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Abstract—In this paper we present an algorithm to compute
risk averse policies in Markov Decision Processes (MDP) when
the total cost criterion is used together with the average
value at risk (AVaR) metric. Risk averse policies are needed
when large deviations from the expected behavior may have
detrimental effects, and conventional MDP algorithms usually
ignore this aspect. We provide conditions for the structure
of the underlying MDP ensuring that approximations for the
exact problem can be derived and solved efficiently. Our
findings are novel inasmuch as average value at risk had never
been considered in association with the total cost criterion.
Our method is demonstrated in a rapid deployment scenario,
whereby a robot is tasked with the objective of reaching a
target location within a temporal deadline where increased
speed is associated with increased probability of failure. We
demonstrate that the proposed algorithm not only produces
a risk averse policy reducing the probability of exceeding the
expected temporal deadline, but also carefully characterizes the
statistical distribution of costs, thus offering a valuable analysis
and design tool.

I. INTRODUCTION

Markov Decision Processes (MDPs) are extensively used
to solve sequential stochastic decision making problems in
robotics [22] and other disciplines [9]. A solution to an
MDP problem instance provides a policy mapping states into
actions with the property of optimizing (e.g., minimizing)
in expectation a given objective function. In many practi-
cal situations a formulation based on expectation only is
however not sufficient. This is specifically important when
variability from the expected value detrimentally impacts the
performance of the system. For example, in an autonomous
navigation system, a robot attempting to minimize the ex-
pected length of the traveled path will likely travel close to
obstacles, and a large deviation from the planned path may
result in a collision that incurs huge loss (i.e. damage an
expensive robot or fail the whole mission altogether.) Metrics
that study deviations from the expected value are often
referred to as risks. Basic solutions to the MDP problem
like value iteration or policy iteration aim exclusively at
optimizing the expectation without embedding computational
expedients to control risk. Their policies are therefore labeled
as risk neutral. The problem of quantifying risk associated
with random variables has a rich history and is often related
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to the problem of managing financial assets [2]. In fact,
many risk-related studies motivated by financial problems
have recently found applications in domains such as robotics
[19]. The term risk aversion refers to the preference given
to stochastic realizations with limited deviation from the
expected value. In risk averse optimal control one may
prefer a policy with higher cost in expectation but lower
deviations to one with lower cost but possibly higher de-
viations. Particularly in the context of robotic planning,
introducing risk aversion in MDPs is crucial to guarantee
mission safety. However introducing risk aversion in MDPs
creates a number of additional theoretical and computational
hurdles. For example, in risk averse MDPs optimal policies
are no longer Markov stationary and one needs to account
for history dependency in order to reach optimality.

Average Value at Risk (AVaR — also known as Conditional
Value at Risk or CVaR) is a risk metric that has gained
notable popularity in the area of risk averse control [2], [17].
For a given random value and a predetermined confidence
level, the AVaR is the tail average of the distribution ex-
ceeding a given confidence level (see Section III for a formal
definition). Risk averse policies considering the AVaR metric
have been studied for the case of MDPs with finite horizon
and discounted infinite horizon cost models. In this paper
we instead consider how the AVaR metric can be applied
when the total cost criterion is used in MDPs. This focus is
motivated by numerous robotic applications where standard
cost criteria like infinite horizon discounted cost or finite
horizon cost are not an appropriate modeling option. On the
contrary, we postulate that the most appropriate criterion is
total cost, i.e., the undiscounted cost accrued during missions
with random stopping times. The contribution of this paper
is three-fold:

o We identify conditions for the underlying MDP ensuring
that the AVaR problem is well defined when the total
cost criterion is used.

« We define a surrogate MDP problem that can be effi-
ciently solved, whose solutions approximate the optimal
policy of the original problem with arbitrary precision.

o We validate our findings on a rapid robotic deployment
task where the objective is to maximize the mission
successful rate under a given temporal deadline [6], [8].

The rest of the paper is organized as follows. Related
work is discussed in Section II, whereas the mathematical
background is given in Section III. In Section IV we study
the well-posedness of the problem, and formulate the risk-
averse, total cost MDP problem. Our approximated solution
is proposed and analyzed in Section V, and in Section VI
we provide the algorithmic description. Simulations on a
rapid robotic deployment platform are given in VII, whereas



conclusions and future work are discussed in Section VIII.

II. RELATED WORK

For a general introduction to MDPs the reader is referred
to textbooks like [4] or more recent collections like [9].
As pointed out in the introduction, risk aversion in MDPs
have been studied for over four decades, with earlier efforts
focusing on exponential utility [12], mean-variance [20], and
percentile risk criteria [10]. With regard to mean-variance
optimization in MDPs, it was recently shown that computing
an optimal policy under a variance constraint is NP-hard [15].
Recently, average value at risk was introduced in [17] in
order to model the tail risk of a random outcome and to
address some key limitations of the prevailing value-at-risk
metric. Efficient methods to compute AVaR were later on
illustrated in [18].

