, time-consistent risk measures (Theorem
[[3:8). As for the left-hand side, note that the translation invariance and positive homogeneity property
imply that a coherent one-step conditional risk measure is subadditive, i.e., pp(Z + W) < pp(Z) + pn(W),
where Z,W € Zpy;. In turn, subadditivity implies that pp(Z — W) > pp(Z) — pn(W). Hence, by
repeatedly applying the translation invariance and monotonicity property and the inequality p;,(Z — W) >
pn(Z) — prn(W), one obtains

k
P0O...0PE_1 (Z (ac,IXxh — ph(m;HXth))) = x(—]rXxo — po(xIXxl)—l—
h=0

po(w{ Xa1 — p1(wg Xw2) + p1(xg Xwo — pa(w3 Xas) + ... pp—1(v) Xag, — pe(x) 1 XTpi1) - ..

T T T T
g X0 —po©o...0pp—10pr(Tp1 Xxpt1) =29 X0 — por+1(0,..., 25 1 XTpp1).

Since 7 is a feasible policy, limy_ oo po,x(0, . .. ,kaHa:kH) = 0 almost surely. Hence, one readily

obtains (using the monotonicity and positve homogeneity property)
lim po’k+1(0, e ,0, $;+1X:L‘k+1)) S )\max(X) lim pO,k+1(07 NN 7$£+1$k+1) = O7
k—o0 k—ro0
almost surely. Collecting all results so far, one has the inequality
LL’(—)FXZ'O S hm J07k(1‘0,7T),
k—o0

for all symmetric matrices satisfying the LMI (#.19) and all feasible policies 7. By maximizing the left-hand

side and minimizing the right-hand side one obtains the claim.

7.4.7 Proof of Theorem 4.7.2)

For all k € N, inequality (7.62)) in the proof of Theorem [4.6.6] provides the relation

Ji(@rr) = Clag, ™ (2ew) + o (i (@rgappe)) -

Y
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Since zg € X and problem MPC is recursively feasible, we obtain the following sequence of state-control
pairs: {(wgp, 7MPC(

erty of coherent one-step risk measures, we deduce the following:

Tgk)) }oso- Applying inequality recursively and using the monotonicity prop-

Jg (zojo)
> C($0|077TMPC($0|0)
) Cla1, 7™ (@111)) + p1(J3 (22)2)))
+ po(Cl@y, @™ (210)) + - + pre1 (Clapgp, ™7 (@hin)) + Jir (Trgapr)) - )
Claip, ™FC (z111) + - + pe—1(Clzpr, ™ FC (Tr))) - )
MPC(2010)); - -+ Cl@hype, TP (1)) Vk €N,

0
> .. Z C(Iolo,ﬂ'MPC I’olo)
> C(xo)o, 7TMPC(Imo) =+ o
= Po,k(C(JCO\O, ™
where the second to last inequality follows from the fact that J; | (¥441)x+1) > 0, and the equality follows

from the definition of dynamic, time-consistent risk metrics. Noting that zy;, = x for all k¥ € N and by

taking the limit £ — oo on both sides, one obtains the claim.

7.4.8 Proof of Corollary4.8.4

From Theorem [d.8.1] we know that the set of LMIs in (.20) is equivalent to the expression in (7.73) when
F = YG™!. Then since 79 € X N Emax(W), a robust control invariant set under the local feedback con-
trol law a(x) = Y G~ 'z, exploiting the dual representation of Markov polytopic risk measures yields the
inequality

pr (11 Pytr) — af, Py, < —a), Lay, Vk € N, (7.65)

where L = Q + (YGfl)T R(YG™') = LT » 0. Define the Lyapunov function V(z) = =" Pz. Set
b1 = Amin(P) > 0, by = Apax(P) > 0 and b3 = Apin(L) > 0. Then by Lemma [4.5.1] this stochastic
system is ULRSES with domain X N Epax (W).

7.4.9 Proof of Theorem [4.8.1and Corollary 4.8.2]

We first present the Projection Lemma:

Lemma 7.4.1 (Projection Lemma). For matrices Q(X), U(z), V(X)) of appropriate dimensions, where X

is a matrix variable, the following statements are equivalent:

1. There exists a matrix W such that

QX))+ U@)WV(X)+V(X)"WTU(z)" <o0.
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2. The following inequalities hold:
U(z)=QX)(U(x)") " <0, (VX)) @) (V(X))H)T <0,

where AL is the orthogonal complement of A.
Proof. See Chapter 2 in [[135]). O
We now give the proof for Theorem {.8.T| by leveraging the Projection lemma:

Proof. (Proof of Theorem/4.8.1)) Using simple algebraic factorizations, VI € {1, .. ., cardinality (L/"%-V (p))},
inequality (7.73) can be be rewritten as

T
1 P 0 0 I
SFA+BF)| |0 —Ip®P 0 0||2(@+BF) -
F 0 0 -R 0 F '
Q> 0 0 0 -I 0%
By Schur complement, the above expression is equivalent to
1 I« ®§ 0 0 0 I 0
I 0 0 X(A+BF
{4+ BE) 0 RT 0 0 0 I
0 I 0 F =0,
L 0 0 I 0 0 1
0 0 I Q2 — |~ sl L
0 0 0 —-Q| |(A+BF)'Y} FT Q2

where Q = P~'. Now since Q = @T >~ 0and R = RT > 0, we also have the following identity:

I ®Q 0 0 O I 0 0
I 0 0 1
0 R~ 0 O 0 I O
0 I O = 0.
0 0 I 0 0 0 I
0 0 I _
0 0 0 —-Q[ |0 0 0
Next, notice that
1 1 1
~¥(A+ BF) 1 0
P I 0 0 ¥?(A+ BF) 0 I 0 0 O
1 =10 I 0 F , =(0 I 0 O
_Q§ 1 0
0 0 I Q= 0 0 I O
I I
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Now, set:
Ix,®Q@ 0 0 0 —%? (A + BF) 0
0 R' 0 0 - 0
Q= LU= ﬂ , VT =
0 0 I 0 —Q3 0
0 0 0 —-Q I I

Then by Lemmal7.4.1] it is equivalent to find a matrix G that satisfies the following inequality VI € {1, .. ., cardinality (&P¥" (;

_ o . 1 o T
ILx,®Q 0 0 0 _s2@A+BF)] o 0 ~$? (A + BF)
0 R 0 0 —F 0 0 -F
+ . G +11GT . = 0.
0 0 I 0 _o} 0 0 _ot
0 0 0 —-Q I I I I

(7.66)
Setting F' = Y'G~! and pre-and post-multiplying the above inequality by diag(1, R2,I,1 ) yields the LMI
given in (#.20). Furthermore, from the inequality —Q+G+G " = 0 where Q > 0, we know that G+G T > 0.

Thus, by the Lyapunov stability theorem, the linear time-invariant system @ = —Gx with Lyapunov function
x "z is asymptotically stable (i.e. all eigenvalues of G’ have positive real part). Therefore, G is an invertible
matrix and F' = Y'G~! is well defined. O

Proof. (Proof of Corollary f.8.2) We will prove that the third inequality in (#.21) implies inequality (7.72).
Details of the proofs on the implications of the first two inequalities in (4.21])) follow from identical arguments
and will be omitted for the sake of brevity. Using simple algebraic factorizations, inequality (7.72)) may be

rewritten (in strict form) as:

-
w-t 0
0 -w-t

I
A; + B,F

1

=0, Vjedl,...,L}.
Aj-f—BjF J { }

By Schur complement, the above expression is equivalent to

w 0
0 -w

1

p'@+@ﬂ s+ B,F)

=0, Vje{l,...,L}.

