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Overview

As autonomous vehicles are approaching market readiness, it becomes critical 
to answer questions about them:

1. How can we design profitable and sustainable mobility systems that 
leverage autonomous vehicles?

2. What will these new forms of mobility and transportation mean for 
society?

3. How can we ensure that such technologies benefit all members of 
society, improving equity rather than undermining it?

!2



Goal of the Workshop

!3



Goal of the Workshop

1. Identify challenges and opportunities for the future of transportation 
that are triggered by the advent of autonomous vehicles

!3



Goal of the Workshop

1. Identify challenges and opportunities for the future of transportation 
that are triggered by the advent of autonomous vehicles

2. Identify modeling and control methodologies to address them

!3



Goal of the Workshop

1. Identify challenges and opportunities for the future of transportation 
that are triggered by the advent of autonomous vehicles

2. Identify modeling and control methodologies to address them

3. Share insights from early deployments and turn such insights into an 
actionable research roadmap
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09:00-09:30 Mauro Salazar Introduction 
Autonomous Mobility-on-Demand for Future Urban Mobility

09:30-10:00 Krishna Selvam Ride-sharing Marketplace: Designing from Efficiency

10:00-10:30 Coffee Break

10:30-11:00 Francesco Ciari Planning Shared Automated Vehicle Fleets: Specific Modeling 
Requirements and Concepts to Address Them

11:00-11:30 Raphael Stern Controlling Mixed Human and Autonomous Traffic

11:30-12:00 Salomon Wollenstein How Many Smart Cars Does It Take to Make a Smart Traffic 
Network?

12:00-14:00 Lunch Break
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13:30-14:00 Michael Levin Maximum-stability Dispatch Policy for Shared Autonomous Vehicles

14:00-14:30 Michal Čáp Understanding the Fundamental Trade-offs 
in Large-scale Mobility-on-demand Systems

14:30-15:00 Javier Alonso-Mora Predictive Routing and Multi-objective Fleet Sizing 
for Shared Mobility-on-demand

15:00-15:30 Coffee Break

15:30-16:00 Emilio Frazzoli Autonomous Mobility-on-Demand:  
What is Known and What is Not Known

16:00-16:30 Feedback and Discussion on Future Directions
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People unhappy with mobility choices
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Environmental pollution

How can we fit all these opportunities together to 
address nowadays and future mobility issues?
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Centrally controlled fleets of self-driving cars providing on-demand mobility

Economically-viable Environmentally-
friendlySocially-inclusive

Requirements: AMoD needs to be…

Need algorithmic tools to design and operate future mobility systems
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Interaction with Infrastructure

A. Recent Research

here comes the literature, bla bla bla - somebody has to
do it

B. Aims and Scope

As can be seen, no study on centrally operated intermodal
passenger transportation exists so far, especially with respect
to AMoD systems. Against this background, we provide
the first study that analyzes the benefit of such an inter-
modal transportation system from a mesoscopic point of
view. We develop an optimization approach that finds the
optimal control policy for this system under steady state
conditions. Herein, we incorporate different objectives that
consider either the total transportation time, or the generated
emissions, or both by incorporating a convexly combined
objective as well as a generalized cost function. We provide
a case study based on real-world data from Manhattan. Based
on the results for this study, we derive managerial insights
for both fleet operators and municipalities.

The contribution of our study is fourfold: First, we pro-
vide the first optimization framework for an intermodal
autonomous mobility-on-demand (I-AMoD) system, which
handles real-world data sets in short computational times
and delivers global optimality. Second, we provide a sound
case that is based on real-world data for Manhattan, an
urban area in which the need for a sustainable transportation
concept is more than urgent. Third, we present results that
are not limited to a single objective but include different
perspectives: i) the social welfare in monetary terms of value
of time and operational costs, and ii) the social welfare in
both monetary and environmental terms. Fourth, we derive
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managerial insights that, besides providing dedicated intu-
itions for single stakeholders, analyse the social optimum
that can be reached.

The remainder of this paper is structured as follows:
Section II presents the methodological background for our
studies. Section III derives a pricing scheme to steer self-
interested agents to the social optimum. Then, Section IV
details our case study and discusses our experiments and
results. Finally, Section V concludes the paper with a short
summary and an outlook on future research.

II. METHODOLOGY

This section presents the methodological background for
our studies. We aim at analyzing the benefit of AMoD
systems in an intermodal setting. Herein, we use a fluidic
optimization approach to determine the optimal equilibrium
for such a system. Within this approach, we consider

• the assignment of transportation requests to transport
flows,

• different modes of transportation,
• capacity limits which are specific to the transportation

mode, such as congestion and seats availability per unit
time on public transportation lines,

• and rebalancing flows for the AMoD system.
Section II-A describes such an optimization approach, as-
suming a globally controlled mobility system. Understanding

the unlikelihood of an intermodal system being globally
controlled, we derive a (Pigovian) pricing scheme that would
influence selfish actors to behave according to the social
optimum in Section III-B.