Leveraging the recent strides of AVaR risk modeling, there
have been efforts to embed the AVaR metric in the risk-
sensitive MDPs. In [3] the authors show that by augmenting
the state space, there exists a history dependent optimal
policy for AVaR MDP problems. However, their method is
only applicable to the finite horizon cost criterion and is
based on a computationally complex, dynamic programming
approach. Similar techniques can be found in [5], where
the authors propose another dynamic programming algo-
rithm for finite-horizon risk-constrained MDPs where risk
is measured according to AVaR. The algorithm is proven
to asymptotically converge to an optimal risk-constrained
policy. However, the algorithm involves computing integrals
over continuous variables (Algorithm 1 in [5]) and, in
general, its implementation appears particularly difficult.

A different approach is taken by [7], [16], [21] which
consider a finite dimensional parameterization of control
policies, and show that an AVaR MDP can be optimized to a
local optimum using stochastic gradient descent (policy gra-
dient). However this approach impose additional restrictions
to the policy space and in general policy gradient algorithm
only converges to a local optimum.

More recently, Haskell and Jain considered the broader
problem of risk aversion in MDPs using a framework based
on occupancy measures [13]. Their findings are applicable
only when the infinite horizon discounted cost criterion is
used. Nevertheless their method is based on occupancy mea-
sures and is therefore closely connected to our recent works
where constrained MDPs are used to solve the multirobot
rapid deployment problem [6], [8]. The solution we propose
uses some of the ideas introduced in [13].

III. PRELIMINARIES

We recap some known concepts on risk metrics and MDPs.
The reader is referred to the aforementioned references for
more details.

A. Risk

Consider a probability space S = (2, F,P), and let L>®
be the space of all essentially bounded random variables on
S. A risk function' T : L> — R is a function that maps
an uncertain outcome Y € L° onto the real line R. A

'In the following the terms risk metric and risk function will be used
interchangeably.

risk function that is particularly popular in many financial
applications is the value at risk. For 7 € (0, 1) the value at
risk of Y € L°° at level 7 is defined as

VaR, (V) :=inf{n e R: Pr(Y <n) > 7}.

Here VaR.(Y") represents the percentile value of outcome
Y at confidence level 7. Despite its popularity, VaR; has a
number of limitations. In particular, VaR is not a coherent
risk measure [2] which suffers from being unstable (high
fluctuation under perturbations) when Y is not normally
distributed. More importantly it does not quantify the losses
that might be suffered beyond its value at the 7-tail of
the distribution [17]. An alternative measure that overcomes
most shortcomings of VaR is average value at risk, defined
as

1 1
AVAR(¥) = / VaR, (V) dt,
—~/

where 7 € (0,1) is the confidence level as before. AVaR.
can be equivalently written as [18]

AVaR.(Y) = min {s +
seR

E[(Y — )T 1
E -9
where 7 := max(z, 0). This paper relies extensively on Eq.
(1) and aims at devising efficient methods to approximate
the expectation in Eq. (1) when the random variable Y is
the total cost of an MDP.

B. Total Cost, Transient Markov Decision Processes

For a finite set S, let P(S) indicate the set of mass dis-
tributions with support on .S. A finite, discrete-time Markov
Decision Process (MDP) is a tuple M = (X, U, Pr, ¢) where

o X, the state space, is a finite set comprising n elements.

e U, the control space, is a collection of n finite sets
{U(x;)}. Set U(x;), ¢ = 1,...,n, represents the
actions that can be applied when in state x; € X. The
set of allowable state/action pairs is defined as

K:={(z,u) e X xU |ueU(x)}.

e Pr(ylz,u) : K — R is the transition probability from
state = to state y when action v € U(x) is applied.
According to our definitions, Pr(-|z,u) € P(X).

e ¢: K — R>¢ is a non-negative cost function. Specifi-

cally, ¢(x, u) is the cost incurred when executing action
u € U(x) at state x.

Let K := max(s )ek ¢(o,u) and note that the maximum
is attained as X is a finite set. Define the set H; of
admissible histories up to time ¢t by H; := K x H;_1, for
t > 1, and Hp := X. An element of H; has the form
To, Uy, L1, ..., Tt_1,Ut_1, T, and records all states traversed
and actions taken up to time t. In the most general case a
policy is a function 7w : H; — P(U(xy)), ie., it decides
which action to take in state z; considering the entire former
history. Note that according to this definition the policy could
in general be randomized. Let II be the set of all policies, i.e.,
including history dependent, randomized policies. It is well
known that in the standard MDP setting where an expected
cost is minimized there is no loss of optimality to restrict
the attention to deterministic, stationary Markovian policies,



i.e., policies of the type m : X — U. However, in the risk-
averse setting one needs to consider the more general class
of history-dependent policies [1]. This is achieved through a
state augmentation process described later.