Furthermore since W > 0, we also have the identity

{I@K_HK%O
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Now, notice that:
1

—(Ay+ B = |1 4;+BF|,

1

ﬂLzﬁ 0.

Then by Lemma [7.4.1] it is equivalent to find a matrix G such that the following inequality holds Vj €

{1,...,L}:
l : 1
+
0 —-W

Note that Lemma provides an equivalence (necessary and sufficient) condition between (7.67)) and (7.72)
if G is allowed to be any arbitrary LMI variable. However, in order to restrict G to be the same variable as

in Theorem the equivalence relation reduces to sufficiency only. Setting F = Y G~ in the above

T T

0
1

0
1

—(4j + B F)
I

—(4; + B;F)
1

T

I = 0. (7.67)

expression gives the claim. O

7.4.10 Convex Programming Formulation of Problem MPC

Next, we provide a technical Lemma that transforms the multi-period risk sensitive objective function of
Problem MPC using its epigraph form. The major reasons behind this transformation is to obtain a tractable

formulation via convex programming.

Lemma 7.4.2. The solution of Problem MPC equals to the solution of following optimization problem:

. min Y1 (7.68)
’Yl»W = WT =0, Gvva = Q - 0772(.]'07 cee 7jN—1)> ao, Eh(jo, s »jh*l)»
Eh(jou"%jh*l%h‘e {1)'~"N}7 jOw"vijl S {117L}
subjected to the following constraints:

o the LMlIs in expression and {.23);

o the system dynamics in equation (4.22));

the control constraints in expression [{.20);

the state constraints in expression [{.27);

e the objective epigraph constraint:
Pk kN (C(Thjk, o), - -+ (TN —1(Jo, - - 5 IN—2); AN —1(Jos - - -, IN—2));V2(Jo, - - - IN-1)) <71

Proof. First, let v{ be the optimal value for the above problem in expression (7.68), corresponding to the min-
imizers: 73 (jo, - -, jv—1). G W* G5 Y*, Q" T5(jos - - -+ dn=1)s @ (jos - - - » jn—1)- for jo, ... jn—1 €
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{1,...,L}and h € {1,...,N}. Now let
{Wfsv Gfsv st7a(f)sv {E%(]O’ s 7.jh)}£zvzla {ags(.j()? s ajh)}ilyzh Pfs}

be a set of arbitrary feasible solutions for Problem M7PC such that

J(l‘k“c,ags, . ,653,71(3'0, - ,ijl),Pfs) < ’}/ik
Then there exists 77 * such that

J (@ @ - - - @n_1 (s - - Jn—1), P®) < 4{* <t
. —fs\ —1 fs
By setting (Qi ) = P" and
P)és(jOa v 7jN71) = Tgil(j% s 7jN71)TPfsf§§](j07 s 7jN71)»

. . o o 6 — —fs/ - . —fsy - . —fs . . .
1t lmphes {Wtsa Gts7 Ytsa a(f)sv {x%(]Oa e 7]h)}g=17 {a%(]07 e 7.7h)}hN:13 Q ) ’7{57 ’Y;S(]Oa e 7]N71)} 18 a
feasible solution of problem (7.68). But this contradicts with the fact that v/* < ~;. Thus, for any fea-
sible solutions in Problem MPC,

T (@i G- -1 (o, - Iv-1), P*) 2 7.
Now we want to prove the equality when an optimal solution is substituted to the left side. Let

— — . . . . —opt
{Wopta GOP[) Yopl) agpta {x(})y,pt(]()a cee 7J}L)}£1V:15 {a(})lpl(.]07 e 7.]h)}hN:17 Qop }
o\ —1

be a set of optimal solutions in Problem M7PC. This implies for (Qom) = Port,

Ji(@g) = J(@rp g (Go)s - - @ q (Gos - - - s GN=1), PP) < J(@pppe @ (J0)s - - - Ar—1 (oo - - - In—1), P¥)

-1
where (Q ) = P*. But by the nature of the optimization problem in (7.68), the objective epigraph

constraint implies

J]:(xk“v) < J($k|k753(JO)a s 767\/—1(].0’ cee 7jN—1)7P*) < FYT

Thus, by combining all arguments, we conclude that 77 = J} (%), which completes the proof of this

Lemma. O
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7.4.11 A Generalized Stability Condition

In this section, we want to extend the stability analysis of Problem MPC to history dependent policies. At

time k, define truncated history as Hyrn = {Tk|k, Wk, - -, Wipn—1)x} for b € {0,..., N — 1} and the
truncated history dependent policy ™ = {7y, ..., TpyN_1|k} aS
Tk (Thpre) ifh=0
Trrnlk(He+n) = T .
7Tk'+h|k(‘rk\k7wkv~~‘7wk+h—1|k) otherwise

In order to introduce extra freedom the constraints, we will modify model predictive control problem as

follows. Define scenario dependent terminal cost function, control gain and the MPC cost function as follows:

Pw=wly=pP, Flw=wlhy=F, ie{1,...,L},

T (ks Thks - - s Tha N1k AP o) =

Pr kN (C@hpies TaMgi)s -+ > C(@rg N =11k Tt N1 (His N—18)> T ne i P(W0ht N 1) Th i) -
Now, we modify optimization problem P& as follows:

Optimization problem P& — Given an initial state 2y € R™= such that ||T,20ll2 < ZTmax

solve
L
max logdet(W;
W;=W,T »0,F;,P;=P, »-0,Vi ; 8 ( )
such that  W; = zoxg , (7.69)
T,
T+a ta —
Fl=2=F,—-w; ! =0, (7.70)
max
T Ty 1
(Ai + BiF;) " === (A; + B;F;) - W, ' 20, (7.71)
(A; + B;Fy)) "W, (A; + B,F)) — W, ! <0, (7.72)

L
> ai) (Aj + B;jF;) " Pi(A; + B;F;) — P, + (F,' RF; + Q) < 0
j=1
VI € {1,..., cardinality U™V (p))}, Vi € {1,...,L}.  (7.73)

We are now in position to modify Theorem [4.6.6]to prove stochastic stability for history dependent policies

and terminal cost matrix.

Theorem 7.4.3. (Stochastic Stability for Model Predictive Control Law) Consider the model predictive con-
trol law in equation (@.18) and the corresponding closed-loop dynamics for system {&.1)) with initial condition
xo € RN=. By implementing the MPC control law, the closed loop system @) is UGRSES.



CHAPTER 7. SUPPLEMENTARY MATERIALS 159

Proof. The strategy of this proof is to show that J}; is a valid Lyapunov function in the sense of Lemma@
Specifically, we want to show that .J;: satisfies the two inequalities in equation (4.8); the claim then follows
by simply noting that, in our time-invariant setup, J;; does not depend on k.