A. Multi Commodity Flow Based Optimization Approach

To represent the transportation system and its different
transportation modes, we use the (in)complete layered graph

[FR]:?
G = (V ,A ) shown in Fig. 1 with a set of vertices V
and a set of arcs A ✓ V ⇥V , comprising a road network
layer GR = (VR,AR), a subway layer GS = (VS,AS), and a
pedestrian layer GP = (VP,AP). The road layer represents
intersections i 2 VR and road links (i, j) 2 AR. The subway
layer comprises subway stops i 2 VS and the respective lines
(i, j) 2 AS, while the pedestrian layer represents walkable
streets (i, j) 2 AP in between intersections i 2 VP. Finally,
arcs out of set AC ✓VR⇥VP[VS⇥VP connect the pedestrian
layer to the road and to the subway layer, respectively,
such that V = VP [VR [VS, A = AP [AR [AS [AC and
VR \VS = /0 holds.

We use the following notation to describe characteristics
of G and define our optimization problem: Each arc has a
capacity ci j which denotes either the capacity of a certain
transportation mean (AR,AS) or remains as ci j = •, 8(i, j)2
AC,AP for transportation means without capacity limits,
i.e., walking. The travel time ti j denotes the average time
needed to traverse an arc (i, j). Times on arcs (i, j) 2 AC
represent switching times between or to reach a certain mean
of transportation. Let R be the set of all travel requests. A
request rm = (om,dm,am) 2 R is a triple composed by an
origin node om, a destination node dm and a request rate am

that denotes the amount of customers per unit time. Since
we identify different transportation modes by different arc
sets, we use only a single type of flow variables fm (i, j)
that denotes the flow on an arc (i, j) for a certain travel
request m 2 M = [1,M] ✓ N. Furthermore, f0 (i, j) denotes
the rebalancing flow of empty AMoD vehicles on the road
arcs (i, j) 2 AR.

With this notation, the I-AMoD optimization problem
holds as follows: For a given set of transportation demands
(om,dm,am) 2 R, we want to find the optimal customer and
rebalancing flows, fm (i, j) ,(i, j) 2 A and f0 (i, j) , (i, j) 2
AR, such that the objective costs (1a) are minimized. Herein,
customer flow conservation constraints (1b), conservation of
vehicles (1c), capacity constraints on road (1d), and public
transportation links (1e) must hold.
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A. Multi Commodity Flow Based Optimization Approach

To represent the transportation system and its different
transportation modes, we use the digraph G = (V ,A ) shown
in Fig. 1, which has a set of vertices V and a set of
arcs A ✓ V ⇥ V . The graph contains a road network
layer GR = (VR,AR), a subway layer GP = (VP,AP), and
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a pedestrian layer GW = (VW,AW). Herein, the road layer
represents intersections i 2 VR and road links (i, j) 2 AR.
The subway layer comprises subway stops i 2 VP connected
by arcs (i, j) 2 AP, while the pedestrian layer represents
walkable streets (i, j) 2 AW between intersections i 2 VW.
Finally, arcs out of set AC ✓ VR ⇥VW [VP ⇥VW connect
the pedestrian layer to the road and to the subway layer,
respectively. These arcs model the customer’s ability to
switch transportation modes, such that V = VW [VR [VP,
A = AW [AR [AP [AC and VR \VP = /0 holds.

To consider congestion we use a simplified threshold
model: Each arc (i, j) has a capacity ci j which denotes
the maximum flow of passengers or vehicles that the arc
can accommodate without encountering traffic congestion
((i, j) 2 AR) or overcrowding ((i, j) 2 AP). The capacity of
walking arcs remains as ci j = •, 8(i, j) 2 AC,AW. Travers-
ing an arc (i, j) takes on average ti j time units. Note herein,
that ti j8(i, j) 2 AC denotes the time necessary to switch
between two means of transportation. Given the threshold
modeling approach, we assume ti j to be constant if an arc’s
capacity constraint holds.

Let R be the set of all travel requests. A request rm =
(om,dm,am) 2 R is a triple of an origin node om 2 VW,
a destination node dm 2 VW, and a request rate am that
denotes the amount of customers per unit time for each
request. Note that om and dm lie on the pedestrian digraph.
Accounting for different transportation modes by separate
arc sets, fm (i, j) denotes the flow on arc (i, j) 2 A for a
certain travel request m 2 M = [1,M] ✓ N. To account for
rebalancing flows between a customer’s destination and the
next customer’s origin, f0 (i, j) denotes the flow of empty
vehicles on road arcs (i, j) 2 AR.