Following [13], we define the countable space (Q2,B) :=
(K>, B(K>)). where K*° = £ x £ x K x ---, is the
sample space and B(X>) is the Borel field on I>°. Specific
trajectories in the MDP are written as w € €, and we denote
by z¢(w) and u;(w) the state and actions at time ¢ along
trajectory w. In general the exact initial state x( is unknown.
Rather it is described by an initial mass distribution 8 over
X, ie, f € P(X). A policy 7 and initial distribution
induce a probability distribution over (Q2,B), that we will
indicate as Prj.

In this paper we focus on transient total cost MDPs,
defined as follows. Consider a partition of X into sets X7
and M, ie., X = XTUM and XT N M = 0. A transient
MDP is an MDP where each policy 7 satisfies the following
two properties:

o Yoo Prjley = x] < oo for each z € X7, ie., the
state will eventually enter set M, and

e P(ylz,u) =0 for each z € M, y € XT, u € U(x),
i.e., once the state enters M it cannot leave it.

A transient, total cost MDP is a transient MDP where

e c¢(x,u) =0 for each x € M, i.e., once the state enters
M no additional cost is incurred,
« the cost associated with each trajectory w is given by

c(w) := Z c(xp(w), ug(w)).

t=0

Note that the cost ¢(w) is a random variable depending on
both the policy 7 and the initial distribution 3. The name
total cost stems from the fact that an (undiscounted) cost is
incurred throughout the “lifetime” of the system (i.e., until
the state hits the absorbing set).

Transient, total cost MDPs represent an alternative to the
most commonly used discounted MDPs or finite horizon
MDPs. As outlined in the introduction, for many robotic
applications the total cost, i.e., ¢(w), is the most appropriate
cost function. We justify this statement by noting that most
robotic tasks have finite duration but such duration is usually
not known in advance. In these circumstances the finite
horizon cost is inappropriate because one cannot define the
length of the finite horizon upfront. Similarly, the discounted
infinite horizon cost is also ill suited because the task does
not continue forever and the cost shall not be exponentially
discounted over time.

Without loss of generality, we assume that set M consists
of a single absorbing state xj; equipped with a single
action ug,,, i.e., M = {xp} and U(zp) = ug,, with
Pr(za|zar, vz, ) = 1. In the following, with a slight abuse
of notation, we denote by K the set {(z,u) € X7 x
U |ueU(x)},ie., we exclude the absorbing state from the
definition of K. Moreover, we assume that for a transient,
total cost MDP 3(zs) = 0, i.e., the probability of starting
at the absorbing state is zero. In fact, whenerver o = s
the resulting state trajectory will deterministically remain in
7, and the corresponding cost is zero.

IV. PROBLEM FORMULATION

Our problem formulation relies on the following two
technical assumptions necessary to establish an a-priori upper
bound on the total cost incurred by any trajectory obtained
under any policy, and to define an approximate problem that
can be efficiently solved.

The first assumption simply requires that all costs in the
transient states are positive (recall that we excluded x ; when
re-defining K.) As it will be shown later, this assumption
ensures a non-zero discretization step when approximating
the cumulative cost accrued by a system throughout the
trajectory w until it is absorbed in xj;.

Assumption 1 (Positivity of costs): All costs in M ex-
cept for state xp; are positive and bounded, ie., K :=
min, ,yex ¢(x,u) > 0.

When considering cost criteria like finite horizon or dis-
counted infinite horizon with a finite state space, an a-priori
upper bound on the cost can be immediately established
assuming that all costs are finite. However, the situation is
more complex when considering the total cost case, because
without introducing further hypotheses on the structure of
the MDP a malicious adversarial could establish an history-
dependent policy capable of invalidating any a-priori estab-
lished bound on the cost?. The second assumption then adds
a “global reachability structure” to the MDP problem. To this
end, in the following it will be useful to consider the Markov
Chain generated by the MDP when an input is selected for
each state. For an MDP M, select uy € U(x1),...,u, €
U(xy). The selected inputs and the transition probabilities
in M define a finite Markov Chain that we indicate as
MCy, ... u, - The state space of MC,,, . ., is equal to X
and for two states x;, x; € X the transition probability Pr; ;
is defined as Pr; ; = Pr(z;|x;, u;) where u; € U(x;) is the
input selected in the definition of MC,, .. ., and Pr is the
transition probability of the associated MDP.