We start by focusing on the bottom inequality in equation (8). Consider a time & and an initial con-
dition g, € RN= for problem MPC. The sequence of optimal randomized control policies is given by

{m} +h| k},{bvz_ol. Define the following control policy sequence from time k£ + 1 to N:

7r,’;+h‘k(xk|k,wk,...,warh,l‘k) ifhe[l,N—1],

Tt |l (Tl s Whes + -+, W h—1|k) = I N
St FiappnppH{wpynoyp = wll} ifh = N.

This control policy is essentially the concatenation of the sequence {7} +h k}hN;11 with a linear feedback

control law for stage V. Since

*
TNk = A(wk+N—1|k)xk+N—1 kTt B(wk+N—1|k)7Tk+N—1 k(xk'lkvwlw cee wk+N—2\k)
\

we can easily justify
L

> Fiagenp{wgp e = wll}
i=1

is a function of (2, Wk, . . ., W+ N—1|%) by induction.

Consider the MPC problem at stage k£ + 1 with initial condition given by

Trt1lkr1 = Trpapp = Awi)vepe + B(we) T (Trk)-

At stage k + 1, the disturbance wy, is realized and |41 is updated based on the information of xy; and
wg. Accordingly, we can define a sequence of control policies from time k£ + 1 to N using the following
surjective mapping:

Tt 1 k41 (L1 |k41) 7= Tk (Tho| s W),

Tht b k1 (Tt 11> Wht1|ks - -+ > Whh—1|k) = Ththlk(Thiks Why -+ s Whyh—1jk), W€ {2,..., N}
Denote with J (%k+1|k+1) the cost of the objective function assuming that the sequence of control policies

is given by {wk+h|k+1}g:1. Note that 241|441 (and therefore jk+1(mk+1|k+1)) is a random variable with

L possible realizations. For any 4, j € {1,..., L}, define:
ZprN(WhgeN—1jk = wlly = — l‘g_,'_lePikarN\k + $Z+N\kak+N\k + (F; xk+N|k)TRFi Thy N|ks

. i . T
Zyp N1 (Wpp e = wi) 5:((A(wk+zv|k = wl) + B(wyynp = w[J]>Fj) $k+1v|k) - Pj

((A(wk+N|k = w[j]) + B(wk+N|k = w[j])Fj) JL“k+N|k)-
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By the dual representation of Markov polytopic risk, the condition in S({Y;}£_,, {G;}L£_,) implies
Zin (Wi n—1je = W) + p(Zegns1 (W) <0, surely, Vi€ {1,...,L}. (7.74)
Similar to the arguments in expression (7.62), one can then write the following chain of inequalities:

Ty (@r)r)

=25, Qi+ (T (i) T R (k)

+ P(PHLN (C($k+1|k7 7T?$+1(93k|k7 W), - - 7$/I+Nkp(wk+N1k)xk+N|k)>
>20 Qg+ (mh g (Tryr)) T Ry (wapn) + p(ﬂk-ﬁ-l,N(C(karlka Tt (Tais WE))s - - > Ty N QTN 1+

(F(wk+N71|k) xk+N|k)TR F(wk+N71\k) T4 Nk T+ P(Zk+N+1(wk+N|k)))>

:x;kak\k"‘(WZ\k(xklk))TRWZ\k(ka)+p(jk+1($k+1\k+1)>

> 20, Qe+ (o (Tre)) | Rk (Trge) + P(J2f+1($k+1|k+1))~
(7.75)

Notice that the analysis of the top inequality in equation (@.8) follows analogously to the arguments in The-
orem[4.6.6] Combining the above results and given the time-invariance of our problem setup, one concludes

that .J;! () is a risk-sensitive Lyapunov function for the closed-loop system (@.I)), in the sense of Lemma

[@35.1] This concludes the proof. O
Furthermore, corresponding to the inequality in S({Y;}%;,{G;}% ;) and based on Projection Lemma,
one can derive the following semi-definite feasibility condition for Y;, G;, Q; = @j =0,ie{l,...,L}:
S I A— J—
- Q 0 0 —-%?(4G;+BY))
Q, ... 0
_ i . * R71 0 =Y .
Q=1: -~ ], 1 =0,ie{l,...,L} (7.76)
= A ~Q?G;
0 77 * * * —Qi + G+ G;'—

where [ € {1,..., cardinality(UP°¥"V (p))}, Q; = P, ' and F; = Y;G; *. Thus, based on the new problem

formulation, one can also slightly modify Lemma[7.4.2]to get a modified MPC solution algorithm for history

dependent policies with scenario dependent terminal cost functions.
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7.4.12 Alternative Formulation of Problem P& and MPC

In this section we present alternative formulations of problems PE and MPC inspired by the approach
in [[15]. The methodology here is to design (offline) an equivalent control invariant set £,,x and a robust
Lyapunov function such that ULRSES and constraint fulfillment are guaranteed using a local state feedback
control law a(z) = Fx. Let P= P = 0and L = L" = 0. Define V (z3) = x| Pxy. If

V(zpy1) — V(zg) < —a) Lay , surely, Vk € N, (7.77)

then V' (zy) is a robust Lyapunov function for system (4.I). In the online problem, the inequality above is

relaxed to its stochastic counterpart as shown in (4.8). We first formalize the offline optimization problem:

Optimization problem P£ — Given an initial state 2o € X, and amatrix L = LT > 0, solve

max logdet(W)
W=WT0,Y,v>0

such that g W™tz <1,
T T,
YTEStY <.

amax

T
T TT T$
2

max

(AjW+BjY) (AjW+BjY) <W,Vj e {1,...,L},

W (LV2PW)T (AW 4+ BY)T
* yIn, 0 =0,Vje{l,...,L}. (1.78)
* 0 w

Suppose problem P& above is feasible. Set P = yW ~!. The control invariant set is then defined to be the

intersection X N Emax, Where
Emax(W) i={z e RY* | 2TW 2z <1} = {z e RN |2 Pz <~} .

Note that X N Enax i a robust control invariant set under the feasible local feedback control law a(z) =
YW1z, The constraint in is an equivalent reformulation of the robust Lyapunov condition given in
where 2411 = (A(w) + B(w)Y G~') x. That is, the closed-loop dynamics are ULRSES with domain
X N Emax under the feedback control law a(x) = Y G~ 1z. In an attempt to improve the stability properties
of the system beyond what is achievable via this feedback control law, the online MPC problem is formalized

as follows:
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Optimization problem MPC — Given an initial state z,, € XNE&pax and a prediction horizon
N > 1, solve

min J(xk\kﬂrklk'v'"’Wk+N—1|k"P)
Tklks - Thk4+N—1|k

such that Thth+l1lk = A(wk+h)xk+h\k + B(wk+h)7rk+h|k(xk+h‘k)7

HTaﬂ—k’+h|k’(xk+h\k)H2 < Gmax;, ||szk+h+1\k||2 < Tmax, b € {O; oo, N = 1}7

Tht1)k € Emax(W) surely, (7.79)

p ((Akac + B?Tk‘k(xmk))TP(Aa}k‘k + Bwk“@(a:k‘k))) — JJZPJZ}C < —l‘ZIkak‘k.
(7.80)

where the final constraint may be enforced by evaluating the expectation form of the one-step

conditional risk measure at each vertex of the polytope: UP%V (p).