Given this notation, the I-AMoD optimization problem
holds as follows:

min
fm(i, j), f0(i, j)

C ( fm (i, j) , f0 (i, j)) (1a)

s.t.

Â
i:(i, j)2A

fm(i, j)+1 j=om
·am = Â

k:( j,k)2A

fm( j,k)+1 j=dm
·am

8m 2 M , j 2 V (1b)

Â
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f0 (i, j)+Â

m2M

fm(i, j)

!
=

Â
k:( j,k)2AR

 
( f0 ( j,k)+Â

m2M

fm( j,k)

!
8 j 2 VR (1c)

f0 (i, j)+Â
m2M

fm (i, j) c
R
i j 8(i, j) 2 AR (1d)

Â
m2M

fm (i, j) c
P
i j 8(i, j) 2 AP. (1e)

For a given set of transportation demands (om,dm,am)2R,
we minimize the objective cost C with the customer flows

fm (i, j) and rebalancing flows f0 (i, j) in Eq. (1a). The
constraint (1b) guarantees flow conservation for customers,
whereby 1 j=x is a boolean indicator function. We secure
further flow conservation for vehicles in Eq. (1c), and enforce
capacity limits for roads in Eq. (1d) and public transportation
links in Eq. (1e).

B. I-AMoD Objective

The generalized cost function (1a) can be used to address
different objectives. In our studies, we optimize the social
welfare by minimizing overall costs. Specifically, we define
commuting costs that depend on the customers’ value of
time VT and on operational costs for the AMoD fleet and the
subway. Herein, costs for the AMoD fleet comprise mileage
dependent ownership costs VD,R to account for maintenance
and depreciation as well as energy costs VE. For the subway
system, VD,P comprises all operational costs per passenger
kilometer. This way, we define the social cost as

CM ( fm (i, j) , f0 (i, j)) =VT ·Â
m2M ,(i, j)2A

ti j · fm (i, j)

+Â
(i, j)2AR

(VD,R ·di j +VE · eR,i j) ·
 

f0 (i, j)+Â
m2M

fm (i, j)

!

+VD,P ·Â
(i, j)2AP

di j ·Â
m2M

fm (i, j) .

(2)

Given the mesoscopic nature of our study, we estimate the
energy consumption of a single vehicle eR,i j > 0, (i, j) 2AR
assuming that road arcs are traversed at the constant speed
vi j =

di j

ti j
. Considering electric vehicles with full recuperation

capabilities and an overall tank-to-wheel efficiency hEV, the
energy consumption for a road arc is

eR,i j =
⇣ra

2
·Af · cd · v2

i j
+ cr ·mv ·g

⌘
·

di j

hEV

8(i, j) 2 AR. (3)

The first term in (3) represents the aerodynamic drag com-
posed by the air density ra, the frontal area Af, and the drag
coefficient cd, and the rolling friction computed combining
its coefficient cr with the mass of the vehicle mv and the
gravity g [22].

C. Discussion

A few comments are in order. First, we consider time-
invariant travel requests. This assumption is valid if requests
change slowly compared to the average travel time of an
individual trip, as is often the case in densely populated urban
environments [23]. Second, we adopt a threshold model for
congestion. The model is consistent with classical traffic flow
theory [24] and it is adequate for the goal of efficiently
optimizing customer and vehicle routes. Congestion models
offering higher accuracy can be used for the analysis of
specific control policies. Third, the model in this paper
represents customer and vehicle routes as fractional flows
and does not capture the stochastic nature of the customer
arrival process. These approximations are in line with the
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view. We develop an optimization approach that finds the
optimal control policy for this system under steady state
conditions. Herein, we incorporate different objectives that
consider either the total transportation time, or the generated
emissions, or both by incorporating a convexly combined
objective as well as a generalized cost function. We provide
a case study based on real-world data from Manhattan. Based
on the results for this study, we derive managerial insights
for both fleet operators and municipalities.
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vide the first optimization framework for an intermodal
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systems in an intermodal setting. Herein, we use a fluidic
optimization approach to determine the optimal equilibrium
for such a system. Within this approach, we consider

• the assignment of transportation requests to transport
flows,

• different modes of transportation,
• capacity limits which are specific to the transportation

mode, such as congestion and seats availability per unit
time on public transportation lines,

• and rebalancing flows for the AMoD system.
Section II-A describes such an optimization approach, as-
suming a globally controlled mobility system. Understanding

the unlikelihood of an intermodal system being globally
controlled, we derive a (Pigovian) pricing scheme that would
influence selfish actors to behave according to the social
optimum in Section III-B.