Assumption 2 (Reachability of MDP): Let MC,, .. v,

be the Markov chain induced by the n inputs u; € U(z;).
Then the absorbing state 7, under Markov chain
MCy, ..., is reachable from any state x € X7, for all
Uy € U(Jil), o, Up € U(JJ”).
We recall that a state j in a Markov chain is said reachable
from another state ¢ if there exists an integer £ > 1 such
that the probability that the chain will be in state j after
k transitions is positive [11]. Note that when Assumption
2 holds, under every policy there is a path of non-zero
probability connecting every state to x,s. Therefore, it is
impossible to devise a policy that prevents for sure absorption
for an arbitrary number of steps. This holds for all policies,
including history dependent policies (see Figure 1).

Building upon the previous material, we can now define
the problem we aim to solve in this paper:

Risk-Averse, total cost MDP — Given a transient
total cost MDP satisfying Assumptions 1-2, and
an initial distribution 3, determine a policy 7 that

2First note that we are seeking a uniform upper bound for all possible
policies, including history dependent policies. Hence, given a tentative
bound B, in the general case one could devise a history dependent policy
ensuring the every trajectory generated by the policy is not absorbed in z ps
in less than B/K steps, thus invalidating the bound.
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Fig. 1: Meaning of assumption 2: after one input has
been chosen for every state, an associated Markov Chain
MCy, ... u, is defined. In this Markov Chain, the absorbing
state xjs is reachable from every state, i.e., at every state
there is a path of non-zero probability to x;. The probability
of a path, is given by the product of the probabilities of
its edges, i.e., the probability of the path z; — x; — x)
is Pr(z;|x;, u;) Pr(zar|z;, u;). This requirement is imposed
for every possible choice of the inputs and every policy.

minimizes AVaR; (c(w)), i.e., find
" € arg InellI_Il AVaR; (c(w)). (2)

Note that, under the assumption of transient total cost
MDP, one can easily verify that Elc(w)] < oo. Since,
by equation (1), AVaR,(c(w)) < 1/(1 — 7)E[c(w)], one
obtains AVaR;(c(w)) < oo for all w, as well. However, to
derive an optimization algorithm for the computation of 7*
it is necessary to formulate an a-priori upper bound for the
optimal cost in (2). Assumptions 1 and 2 are introduced to
ensure that such bound exists and can be computed.

V. SOLUTION ALGORITHM

In this section we provide a solution algorithm for the
risk averse total cost MDP in Eq. (2). Similar to the method
presented in [13], we aim to solve this problem with oc-
cupation measures. However unlike the previously studied
cases, in total cost MDP an explicit upper bound on the
cumulated cost is not known in advance. This makes the
characterization of feasible set impossible. Our strategy is to
find a surrogate to the MDP problem in Eq. (2). By imposing
an effective horizon, we construct a total cost MDP with
time-out and recast this problem into bilinear programming.
Furthermore we characterize the sub-optimality gap to this
surrogate approximation.

A. Convergence rate to the absorbing state

Consider a selection of inputs u; € U(zy),...,u, €
U(xy,) and the corresponding Markov chain MC,, ... ,,,. For
each state * € X7, let MinimumPath,_,,,, (MCy, . . u,)
denote the simple (i.e., without cycles) path from =«
to xps of lowest, strictly positive probability. Note that
MinimumPath,_, ., (MC,, .. .,) exists due to Assump-
tion 2. Let Pr(MinimumPath, .., (MC,y,,  .,)) be the
probability of the path, i.e., the product of the prob-
abilities of all the transitions along the path. Since
there are n nodes and by definition the path is simple,
MinimumPath,_,,,, (MC,, .. .,) includes at most n — 1
transitions between n nodes. Let

min  min Pr(MinimumPath,_,,,, (MC,, .

“kEU(*k) zexT
k=1...,n

..,un>)'

=

Note that the minimum is achieved as the minimization
is over a finite set, and that ~ is strictly positive due to
Assumption 2. The constant v lower bounds the probability
that, under any policy 7 € 11, the absorbing state is reached
in no more than n steps, from any state = € X*. We are now
in a position to state the following lemma for the convergence
rate to the absorbing state.

Lemma 1 (Number of stages to reach the absorbing set):
For any policy 7 € II and initial distribution £,

Prioe, # op] < (1— ¥, Vk € N.
Proof: The claim is proven by induction on k. Base
case: we prove that

Prilz, #xpm] <1 —7.

Indeed, Prj[z, # zm] = Y ,ex, Prg[a:n # 33M|l'0':
x| Pri[zo = z]. Because of Assumption 1, for any policy
m, Prg [, = xpr] > 7, the base case follows.