Provided problem MPC is recursively feasible, ULRSES with domain X N Eyax is enforced automatically
via the constraint in (7.80) which leverages the risk-sensitive Lyapunov function a:gPa:k, where P is the

solution to the offline problem. Persistent feasibility however, is guaranteed by the constraint in (7.79).

7.4.13 Suboptimality Performance of 7MPC

For k > 0 consider the N —step optimal cost function with terminal cost xz 4N P Tt Nk

J(.Tk|k7N7P> =

min po...0p(C@ppm Tr(@rk)s - C(@rs N1k Tt N—1 1% (Tt N1k )s x;—+N\kka+N|k)~
The|hse sy ThAp N — 1| e e’
N

The theory of solving this optimal control problem by dynamic programming can be found in [119]. Before

getting to the main result, we have the following technical lemma.

Lemma 7.4.4. Let. For any initial state xy,;, € RY=, we have that J(@pp, N, P) < (v+1)C (@i, T (ki) )

where the constant vy is given by:

N Ry g Trm_L L =\Npy) _
1= SO FRR <0(Q+F RF) 1= +7(A P)) 1. (7.81)

with F = Y G~ is the state-feedback control gain that satisfies (7.70), (7.71), (7.72)), (4.20).

Proof. First, consider the following inequalities for each j > 0:

po...op(0,...,C(Tptjies Frpijir)) <po...op(0,.. .,x;_j‘k(Q —|—FTRF)LE1€+J"1€)
v ,
j j

<G(Q+F 'RF)po...op(0,....25 jkTrijik) < NT(Q + FTRF)wg e
N——

J

(7.82)
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for some ¢ > 0 and A € (0,1). The first inequality is due to monotonicity of time consistent Markov risk
measures and the second inequality is based on the UGRSES condition of {2y} induced by the closed loop
control sequence 7y (Tk|k) = FTg|x. The proof of UGRSES when 7y (2xx) = Fayy follows from the
stochastic stability analysis of Algorithm MPC° using stochastic Lyapunov function ' Pz, P = P > 0.

Then, for any ¢ > 0, we have the following inequalities:

J(@pp, N, P) :=po...op(Clxyk, (T oo, Cley_ T 1 (TN —14kE)), P
(T |k )i=p P(C (kg Ty (Tr k) (TN kT N1k (EN—14k]k)), P)
N
<po...op(Cxpk: Frpw))s - C@N—14kks FTN-14k|k), P)
—_———
N
< lim po~-~op(c<xk|k>F~Tk|k)a--~vC($M+k|k>F«TM+k\k))+po-~-Op($g+N—1|kka+N71|k)
M —oc0 ———
M N
M
SMHLHOOZPO o0 p(0,. o, C(Thpjipy Fopgjix)) +po- .. Op<xZ+N—1\kpxk'+N—1\k)
j=0 j N
M
< li 5 FTRF)z)}, NG (P,
_Mlinooz;)c)\ c(Q@+F'R )xk‘kka—&—c)\ a( )xk‘kka
j:
c
— <0(Q + FTRF)ﬁ + CJ(ANP)) TR KTk
C

< GTFER (cr(Q 1 FTRF)ﬁ +0(>\NP)) C(@xk mrpr(Thjr))-

(7.83)

The first inequality is due to the fact that F'xy, ;. is a feasible solution to the N step MPC problem. The sec-
ond inequality is due to monotonicity and sub-additivity of Markov risk measures, and the third inequality is
due to sub-additivity (convexity) of Markov risk measures. The fourth inequality follows from the expression

in (7.82), and the last inequality is due to the fact that
Cl@kp, Frr)) = o(Q + F T RF)wy yp

Substituting the definition of ~y to the above expression completes the proof of this Lemma. O

Recall that the MPC control law 7 ¢ is the optimal policy corresponds to the current initial state klk

in the finite horizon problem. That is, 7 ¢ (

Tyk) = w,’i‘k(xk“c) at stage k where {m}, ..., m; _,} is the
sequence of optimal policies. From Lemma and the Bellman optimality of value function J (2, N, 0),

it can be easily seen that

p(J(@ps1)5, N — 1, P)) = J(@ppie, N, P) — Clapye, ™7 (@) < vC(@ppp, ™ (2ppr)).  (7.84)
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Recall the realization constant ~ in Lemma([7.4.4] Define the following constant:

+ 1 N-2
W= +(’1Y)N; TN € (0,1). (7.85)

Again by Bellman optimality of .J(xy, IV,0) and the state update xj1|4+1 = Tg41|x» above expression

immediately implies that
J(xk|k7 N, P) :p(J($k+1|k7 N —1, P)) + C($k|ka WMPC(.TMk))

1 77N) MPC ( 1- 77N>
>(1 Clxg,m™ x + {1+ J(z ,N—-1,P
_< Y7 = (T |k (Tr(k)) P P(J (@hta)k )

L UN) MPC < 1- TIN)
=(1- Clxgp,m™ T + 1+ J(z S N—-1,P
( 77+77N (@hik (Trik)) . P(J (@ht1j+1 )

Recall the result in Lemmam and the definition of 7. Starting at state 21|41 = Zj1|% the following
expression holds

J(xk+l|k+l707p) Z J(xk+l\k+17 17P)

1
1+~
Thus for N = 2, from the definition of 7 in (7.83),

J(@p1k41, N — 1, P) > nnJ (g1 641, N — 2, P).

Followed by inductive arguments, the following expression holds for any xy,;, € RNe and N > 2:

1_77N) MPC < 1—77N)
J(rpe, N,P)> 11— C(ayp, ™ T + 1+ J(x ,N—-2P
( K|k ) ( W’7+77N ( K|k (Tgk)) + 0N PO (I (Tt |1 )

1-— 1-—
= <1 - 77N> C(xk‘k,ﬂMPC(l'k‘k)) +77N <1 + 77N) p(J(:L’k+1|k7N — Q,P))

Y+ NN Y+ NN
o 2 Je N = 1, P) = g1 (g N — 1, P)
Y +nN
(7.86)
The last equality is due to the fact that
__(+p¥t o ()i y+1 TS Sl
N T A DN TN~ (N2 4N Gro— ) T )

Y+ GEON TN T

Notice that inequality is still be valid if ), is replaced by 1511 for any fixed 441541 € RV=.
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Then the above expression implies

J(@psij+1, N, P) — J (Tpq1jp+1, N — 1, P) < ( - 1) J(@ry1k41, N, P)

( LI 1) J(tgs15. N, P) < (

TNIN+1

TIN+1

- 1> YC (@ppre, 7™ (hp1))
NIN+1

where the second inequality is due to expression (7.84). By re-arranging this inequality, one obtains

J(@pt1ji+1, N, P) < <77N+1 - 1) VC (@, 7P (i) + J(@pgr s, N — 1, P),
(1= BN)C (@i, ™ (@) + J (g s, N — 1, P)

(1 = Bn)C(hyp, ™ (xpyx)) + J(@pg1p5s N — 1, P)

where the constant 5y is defined as

(v +DV2 49N g (VDN
== (1) = i - e s 0 08

Notice that by applying the risk measure p on both sides, the above expression becomes

BNC (@i, ™ (h11)) + (I (@t ajis1s Ny P)) < J(zppr, N, P).