A. Multi Commodity Flow Based Optimization Approach

To represent the transportation system and its different
transportation modes, we use the (in)complete layered graph

[FR]:?
G = (V ,A ) shown in Fig. 1 with a set of vertices V
and a set of arcs A ✓ V ⇥V , comprising a road network
layer GR = (VR,AR), a subway layer GS = (VS,AS), and a
pedestrian layer GP = (VP,AP). The road layer represents
intersections i 2 VR and road links (i, j) 2 AR. The subway
layer comprises subway stops i 2 VS and the respective lines
(i, j) 2 AS, while the pedestrian layer represents walkable
streets (i, j) 2 AP in between intersections i 2 VP. Finally,
arcs out of set AC ✓VR⇥VP[VS⇥VP connect the pedestrian
layer to the road and to the subway layer, respectively,
such that V = VP [VR [VS, A = AP [AR [AS [AC and
VR \VS = /0 holds.

We use the following notation to describe characteristics
of G and define our optimization problem: Each arc has a
capacity ci j which denotes either the capacity of a certain
transportation mean (AR,AS) or remains as ci j = •, 8(i, j)2
AC,AP for transportation means without capacity limits,
i.e., walking. The travel time ti j denotes the average time
needed to traverse an arc (i, j). Times on arcs (i, j) 2 AC
represent switching times between or to reach a certain mean
of transportation. Let R be the set of all travel requests. A
request rm = (om,dm,am) 2 R is a triple composed by an
origin node om, a destination node dm and a request rate am

that denotes the amount of customers per unit time. Since
we identify different transportation modes by different arc
sets, we use only a single type of flow variables fm (i, j)
that denotes the flow on an arc (i, j) for a certain travel
request m 2 M = [1,M] ✓ N. Furthermore, f0 (i, j) denotes
the rebalancing flow of empty AMoD vehicles on the road
arcs (i, j) 2 AR.

With this notation, the I-AMoD optimization problem
holds as follows: For a given set of transportation demands
(om,dm,am) 2 R, we want to find the optimal customer and
rebalancing flows, fm (i, j) ,(i, j) 2 A and f0 (i, j) , (i, j) 2
AR, such that the objective costs (1a) are minimized. Herein,
customer flow conservation constraints (1b), conservation of
vehicles (1c), capacity constraints on road (1d), and public
transportation links (1e) must hold.
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A. Multi Commodity Flow Based Optimization Approach

To represent the transportation system and its different
transportation modes, we use the digraph G = (V ,A ) shown
in Fig. 1, which has a set of vertices V and a set of
arcs A ✓ V ⇥ V . The graph contains a road network
layer GR = (VR,AR), a subway layer GP = (VP,AP), and
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a pedestrian layer GW = (VW,AW). Herein, the road layer
represents intersections i 2 VR and road links (i, j) 2 AR.
The subway layer comprises subway stops i 2 VP connected
by arcs (i, j) 2 AP, while the pedestrian layer represents
walkable streets (i, j) 2 AW between intersections i 2 VW.
Finally, arcs out of set AC ✓ VR ⇥VW [VP ⇥VW connect
the pedestrian layer to the road and to the subway layer,
respectively. These arcs model the customer’s ability to
switch transportation modes, such that V = VW [VR [VP,
A = AW [AR [AP [AC and VR \VP = /0 holds.

To consider congestion we use a simplified threshold
model: Each arc (i, j) has a capacity ci j which denotes
the maximum flow of passengers or vehicles that the arc
can accommodate without encountering traffic congestion
((i, j) 2 AR) or overcrowding ((i, j) 2 AP). The capacity of
walking arcs remains as ci j = •, 8(i, j) 2 AC,AW. Travers-
ing an arc (i, j) takes on average ti j time units. Note herein,
that ti j8(i, j) 2 AC denotes the time necessary to switch
between two means of transportation. Given the threshold
modeling approach, we assume ti j to be constant if an arc’s
capacity constraint holds.

Let R be the set of all travel requests. A request rm =
(om,dm,am) 2 R is a triple of an origin node om 2 VW,
a destination node dm 2 VW, and a request rate am that
denotes the amount of customers per unit time for each
request. Note that om and dm lie on the pedestrian digraph.
Accounting for different transportation modes by separate
arc sets, fm (i, j) denotes the flow on arc (i, j) 2 A for a
certain travel request m 2 M = [1,M] ✓ N. To account for
rebalancing flows between a customer’s destination and the
next customer’s origin, f0 (i, j) denotes the flow of empty
vehicles on road arcs (i, j) 2 AR.