For the inductive step, assume that Pri[zy, # za] <
(1 — ), for some k > 1. Then, Pr[x(hi1y, # Tm] =
Prg[eiiyn # Tm|Ten # Tm]Prglzen # xum]. By
definition of ~,

(1 - 7)k+17

and the claim follows. |

Pri[z(rq1yn # Tm|Tin # Tm] <

B. Approximation bounds for surrogate problem

Our solution strategy is to solve a surrogate problem,
whereby after a deterministic number d € N of steps, the
state moves to the absorbing state x5, surely. In other words,
d acts as a “timeout” for the MDP problem. The surrogate
problem is simpler to solve, and we will show in the
following that its solution can approximate the solution of the
original problem with arbitrary precision. Denote by ¢/ (w)
the total cost for such surrogate problem. Additionally, for
the original problem, let t*(w) denote the absorbing time,
i.e., the time at which the state reaches zjs. If t*(w) < d,
then the two processes coincide and then cl¥(w) = c(w).
Otherwise, for each trajectory w such that t*(w) > d, the
random process is stopped after d steps and the state goes,
deterministically, to x; at stage d + 1. In such a case one
has cl¥(w) < c(w).

We want to characterize the relation between
AVaR, (cl(w)) (i.e., the risk for the surrogate problem)
and AVaR;(c(w)) (i.e., the risk for the original problem).
To this purpose, let ¢ (w) be the total cost for the original
problem up to time d, i.e.,

d
— Z c(xs(w), ug(w)).

t=0

The following lemma shows the equivalence between [ (w)
and cq(w).

Lemma 2 (Correspondence of costs): For any policy 7 €
IT and any trajectory w, c/¥(w) = cq(w).

Proof: Given a policy m, for any trajectory w, the cost
cumulated up to time d is the same for both the original and
the surrogate problem. After time d, both cq(w) and ¢/ (w)
do not cumulate any additional cost, then the claim follows.

|



The following theorem represents the main result of this
section

Theorem 3 (Suboptimality bound): The surrogate prob-
lem approximates the original problem according to

min AVaR . (¢! (w)) < min AVaR,(¢(w))
nK (1
1—7

_ pl@+D/n
< min AVaR, (¢ (w)) + 7)

Proof: The left inequality is proven by notic-
ing that min, AVaR,(c¢(w)) > min; AVaR,(cq(w)) =
min, AVaR, (c[4(w)), where the equality follows from
Lemma 2.

We now prove the right inequality. For any s € R and
policy 7, one has
E[(c(w) — 5)"] = E[(c(w) — 5)" | t"(w) < d]P(t"(w) < d)
FE[(ew) — o) | £ ) > dBE @) > d). O)
Let ¢(w) = Zt:d_ﬂ c(zi(w), ut(w)) be the tail cumu-
lated cost, and, as before, c4(w) := Z?:o c(xe(w), ug(w)).
Since the function x — z™ is sub-additive, i.e., (z +y)T <
T +yT and the expectation operator preserves monotonicity,
one obtains the inequality
E[(c(w) — )" | t*(w) > d]
= E[(ca(w) + ai(w) -

< E[(ca(w) —5)" [ " (w) > d] + E[a(w) | t*(w) > d].
Furthermore, for each trajectory in the event set {w : t*(w) <
d}, one has

El(c(w)—s)" [t"(w) <d] =E [(Cd(W) -

Collecting the results so far, one has the following inequal-
ities:

)Tt (w) > d]

Ef(c(w) — )]
< E[(ca(w) = 5)" [ t"(w) < d|P(t"(w) < d)
+E[(ca(w) = )" [ #"(w) > dIP(t"(w) > d)+
+E[a(w) [ t7(w) > d P(t"(w) > d)
=E[(ca(w) — 5) "]+ E[a(w) [ t*(w) > dP(t"(w) > d)
< E[(ca(w) = 5)TT+ E[a(w)].

Equation (4) implies
min AVaR; (¢(w))

. . 1
= min min-< s +
™ sSER 1—71

Bic(e) - 91}

< min rsnelﬂg {S + 1% (El(ca(w) —s)T]+E [cl(w)})}

o et}
—Efa(w)]

(L) - 57])

LB ()]

—|—m7§mx 1

1
= min min {s + —
T seER 1

+m7izx 1

1
= min AVaR, () (w)) + max 1

Ele(w)],

Tt w) <d|.

where the second to last equality follows from Lemma 2. We
are left with the task of upper bounding E [¢;(w)]. To this
purpose, one can write

Note that the result in Lemma 1 implies
k+1 n 1

Z Z PI‘B Tt 75 33]\/[]

> Prjle £z <

t=d+1 k=|(d+1)/n| t=kn
< S oot
k=|(d+1)/n]
(1 — ) Ld+1)/n]
=n—
v
The claim then follows immediately, as the above upper
bound is policy-independent. [ ]

Note that according to Theorem 3, as d — oo, the optimal
cost of the surrogate problem recovers the optimal cost of
the original problem, i.e., the surrogate problem provides a
consistent approximation to the original problem, with a sub
optimality factor that is computable from problem data.

Lemma 2 and Theorem 3 ensure that ¢!%)(w) can approx-
imate ¢(w) with arbitrary precision for a sufficiently large
value of d. The following theorem (see [13]) establishes that
AVaR, (cl¥(w)) can be used to approximate AVaR, (c(w)).