Therefore, one obtains the following expression by recursively expanding J(2j41|x+1, IV, 0) with the above

arguments:

BNC (@i, ™ FC (@) + p(BNC @pg 11 T (g 1011)) + (T (Tpesaiprzs N, P))
<BNC (@, ™ (1)) + p(J (@ps1jps1s N, P)) < J(@gge, N, P).

Furthermore, for any M € Z, by repeating the above analysis from k to K + M — 1 and noticing that

J(@g4mik+1, N, P) > 0, monotonicity and positive homogeneity of risk measure p imply

Bnpo...o p(c(xkﬂm WMPC(fEk\k))» s C($k+M—1|k+M—1, WMPC(xk+M—1|k+M—1)))
M
<po...op <6Nc(xk:ka WMPC(%”W)% e 76Nc(xk:+M71|k:+M717 WMPC(karJVIfHkJerl))
N——

+J(‘T/€+Mk+]\/I7N7P)> S J(‘Tk:\k:aNa P)
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Finally, when M goes to infinity, the above expression implies

5Njg,m(xk\k)

<pn lim po...o P(C(Ikum WMPC(iEk\k)), S C($k+M—1|k+M—1, 7TMPC($k+M—1|1e+M—1)))
M —5 00 e et
M

<J(@gps N, P) < J§ oo (Th)r)-

The first inequality is based on the fact that MPC control policies are feasible, thus the induced cost function
is larger than the optimal value function Jg (wk). The second inequality is by the recursive analysis given
above. The third inequality is from the fact that with nonnegative stage-wise cost C'(x, a), monotonicity of

risk measure p implies

J(@gp, N, P)
= min po...op(C@rpk Tek(@rk), - C(@heN—11ks Tht N1k (T N—1]k))s P)
Thlkso sy ThA N — 1| b N— e’
N
< min pO...Op(C($k|k,7Tk|k($k\k))7---;C(-TkJrNUcv7rk+N\k(xk+N|k))’P)
Tk Tht N |k N — e
N+1
<...< lim min pO...Op(C(IEk‘k,ak),n-7C(-Tk-t,-N\k»7Tk+N\k('Tk+N|k))vP)
N—00 Tk |k Tk+N |k
N+1
=J0,00 (Th)k)-

The equality follows from the analysis in (7.83) with AV — 0 as N — oo. The result of the sub-optimality

performance bound is summarized in the following theorem.

Theorem 7.4.5. Let xy;, € RN+ be the initial state at stage k and N be the MPC lookahead horizon.
The infinite horizon cost function induced by the MPC control policy m™ T has the following sub-optimal

performance bound:

Jék,oo(ffkw)

< lim po...op(Clagy, @™ (@pp)s -, C@hpmr—1pprnr—1, ™ (@1 ni—1)))
M — 00 — —
M
< J0.00 (@nire)

o BN

where J; (wg)x) is the optimal solution of problem OPT gs with xy,;, being the initial state and the perfor-

mance coefficient By is given in (T.87).

The above theorem shows that the MPC solution is 1/8y—optimal for Sy € (0,1). When N tends to
infinity, the definition of S implies that S goes to 1, which means that the MPC solution is optimal.
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7.5 Technical Results in Chapter 5|

7.5.1 Proof of Theorem 5.3.2]

The proof style is similar to that of Theorem 3.1 in [40]. The proof consists of two steps. First, we show that
V*(z,d) > T[V*](z,d) for all pairs (z,d) € X x R. Second, we show V*(z,d) < T[V*|(x, d) for all pairs
(z,d) € X x R. These two results will prove the claim that V* is a fixed point solution to the Bellman’s
equation.

Step (1). If d ¢ ®(x), then, by definition, V*(z,d) = oco. Also, d ¢ ®(x) implies that F'(z, d) is empty.
Hence, T[V*](z,d) = oc. Therefore, if d ¢ ®(xy,),

V*(x,d) = oo = T[V*|(x,d), (7.88)

ie., V*(z,d) > T[V*|(x,d).
Now assume g = x and dy = d such that d € ®(x). Let 7* € IIy be an optimal policy that yields the

optimal cost V*(x, d). Construct the “truncated” policy 7 = {fi1, fia, . . ., } according to:

fij(ha ;) := pj (o, g (o), haj),  forj > 1.
In other words, 7 is a tail policy prescribed by 7*. By applying the law of total expectation, we can write:

V*(w,d) = Jim E [0 24 Can, i (ho.)| = Cla, (@) + Jim E [S05 41C (@, 5 (ho.)

N—o00

= O, 13(@)) +7E [limy e B[00 21 Car, 15 (h0.)) | o]

Note that limy_, o E [Zi\;l Y C (¢, 75 (ho,t)) ‘ h0,1} = C™(x1). Clearly, the truncated policy 7 is a feasi-
ble policy for the tail subproblem
A, ¢l

subjectto D™ (z1) < D™ (z1).
Collecting the above results, we can write
V(x,d) = C(zo,m5(x0)) + YE [C7 (21)] = Clxo, m5(20)) + VE [Vi (21, D (21))] = T[V*](z, d),

where the last inequality follows from the fact that D7 (-) can be viewed as a valid threshold function in the
minimization in equation (3.1)).

Step (2). If d ¢ ®(x), equation holds and, therefore, V (z,d) < T[V*|(x,d).

Assume d € ®(z) (which implies that F'(x, d) is non-empty). For a given pair (z,d), where d € ®(x),

let a* and d”* be minimizers in equation (5.I) (here we are exploiting the assumption that the minimization
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problem in equation (5.I) admits a minimizer). By definition, d"*(2") € ®(z’) for all 2’ € X. Also, let
m* € 1l be an optimal policy for the tail subproblem:

min  C™(a')

welly

subjectto D7 (2') < d"*(a').
Construct the “extended” policy 7 € Iy as follows:
To(x) = a”, and 7j(ho ;) = 7} (h1;) for j > 1.

Since 7* is an optimal, and a fortiori feasible, policy for the tail subproblem (from stage 1, starting at state
x1 = 2’ and constraint threshold d; = d"*(x’)) with threshold function d"*, the policy 7 € Il is a feasible
policy for the tail subproblem (from stage 0, starting at state o = x and constraint threshold dy = d):
. cr
A, ¢

subjectto D™ (z) < d.

Hence, we can write

V*(2,d) < C7(2) = Ol fio(@)) + Jim B [E [T 4Clan fnlho.) | hoa ]

Note that
i E[Zt 10 nt(ho,t))‘ho,l} - ().

