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Recent years have seen significant advances in physics-inspired technologies
capable of approximately searching for the ground state of Ising Hamiltonians, in
other words, solving optimization problems of the form: minz∈{−1,1}n

∑
i,j Ji,jzizj+∑

i hizi, where Ji,j , hi are real coefficients and zi ∈ {−1, 1} are discrete vari-
ables to be optimized over [1, 2]. The promise of leveraging quantum technology
to accelerate the solution of difficult optimization problems has spurred an in-
creased interest in developing mappings from such optimization problems to Ising
Hamiltonians. A standard approach for constructing these mappings involves dis-
cretizing continuous variables and passing constraints into the objective through
a penalty function. However, due to the heuristic nature of many state-of-the-art
Ising solvers, such an approach is insufficient in scenarios that require guarantees
of global optimality, such as neural network verification. Moreover, these Ising
solvers are often treated as a black box, eluding analysis on the optimality gap
of the returned solution.

In this work, we propose to use Ising solvers to solve copositive programs—
these are linear optimization problems over the cone of copositive matrices. De-
spite being convex, copositive programs are generally intractable because check-
ing copositivity of a matrix is co-NP-complete. However, overlooking the chal-
lenges of checking copositivity, convexity implies a problem structure that is
amenable to efficient optimization algorithms. Specifically, we propose to use
cutting-plane/localization algorithms, a broad class of convex optimization al-
gorithms that alternate between checking feasibility of a test point, updating
an outer approximation of the feasible region, and judiciously selecting the next
test point. Checking feasibility (i.e., copositivity) is most naturally posed as a
quadratic minimization problem; critically, this is precisely the class of problems
that Ising solvers excel at. We propose to check feasibility using an Ising solver
and to carry out the remainder of the algorithm with a classical computer.

There are many instantiations of cutting plane algorithms, differing in how
the feasible set is approximated and how test points are selected. However, they
all require only a polynomial number of outer iterations in the dimension of the
problem, and the selection of each test point is also polynomial in the problem
dimension [3]. This means that the proposed algorithm necessarily shifts the
complexity of the copositive program onto the copositivity checks, taking full
advantage of any speedups from a (potentially quantum) Ising solver.

Moreover, one can use any certificate of non-copositivity to refine the outer
approximation of the feasible region, even if it is not a global minimizer of the
copositivity check. Thanks to convexity, upper and lower bounds can be readily
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computed from these outer approximations. Accordingly, the proposed approach
offers resilience to the heuristic nature of Ising solvers and transforms black box
solutions into ones with rigorous optimality guarantees.

Finally, the choice to focus on copositive optimization problems is non-
restrictive. In a landmark result, Burer demonstrated an exact mapping from
mixed-binary quadratic optimization problems to linear optimization problems
over the cone of completely positive matrices—dualizing these problems yields
a linear optimization problem with a single copositivity constraint [4]. Combin-
ing Burer’s mapping with our approach yields a generic framework for solving
mixed-binary quadratic optimization problems that encompasses many problems
tackled with Ising solvers thus far.

We conducted a preliminary investigation of the proposed method on the
maximum clique problem, which finds the largest complete subgraph of a graph.
Given a graph, the maximum clique problem can be formulated as the copos-
itive program minλ∈R{λ | (λ(I + A) − 11⊤ ∈ C}, where A is the adjacency
matrix of the graph’s complement, I the identity, and C the cone of copositive
matrices [5]. To study the scaling of the proposed approach, we considered ran-
dom max-clique problems with 10, 20, . . . , 100 vertices. For each graph size, we
generated 25 random Erdős-Renyi instances with edge density 0.5 and solved
to global optimality using the proposed copositive cutting plane algorithm. The
copositivity checks were conducted by solving Anstreicher’s mixed-integer linear
programming characterization of copositivity, [6], using Gurobi version 9.0.3 [7].

Fig. 1. Time spent on the copositiv-
ity checks versus all other operations
in the proposed method. The coposi-
tivity checks grow exponentially with
the number of vertices, while the other
operations time remains constant.

Figure 1 plots the time the copositive cut-
ting plane algorithm spent on the coposi-
tivity checks versus other operations (up-
dating the outer approximation and com-
puting test points). The time spent on
the copositivity checks scales exponen-
tially with the number of vertices in the
graph, while the time spent on other oper-
ations stays constant. This confirms that
the proposed approach shifts the complex-
ity of the copositive program onto the
copositivity checks.

To investigate potential speedups from
using a stochastic Ising solver, we resolved
each copositivity check that yielded a cer-
tificate of non-copositivity using Simu-
lated Annealing (SA)[8]. For each copos-
itivity check solved, we considered dis-
cretizations corresponding to
min{x⊤Qx | x ∈ 1

2i+1 {20, . . . , 2i}n} for i = 1, 2, 3, 4. The performance of SA,
which depends on the number of sweeps, was optimized using Hyperopt [9].
Figure 2 plots the best times to solution from SA against the time to solution
from Gurobi. We see that for all discretization sizes, SA can consistently find
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Fig. 2. Optimized time to solution of simulated annealing (Dwave-neal) against solu-
tion time of Gurobi for 2, 4, 8, and 16 discretization points in the copositivity checks.
Both methods scale exponentially with the number of vertices in the graph; however,
SA is several orders of magnitude faster than Gurobi.

certificates of non-copositivity in orders of magnitude less time than Gurobi.
Notably, SA and Gurobi demonstrate similar scaling with respect to the number
of vertices.

Conclusions: In this work, we propose to leverage Ising solvers to solve
copositive programs to global optimality. To take advantage of potential speedups
from quantum, or quantum-inspired Ising solvers, such as quantum anneal-
ers [10], coherent Ising machines [11], or quantum approximate optimization
circuits [12], the proposed approach shifts the complexity of solving copositive
programs onto the copositiviy checks—these are carried by the Ising solver. The
convex structure of copositive programs allows for rigorous optimality guarantees
even if the Ising solver used is a black box and/or heuristic in nature. In con-
junction with the approach of [4], the proposed algorithm is a generic framework
suitable for a broad class of mixed-binary quadratic programs.
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