Theorem 4: AVaR is a uniformly continuous across poli-
cies in the total cost, i.e., for each € > 0 there exist 6 > 0
such that for any policy 7 € II,

et (w)—co(w)] < § = |AVaR,(c1(w)) — AVaR, (ca(w))| < e.
In the next section we then show how to solve the
minimization problem:

min AVaR , (¢!¥ (w)). (5)

VI. AVAR IN TOTAL COST MDPs

Leveraging the surrogate problem from the previous sec-
tion, we are now in the position of adapting the results
proposed in [13] to compute the AVaR for total cost MDP. An
essential step to solve this optimization problem is to com-
pute E[(c!¥(w) — s)T], which entails deriving the probability
distribution for the possible costs generated by the random
variable c¥(w). This problem can be solved by suitably
augmenting the state space as described in the following, and
using occupancy measures. Using occupancy measures the
optimal policy of an MDP is determined through the solution
of a bilinear program, as explained in the following. For a
given policy 7 and initial distribution (3, define occupancy
measure of (z,u) € K as

ZPrgast ) =z, u(w) = u)l.
t=0

Note that p(xz,w) is non negative but is in general not a
probability itself. In the following we will use occupancy
measures to determine the probability distribution of the total
costs cl?(w) and then to compute the needed expectation.
According to the definition, occupancy measures depend on



the policy 7 and the initial distribution (. Given an absorbing
MDP M = (X, U, Pr,c), we define a new state-augmented
absorbing MDP with additional state components tracking
the accumulated total cost and current stage. Although the
original MDP M is finite and absorbing, the set of costs
cldl (w) generated by all possible policies can be very large,
and this can subsequently lead to a linear program with
an unmanageable number of decision variables. To counter
this problem, we introduce a discretized approximation for

cldl(, 3) whose error can be arbitrarily bounded. To this end,
K, ‘]iv—lf}, where N’ € N is a parameter
describing the desired number of discretized values to the

cumulated cost. Due to Assumption 1,  is strictly positive.

di
<
This value may be higher than N’ due to our definition

of (. We then define a new MDP M/, = (X',U’,Pr’, )
as follows. Its state space is X' = X x Ny x Ny, where
Ny = {0,1,...,N} and N; = {0,1,...,d}. Elements
in the augmented states will be indicated as (z,y,z). As
clarified in the following, the two additional components
store the cumulated running cost (y) and stage (z). Recall
from the surrogate problem we aim to approximate the
original risk-averse total cost problem with a counterpart
with time-out. This formulation implies that after d steps
the state has entered the absorbing set, i.e., it is guaranteed
that 24(w) = x 7. Thus the value of the z component to the
setisin Ny = {0,1,...,d}. On the other hand the input sets
are defined as U'(x,y,2) = U(x). X’ and U’ induce a new
set K' = {(z,y,2,u) | (r,u) € KAy € Ny Az € Ng}. The
new cost function ¢’ : K' — Rxq is ¢/(z,y, z,u) = c(z, u).
The transition probability function is modified as follows.

Pr/((m/’y/’zl)‘(x’y’z)’u) =
Pr(z/|z,u) ify =y+ {@J N =z+1NZ <d

1 if (/,y,2") = (zp,y,d)Nz=d
0 otherwise

we set ( = min

The effective number of different values is N = [

As evident from the definition of the new transition function,
the new variables included in the state stores the discretized?
running cost and the stage. Consistently with our definition
of the surrogate problem, the revised transition function
includes a timeout that imposes a transition to the absorbing
state xps after d steps, and from that point onwards the
accrued cost does not change anymore. Note also that
the additional state components y and z are deterministic
functions of the previous state and control input u. Extending
the formerly introduced notation, for given trajectory w of

'v» we write y;(w) for the second component of the state
at time ¢ and z;(w) for the third component. Finally, for a
given initial distribution 8 on X, we define the following
new initial distribution 3’ on X',

, ) B(x) ify=0Az=0
B (x,y,2) = {0 otherwise .

Note that the properties of M carry over to M’y,. In
particular, if Assumptions 1-2 hold for M then they hold for
'y too, and if M is absorbing then My is also absorbing.

3To be precise, the discretized running cost is scaled by (.

Thus we indicate with X’7" its transient set of states. For a
given realization w, consider now ctd (w) = ZE:O (i, uq),
i.e., the true cumulative cost of the surrogate MDP problem
without discretization. The following theorem establishes
that even though the approximation error introduced by
discretizing the running cost grows linearly with ¢, it is
possible to bound it with arbitrary precision.