Hence, from the definition of 7*, one easily obtains:

V*¥(x,d) < C(z,7o(x)) ++E [C“* (/)] = C(x,a*) +~ Z ' |x, a®)V*(2',d"* () = T[V*](z, d).

r'eX
Collecting the above results, we have shown that V* is a fixed point solution to Bellman’s equation
V(z,d) = T[V](z,d), Vz,d. To show that V* is the unique solution to the fixed point equation, according
to Lemma|5.3.1} T is a contraction mapping. Therefore Proposition 2.2 of [17] immediately implies that the
fixed point equation T[V](z,d) = V(z,d), Y, d, has a unique solution, which is V*. This completes the

proof of this theorem.
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7.5.2 Proof of Theorem 5.3.6

Similar to the definition of the optimal Bellman operator T, for any augmented stationary Markovin policy
u: X x R — A and any risk-to-go function d'(z, d)(-) such that

D(z,u(z,d)) +vp(d (x,d)(z")) < d, (7.89)
we define the policy induced Bellman operator T',, as

T, [V](z,d) = C(z,u(z,d)) +~ Y P(a'|x,u(x,d) V(2 d (z')).
x'eX

Analogous to Theorem [5.3.2] we can easily show that the fixed point solution to T, [V](z,d) = V(z,d) is

uniquely equal to the value function
Vu(z,d) = hm E Zf 0 Y C(2y, ar) | 2o :x,mﬂ7

where the history dependent policy 7 = {po, pi1, - . .} is given by py(hg) = u(xg, dy) for any k& > 0 with
initial state zp = =z, constraint threshold dy = d, and the state transitions are given by expression (3.3)),
but with augmented stationary Markovian policy u* replaced by u and the risk-to-go d"**(z, d)(-) replaced
by d'(x,d)(-). On the other hand, by recursively applying at state (xy,dy), for k € {0,1,...,}, we

immediately show that policy 7y is feasible to problem OP7Tgc, i.e.,

lim PO,N—1 (D(Jfo,a,o), . ,’}/N_lD(x‘N_l,aN_l)) | To =2, TH S d.
N —oc0

To complete the proof of this theorem, we need to show that the augmented stationary Markovian policy

u* is optimal if and only if
T[V*|(z,d) = T [V*]|(z,d), Yz € X, d € R, (7.90)

where V*(z, d) is the unique fixed point solution of T[V](z,d) = V(x,d). Here an augmented stationary
Markovian policy v* is optimal if and only if the induced history dependent policy 73; in (5.2) is optimal to
problem OPT gc.

First suppose u* is an optimal augmented stationary Markvoian policy Then using the definition of u*
and the result from Theorem[5.3.2] we immediately show that V*(z, d) = Vi, (, d), where by definition V-
is the fixed point solution to V' (z, d) = T\« [V](x, d) for any z, d. By the fixed point equation T[V*](z,d) =
V*(x,d) and T« [Vy+](z, d) = Vy» (z, d), this further implies holds.

Second suppose u* satisfies the equality in (7.90). Then by the fixed point equality T[V*|(z,d) =
V*(x,d), we immediately obtain the equation V*(z,d) = T =[V*](z,d) for any x € X and d € R.
since the fixed point solution to T« [V](x,d) = V(x,d) is unique, we further show that T[V*|(x,d) =
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V*(x,d) = Vy«(z,d). Furthermore by Theorem we have that
Var (z,d) = min C™(z)

subjectto D™ (z) < d.

By using the policy construction formula in (5.2) to obtain the history dependent policy 7%; and following the
above arguments (where the augmented Markovian stationary policy w is replaced by u*, and the risk-to-go
function d’ is replaced by d’-*), this further implies
C™i (z) = Vy» (2,d) = min C™(x)
welly

subjectto D™ (x) < d,

and D™# (z) < d, i.e., u* is an optimal augmented stationary Markovian policy.

7.5.3 Proof of Lemma

Before proving the main result, we first show the Lipschitz-ness of set-valued mapping U(z, a, P) in the

following technical result.

Proposition 7.5.1. For any { € U(x, a, P), there exists a Mg > 0 such that for some E € U(x,a, ﬁ), and

q(z') = §(@") P(a'|x, a), q(2") = £(2") P (2|2, a),

Z lq(z') — q(2")] < M¢ Z ‘P («'|z,a) — P(z'|x,q)) .

' eX z'EX
Proof. We know that U(x, a, P) is a closed, bounded, convex set of probability mass functions. Since any
conditional probability mass function @ is in the interior of dom(Z{) and the graph of U(x, a, P) is closed,
by Theorem 2.7 in [91]], U(x, a, P) is a Lipschitz set-valued mapping with respect to the Hausdorff distance.
Thus, for any { € U(x, a, P), the following expression holds for some M, > 0:

inf Z lq(z") — q(2")| < M¢ Z ‘P 'z, a) — P(z'|z,a)] .

G=(P:eUl(x,a,P) iy z'eX

Next, we want to show that the infimum of the left side is attained. Since the objective function is convex,

and U(x, a, ﬁ) is a convex compact set, there exists £ € U (z,a, f’) such that infimum is attained. O

Now we turn to the main proof of Lemmal[5.4.3] First, we want to show that

a(a,d') = D(z,a) +vp(d'(z'))
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is a Lipschitz function. Define

{q*(x/)}ZI?’GX € arg maxq—ﬁP:ﬁEU(z,a,P(z’z,a)){D(‘T7 CL) +7 Z q(x,)d/(x/)}

r'eX
Then, there exists a & € U(z, a, P(2|z,d)), § = £P, such that the following expressions hold:

a(a’d/) - 04(5, i)
=D(x,a) +yp(d'(z')) = D(x,@) — vp(d ("))

<D(w,a) — D(x,@) +7 Y (¢" (@) = Ga")d (') +~ Y Ga')(d'(2') — d'(2')) (7.9
z'eX z'eX
<[D(x,a) = D(@, @) +7 »_ |d'(2') — d (') + 7y max|d'(z)] > gt (@') —a(@).
x'eX ' eX

The first equality follows from definitions of coherent risk measures. The first inequality is due to the rep-
resentation theorem (Theorem and the definition of ¢* = £*P, £* € U(x, a, P(z'|x,a)). The second
inequality is due to the fact that § is a probability mass functions with & € U(x,a, P(z'|z,a)). Then, by
Proposition [7.5.1] there exists Mg > 0 such that

Z lg"(z') — q(=")| < M¢ Z |P(2|z,a) — P(z'|x,a)].

@' eX o' EX
Furthermore, by Assumptions (7.3.2)) to (5.4.2)) and the definition of ®(z'), expression (7.91) implies
ala,d) — a(a,i) < My <|?i— al + Z \J(x’) — d’(m/))
r'eX

where
My = maX{MD +'YMP8M§; ].} .

By a symmetric argument, we can also show that
a(@,d) - a(u,d) < My (IEi —al+ Y |d(a") - d/($')|> ~
r'eX

Thus, by combining both arguments, we have shown that «(a,d’) is a Lipschitz function. Next, for any
(a,d") € F(x,d), where

F(x,d) = {(a,d’)| u€ A(x), d(2') € ('), Vo' € X, a(a,d) < d},
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consider the following optimization problem:

Poag(d)= _inf  [a—al+ Y |d()—d ().