Theorem 5: For each e > 0 and each ¢ € {0, ..., d}, there
exists a discretization step ¢ such that |y (w) —c,[fd] (w)] < e.
Proof. Pick ( = ¢/d. Let e(t) = cl[td] (w) — Cyt(w) be
the approximation error at time t. Note that by definition
e(t) > 0 and e(0) = c([)d](w) — Cyo(w) = 0. From the
definition of the transition probability function P’ it follows
that e(t + 1) < e(t) + ¢, which implies e(d) < d¢ = e.
Since for t > d we have e(t) = e(d) and the claim follows. J

A key step towards the solution of problem in Eq. (5) is
therefore to derive the statistical description of the discretized
total cost y4(w) that is used to approximate ¢! (w). This ob-
jective can be achieved by exploiting the occupancy measure
for the state-augmented MDP M. For (z,y, z,u) € K, the
occupancy measure on M’ induced by a policy 7 and an
initial distribution J is given as:

p(@,y, 2, u) = (6)

ZPrg[mt(w) =z, (w) =y, 2t (w) = 2z, ur(w) = u).
t=0

The occupancy measure p is a vector in RL}CO/ l, ie., it is
a vector with |K'| non negative components. The set of
legitimate occupancy vectors is constrained by the initial
distribution 3 and defined by the policy 7. It is well known
[1] that these constraints can be expressed as follows:

2 D

(z'y',2)eX'T uec Az’ ,y’,2")
P'((a,y', ) (x,y, 2),w)] = B(x,y,2) V(z,y,2) € X'T

where §,(y) = 1 if and only if y = z. For 0 < k < N
we introduce random variables 6(k) with the property that
0(k) = Prlys(w) = k]. This is easily achieved using
occupancy measures, i.e., (k) =32, . e Iy =Fk A
z = d)p(z,y, z,u), where I(-) is the indicator function
equal to 1 when its argument is true, and O otherwise.
Note that by definition 6(k) is equal to Prlyq(w) = k],
and by theorem 5 y4(w) approximates cl¥(w) with arbitrary
precision. Combining the above definitions we then get to
the following problem whose solution approximates Eq. (5):

1

p(IE/, y/a Zl, U) [5(1:,'5/,2) (‘rla y/7 Z,)i

min min s+ —— _$)te .

p.0 s€[0,Kd) 1—-7 (y—s)"0(y) (N
yENN

S.t.

2 D

(wlvylvz/)EX,T uGA(m’,y”z’)
Py, 2)(,y, 2),w)] = Bla,y, 2) Y(z,y,2) € X'T

0(k) = Z Iy=k Nz=d)p(x,y,z,u), 0 <k < N.
(z,y,z,u)EK’

Py 2 )0y, (2 Y, 2) =



When comparing this last optimization problem with Eq. (5),
the reader will note that the variable s is constrained in the
interval [0, K'd]. Indeed, the objective function is continuous
with respect to s, and it is immediate to verify4 that the
partial derivative of the objective function with respect to
s is negative for s < 0 and positive for s > Kd. The
objective function given in Eq. (7) is concave with respect
to O(y) and is defined over a convex feasibility set [13]. It is
known that the minimum will be achieved at one vertex of the
feasibility set. To the best of our knowledge, there exist no
efficient methods to determine the global minimum for this
class of problems. Hence, the problem can be approximately
solved fixing different values of s within the range [0, Kd],
and then solving the corresponding linear problem over the
optimization variables p and 6.

Comparing problem in Eq. (7) with problem in Eq. (2)
one could see that the objective function in the Eq. (2)
does not seem to depend on the policy w. However, the
dependency on 7 is carried over by the occupancy measure p,
as evident from Eq. (6). Moreover, it is well known from the
theory of constrained MDPs [1] that there is a one to one
correspondence between policies and occupancy measures,
i.e., every policy defines a unique occupancy measure and
every occupancy measure induces a policy.

VII. SIMULATIONS

To illustrate the performance of risk-averse control in the
total cost MDP problem, we adopt the rapid deployment
scenario considered in [6], [8]. Given a map of an environ-
ment, a graph is used to abstract and model its connectivity
(see, e.g., [14]). One robot is positioned at a start vertex and
is tasked to reach the goal vertex within a given temporal
deadline while providing some guarantee about its the prob-
ability of successfully completing the task. When moving
from vertex to vertex, the robot can choose from a set of
actions, each trading off velocity with probability of success.
In particular, actions with rapid transitions between two
vertices have higher probability of failure; and conversely
when the robot moves slowly between two vertices it has a
higher probability of success. In this scenario failure means
that the robot does not move (e.g., fails to pass through an
opening), so elapsed time increases without making progress
towards the goal. With given temporal deadline and success
probability the robot is tasked to reach the target vertex
within a certain time 7" with probability at least P. From
a design perspective it is of interest to know if there exists
a policy 7 achieving this objective, and to compute it. If the
policy does not exist, it is of interest to know how to modify
the parameters in order to make the task feasible.