@d)eF (z,d) frpey
Since (a,d') is in F(z,d), it is a feasible solution to the above problem which yields P, , 4 (d) = 0. By our

assumptions, both A(x) and ® (') are compact sets of real numbers. Note that both [a—a|+)" /. » \d' () —

d' (') and o(@,d’) are Lipschitz functions in (@,d’). Also, consider the sub-gradient of f(@,d’,d) :=

a@d) - d}

T ~ ~

N 91 N !]1 a a
of@ad,d)= ) go| ERVIXRIM X R: f@,d,d) > f(a,d,d)+ |g. d|—|d
@d.dedon(f) | | gy g3 d| |d

For any (g1, g2, 93) € Of (u,d’, d), this implies
a(@,d) — a(@d) > (g +1)(d — d) + i@ —a) + g3 (d — ),

Y(a, i , c?) € domf. Suppose g3 > —1, then there exists ¢ > 0 such that g5 + 1 = €. Also, by the Lipschitz-

ness of a(a, d ) and Cauchy Schwarz inequality, we get

(Ma +|ga))a—al + (1 + lgall) Y |d'(2) — d'(2')| > e(d —d), ¥ (@ d,d) € dom(f)
r'eX

Since @, a are finite and i , i are bounded, the above inequality fails if d — —oo. This yields a contradiction.
Similarly, by considering d— 00, we can also arrive at a contradiction for the case of g3 < —1. Therefore,
the set of the third element of 8 f (@, d’, ) is a singleton and it equals to {—1}.

Since a(d, d’) — d is differentiable on r, the third element of O (@, d’, r) is a singleton and it equals to
{—1}. Next, consider the sub-gradient of h(a,d’,r) = |a — a| + Yowex ld (@) — d'()|. By identical
arguments, we can show that the set of the third element of dh(a,d’, r) is a singleton and it equals to {0}.
Therefore, Theorem 4.2 in [78] implies P, , 4 (d) is strictly differentiable (Lipschitz continuous) in
Then, for any (a,d’) € F(z,d), there exists Mg > 0 such that

Jinf  fa—al+ ) |d(a') — d'(2)| < Mg|d—d].
(@d)eF(x,d) vyt

Finally we want to show that the infimum on the left side of the above expression is attained. First,

la —al + 3 cxld () — d'(2')| is coercive and continuous in (a,d’). By Example 14.29 in [T11], this

! A sub-gradient of a function f : X — Ratapointzg € X is areal vector g such that forall z € X, f(z)— f(z0) > g7 (x —z0),
Vr e X.

2 Theorem 4.2 in [78] implies both OP,, , 4 (d), 0%°P, 4 ar(d) C {0} for d € ®j(d). This result further implies P, , 4 (d) is
strictly differentiable. For details, please refer to this paper.
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function is a Caratheodory integrand and is also a normal integrand. Furthermore, since F(x, c?) is a closed
set (since A(z) is a finite set, ® (') is a compact set and the constraint inequality is non-strict)and o(@, d') —d
is a normal integrand (see the proof of Theorem[5.3.6)), by Theorem 14.36 and Example 14.32 in [111], one

can show that the following indicator function:

Hm (a7la [:lv) =
oo otherwise

{ 0 if(@d)e F(z,d)

is a normal integrand. Furthermore, by Proposition 14.44 in [[111]], the function

go(@.d . d) = [a—a|+ Y |d(z') = d ()| + L(ad,d)
z’'eX

is a normal integrand. Also, infs g, (d,d’,d) = 1nf(a e F(ad) la —al + 3. ex| (') — d'(2')|. By
Theorem 14.37 in [LL1]], there exists (a, d d') € F(x,d) such that (@, d d') argmin g, (@, d’, d). Furthermore, the

right side of the above equality is finite since F'(z, d) is a non-empty set. The definition of I,(a, i , d) implies
that (a, d ) € F(x,d). Therefore this implies expression li holds for any (a,d') € F(z,d).

7.5.4 Proof of Theorem 5.4.4

The proof of the main result of this paper relies on three technical lemmas. The first lemma provides a

sensitivity result for the value function V*(z, d).

Lemma 7.5.2. Suppose that F(x,d) and F(z,d) are non-empty sets for x € X and d,d € ®(x). Then, the

following expression holds:

MC + MPCmax
1—v  (1-9)°

My

0< V*(z,d) — V*(z,d) < ( ) Mp(d — d), (7.92)

where My, is the constant defined in inequality (5.6).

Proof. First, when d < d, by the definition of the value function in problem OP7Tgc, we know that
V*(z,d) > V*(x,d). The proof is completed if we can show that for d < d,

V*(x,d) — V*(x,d) < My Mg(d— d).

Now let
Cmax

1—x

be the initial value function estimate and the sequence of estimate is updated by value iteration, i.e.,

‘/()(.’E,d) =

Vit1(z,d) = T[Vi)(z, d).
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From this update sequence one can immediately show that ||V ||coc < Crax/(1 — 7y) for every k.
Furthermore for any given z € X, d € ®(x), let (a*, d*’) be the minimizer of T[V}](z, d). For notional
convenience here we omit the dependency of k in the set of minimizers (a*, d*’). Then, there exists (a, d ) €

F(z, @, such that inequality (5.6)) and the following expressions hold:

Vis1(z,d) = Vi (2, d)
<C(z,a) — C(z,a*) +~ Z P! |z, a) Vi (2, d (2)) — Z P2 |z, a*)Vi (2, d" (2"))

r'eX z'eX
—C(w,a) - Clw,a) +7 Y P'|a,a) (Vi(@',d (@) = Ve, d" ("))
r'eX
9 Y (P@)2,@) - Pa/|z,a)) Ve(a',d* (a'))
z'eX
<l ¥ 1P - Pl 49 X { ea @) - i 2w |
r'eX z'eX

+ |C(x,a) — C(z,a*)].

The second inequality follows from ), P(x2|z,a) = 1 and the definition of [|Vi|lcc < Cinax/(1 —7).

Now consider the following sequence of constants

1-— ’yk
1 v (MC + MPCmax/(l - ’Y))

My, =
Obviously, at k£ = 0, using the results in Assumption and Lemma (5.4.3] the above expression implies
Vi(z,d) — Vi(z,d) < (Mc + MpCrnax/(1 — 7)) Mg|d — d|.

Now at k& = j by induction we assume

o 1_’Yj Cmax g
V}(l’,d)—‘/}({ﬁ,d)g 1_7 MC+MP1—’Y MR|d—d|

nyj

Equipped with the induction’s assumption, at £ = j + 1 the above expression further implies

Viga(@,d) = Vi (2, d) <(Mc + Mpl|Villoo)[@ — a*| +7My; Y |d (2) — d*'(2/)]

r'eX
S(]\/[C + MPCmaX/(l - '7) + ’YMV,J')MR|J_ d‘
<My j 1 Mg|d — d|. (7.93)

Thus by induction we have that V,(z,d) — Vi (z,d) < My .M r|d — d|. Note that, due to the contraption

property of T, the sequence of value function estimates {V}} converges to V*. Finally combining this
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property with the fact that limy oo My x = Mo /(1 —7) + MpCrax/(1 —7)?, one immediately shows that
expression holds. O

The second lemma shows that the “difference” between the dynamic programming operators Tp [V *](z, d)
and T[V*](x, d) is bounded.

Lemma 7.5.3. For any x € X and d € ®(x), the following inequality holds:
0 < Tp[V*)(z,d) — T[V*|(z,d) < yMy MgrA

where My is given in Lemmal[7.3.2| Mp, is the constant defined in inequality (B.6), and A is the step size for
the discretization of the threshold state d.

Proof. First, by the definition of Fp(x,d), we know that Fp(x,d) C F(x,d). Since, the objective func-
tions and all other constraints in 7p[V*|(x,d) and T[V*|(x, d) are identical, we can easily conclude that
To[V*|(z,d) > T[V*](x,d) forall z € X, d € ®(x). The proof is completed if we can show

To[V(z,d) — T[V*|(z,d) < yMy MgA.

By Theorem we know that the infimum of T[V*](z,d) is attained. Let (a*,d*’) € F(z,d) be the
minimizer of T[V*](z,d). Also, for every fixed 2’ € X, let 8(z') € {0,...,0} such that d*'(z') €
(=) ('), Now, construct

j/(x/) - CC= @(G(I’))(Jj/)_

By definition of ®(z'), we know that d'(z') € ®(2'), Vo' € X. Since d®®)) is the lower bound of
®OED) (27), we have d®(=) < d*’(2'). Furthermore, since the size of ®@(*))(2/) is A, we know that
|d@ED) — =/ (2')| < A for any 2/ € X. By monotonicity of coherent risk measures,

D(w,a*) + 3p(d (¢41)) < D(w,a") +yp(d"(z141)) < d.

Therefore, we conclude that (a*,d’) € Fp(z, d) is a feasible solution to the problem in Tp[V*](x, d). From

this fact, we get the following inequalities:

TolV* ), d) — TV d) <7 3 Pl a°) (V*<x',8'<x’>> - V*(w@d*"(w'»)

z'eX
< sup { [ 2w - v |
z'eX
<YMy Mg sup |d' (') — d*' ()| < vMy MgA.
r’'eX
The first inequality is due to substitutions of the feasible solution of Tp[V *](z, d) and the optimal solution of
T[V*](x,d). The second inequality is trivial. The third inequality is a result of Lemma and the fourth
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inequality is due to the definition of d’(z'), for all 2/ € X. This completes the proof. O

The third lemma characterizes the error bound between the dynamic programming operators T[V*](x, d)
and Tp[V*](z,d).

Lemma 7.5.4. Suppose Assumptions to hold. Then,
ITp[V*] = TV ]lloe < (1+7)My MgA, (7.94)
where Tp[V*|(x,d) is defined in equation (5.4), A is the discretization step size, My is given in Lemma

[7.32land Mp, is the constant defined in inequality (5.6).

Proof. For any given z € X and d € ®(x), let 6 € {0,..., 0} such that d € & (z). Then, by definition of
Tp[V*](x,d) and Theorem|5.3.2] the following expression holds:

I To[V*)(2,d) = T[V*)(z,d)| < [V*(2,d?) = V*(x,d)| + [Tp[V"](z,d”) = T[V*](z,d?)].
By Lemma([7.5.2)and [7.5.3] the above equation implies that
ITp[V*|(x,d) — T[V*|(x,d)| < My MgrA +yMyMg|d — d9| < (14 ~) My MgA.

The last inequality follows from the fact that d € ®()(z) implies |d?) — d| < A, where d(?) is the lower
bound for the discretized region of risk threshold ®(?)(z). By taking the supremum with respect to z € X
and d € ®(x) on both sides of the above inequality, the proof is completed. O

Now we turn to the main proof of Theorem First from Lemma [7.5.4] we have that | Tp[V*] —
TV*]lloo < (1 + )My MgA. This implies the following chain of inequalities:

Ve = Voo =IITp[VE] — TV ]lleo < I Tp[VD] — To[V*][loo + [ To[V*] — TVl
NVE = Voo + (1 + )My MRA.

The first equality is due to Theorem and the fact that V5 (z, d) = Tp[V3](x, d). The second inequality
follows from triangular inequality and the third inequality follows from the contraction property in Lemma
[5.3.T)and the arguments in Lemma

Then one concludes the proof of this theorem by having the following inequality:

V5 = V¥l < = My Mg,

where My is defined in Lemma|[7.5.2] with its expression is given by:

M, MpClrax
MV:( C+ P a2>’
-y (1-9)
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and Mp, is the constant defined in inequality (5.6).

7.5.5 Proof of Theorem [5.4.7]

The error bound analysis of the interpolated Bellman iteration is similar to the analysis of the discretized
Bellman iteration described in Theorem Analogous to Lemma([7.5.3] we have the following technical

lemma.
Lemma 7.5.5. Forany x € X and d € ®(x), the following inequality holds:
— My MpA < Tz[V*]|(z,d) — T[V*|(z,d) < yMyMrA
where My is given in Lemma(7.5.2] Mp, is the constant defined in inequality (5.6), and A is the step size for
the discretization of the threshold state d.

Proof. The proof of this lemma is split into two parts. First we want to show that
Tz[V*|(z,d) — TV*|(x,d) < yMy MRA. (7.95)

Before getting into the analysis directly, a crucial intermediate step is to derive the following inequality for
any function V : B(X x R) — B(X x R):

Tz[V](z,d) < Tp[V](z,d), Vx € X, d € R. (7.96)
Obviously an equivalent re-formulation of optimization problem 7p[V](x, d) is given by:

min  C(z,a) + 7 > P(a'|z,a)Ly[V](d)
@ r'eX

subjectto a € A(x),d'(2') € ®(a2’) forall 2’ € X, and D(z,a) + yp(d'(x")) < d.

Using this relationship, at any state z € X and constraint threshold d € R, the optimizers of problem
Tp[V](z,d) are indeed feasible solutions to problem Tz[V](z,d), with integer-valued constraints. This
further implies that inequality holds. From this fact, we get the following inequalities:

Tz[V*|(z,d) — T[V*|(z,d) <Tp[V*](x,d) — T[V*|(z,d)
<Tp[V7)(a,d) — T[V*)(z,d)

<y sup { ‘V*(w',g’(m’)) — V*(w’,d*”(w’))‘ } < yMy MgA.
z'eX

The second inequality follows from the non-increasing property of value function V* in d and the definition

of T'p. The third inequality and fourth inequality follow from the same lines of arguments in Lemma|7.5.3
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On the other hand, by using analogous arguments, we can show that

TV )(x,d) = Tz[V*|(z,d) 2T[V*|(x,d) — Tp[V"](x,d)

~ (7.97)
> — 1y sup { ‘V*(x',d’(x')) -V, d*”(x’))’ } > —yMy MgA.
r’'eX
Therefore the proof of this lemma is completed by combining both inequality and (7.97). O

Equipped with this result, the rest of the error bound proof follows identical arguments from the proof of
Theorem (and Lemma , with value function estimate V7 replaced by V7 and Bellman operator
Tp replaced by Tz. Details of these steps will be omitted for the sake of brevity.

On the other hand, we now show the claim V}(z,d) < V}(z,d). Recall from inequality and
the definition of discretized Bellman operator T'p that Tz[V](x,d) < Tp[V](z,d) < Tp[V](x,d) for any
function V' : B(X x R) — B(X x R). By putting V' = V}; and applying Tz on both sides, we have that

T7Vpl(w,d) < Tr[Vp](w,d) < Vi (w,d)
Repeating this procedure, and noticing that limy_, . T¥ [V3](x,d) = V;(z,d), the inequality V' (z,d) <

V5 (x, d) is concluded.

Combining all the above arguments, the proof of this theorem is completed.
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