In our previous work we solved this problem by modeling
it using Constrained Markov Decision Processes (CMDP).
In the CMDP approach one maximizes the probability of
success while imposing a constraint on the temporal dead-
line. However, this method only returns risk-neutral policies,
i.e., the resultant policies only guarantee that the temporal
deadline is met in expectation, and there is no explicit control
on the tail probability of the constraint.

“In the computation one should consider the y values as constants and
that 3° 0(y) = 1.

As a radical departure from the original problem formula-
tion, the AVaR minimization method proposed in Eq. (2)
searches for a policy that is feasible with respect to the
temporal deadline constraint® and systematically controls the
worst-case variability of total travel time. Note that a policy
with low success probability will have large tail probability
in total travel time even if the expected temporal deadline is
met. Therefore the optimal policies from AVaR minimization
will have high success probability. This motivates the appli-
cation of AVaR minimization to rapid robotic deployment.

First, note that in the devised setting the robot will
eventually reach the final goal with positive probability.
However due to possible failures one cannot put an a-
priori bound on the random total travel time. Therefore, the
total cost criterion is indeed a natural choice for this task.
Moreover, Assumption 1 and 2 are easily justified because
the immediate cost function (i.e., time to move) is always
positive and the global reachability property follows from
the graph structure.

To illustrate the performance of risk-averse deployment,
two different policies are compared. Here both policies are
computed using unconstrained stochastic control methodolo-
gies for which the immediate cost is the travel time between
two vertices and the actions correspond to all possible node
transitions on the graph. The first is the classic risk-neutral
policy obtained with value iteration. The second is a risk
averse policy obtained with the algorithm presented in this
paper using 7 = 0.95. For each policy, 1000 executions
are run, and the distribution of total travel time is reported.
Figure 2 and 3 show the distribution for the two cases. The
risk-neutral policy obtains a lower expected cost, but has
a longer tail, as evidenced by the 61 instances with a cost
larger or equal than 15 (assuming that 7" = 15 is the desired
time to completion.) Moreover, as evidenced by the shape
the histogram, costs are more spread. The risk averse policy,
instead, presents less variability, as per design objectives and
less than 30 instances have a cost larger or equal than 15,
thus halving the weight of the tail.

140 Cost distribution for risk-neutral policy

Frequency
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Cost

Fig. 2: Cost distribution for a risk-neutral policy

SBecause for any random variable Z with finite expectation, the following
inequality holds: AVaR.(Z) > E[Z] for 7 € [0, 1]. Therefore, if the
solution to the AVaR minimization problem is bounded above by the
temporal deadline, then the corresponding minimizer is also a feasible policy
to the original problem.



7=0.95
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200

Frequency

0 5 10 15 20 25
Cost

Fig. 3: Cost distribution for a risk averse policy with 7 =
0.95.

Importantly, when computing a risk-neutral metric using
classic methods like policy iteration or value iteration, one
is just provided with a policy that minimizes the expected
cost (in our case time to completion), but no additional
information is readily available. With our approach instead,
one not only obtains a policy minimizing the AVaR criterion,
but as a byproduct a statistical descriptions of the costs
is obtained too. That is to say, that for each discretized
completion time k, the probability Pr[cl¥ = k] is computed
as well, thus unveiling the relationship between the time to
complete the deployment task and its probability. This is
shown in Figure 4 for different values of 7. Hence if the
computed policy does not meet the desired performance, the
designer has valuable information on how to accordingly
modify the parameters 7' and P.

0.25
—7=0.92
—17=0.94
02r —7=0.96
2015
=
©
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& 0.1+
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0 10 20 30 40 50

cost

Fig. 4: Comparison of probability cost distribution for dif-
ferent values of 7.

VIII. CONCLUSIONS

In this paper we have considered how risk aversion in
MDPs can be introduced jointly with the AVaR risk metric
under the total cost criterion. Our results advance the state
of the art since previously AVaR was only considered in
MDPs with different cost criteria. Such extension is crucial
becasue the total cost criterion is the most appropriate
in numerous robotic scenarios, and is non-trivial because
current algorithms from i.e., [13] and [3], only work with

bound cumulated costs. Under two practical assumptions,
our approximation algorithm provided sharp bounds for
the sub-optimality gap. Furthermore, a rapid deployment
scenario was used to demonstrate that risk-aversion gives
more informative policies when compared with traditional
risk-neutral metrics.

While our findings focus on risk averse MDPs with
AVaR risk metric, our approach can be easily extended in
multiple dimensions. In particular, by exploiting the results
presented in [13], it is possible to use our approximation for a
broader range of risk metrics, i.e., metrics that are uniformly
continuous and law invariant. Moreover, since the algorithm
we considered is based on occupancy measures, it can be
easily extended also to the CMDP case. Details on these
derivations will be the focus of future work.
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