Given this notation, the I-AMoD optimization problem
holds as follows:

min
fm(i, j), f0(i, j)

C ( fm (i, j) , f0 (i, j)) (1a)

s.t.

Â
i:(i, j)2A

fm(i, j)+1 j=om
·am = Â

k:( j,k)2A

fm( j,k)+1 j=dm
·am

8m 2 M , j 2 V (1b)

Â
i:(i, j)2AR

 
f0 (i, j)+Â

m2M

fm(i, j)

!
=

Â
k:( j,k)2AR

 
( f0 ( j,k)+Â

m2M

fm( j,k)

!
8 j 2 VR (1c)

f0 (i, j)+Â
m2M

fm (i, j) c
R
i j 8(i, j) 2 AR (1d)

Â
m2M

fm (i, j) c
P
i j 8(i, j) 2 AP. (1e)

For a given set of transportation demands (om,dm,am)2R,
we minimize the objective cost C with the customer flows

fm (i, j) and rebalancing flows f0 (i, j) in Eq. (1a). The
constraint (1b) guarantees flow conservation for customers,
whereby 1 j=x is a boolean indicator function. We secure
further flow conservation for vehicles in Eq. (1c), and enforce
capacity limits for roads in Eq. (1d) and public transportation
links in Eq. (1e).

B. I-AMoD Objective

The generalized cost function (1a) can be used to address
different objectives. In our studies, we optimize the social
welfare by minimizing overall costs. Specifically, we define
commuting costs that depend on the customers’ value of
time VT and on operational costs for the AMoD fleet and the
subway. Herein, costs for the AMoD fleet comprise mileage
dependent ownership costs VD,R to account for maintenance
and depreciation as well as energy costs VE. For the subway
system, VD,P comprises all operational costs per passenger
kilometer. This way, we define the social cost as

CM ( fm (i, j) , f0 (i, j)) =VT ·Â
m2M ,(i, j)2A

ti j · fm (i, j)

+Â
(i, j)2AR

(VD,R ·di j +VE · eR,i j) ·
 

f0 (i, j)+Â
m2M

fm (i, j)

!

+VD,P ·Â
(i, j)2AP

di j ·Â
m2M

fm (i, j) .

(2)

Given the mesoscopic nature of our study, we estimate the
energy consumption of a single vehicle eR,i j > 0, (i, j) 2AR
assuming that road arcs are traversed at the constant speed
vi j =

di j

ti j
. Considering electric vehicles with full recuperation

capabilities and an overall tank-to-wheel efficiency hEV, the
energy consumption for a road arc is

eR,i j =
⇣ra

2
·Af · cd · v2

i j
+ cr ·mv ·g

⌘
·

di j

hEV

8(i, j) 2 AR. (3)

The first term in (3) represents the aerodynamic drag com-
posed by the air density ra, the frontal area Af, and the drag
coefficient cd, and the rolling friction computed combining
its coefficient cr with the mass of the vehicle mv and the
gravity g [22].

C. Discussion

A few comments are in order. First, we consider time-
invariant travel requests. This assumption is valid if requests
change slowly compared to the average travel time of an
individual trip, as is often the case in densely populated urban
environments [23]. Second, we adopt a threshold model for
congestion. The model is consistent with classical traffic flow
theory [24] and it is adequate for the goal of efficiently
optimizing customer and vehicle routes. Congestion models
offering higher accuracy can be used for the analysis of
specific control policies. Third, the model in this paper
represents customer and vehicle routes as fractional flows
and does not capture the stochastic nature of the customer
arrival process. These approximations are in line with the
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Network Flow Model

• Highly scalable (LP) 

• Very expressive

Advantages
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Network Flow Model

Stochastic process in expectation [Iglesias et al. 2018] 

Flow decomposition and sampling 

In line with current trends

• No stochasticity  

• Continuum approximation 

• One passenger per car

• Highly scalable (LP) 

• Very expressive

Advantages
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Network Flow Model - Assumptions
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• Demand is time-invariant
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Network Flow Model - Assumptions

• Congestion as a threshold
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Transportation requests

• Origin

• Destination

• Rate of demand (customers/minute) 
 
 

Network Flow Model

!22[Salazar, Rossi, Schiffer, Onder, Pavone, ITSC18; Salazar, Lanzetti, Rossi, Schiffer, Pavone, T-ITS19]



Transportation requests

• Origin

• Destination

• Rate of demand (customers/minute) 
 
 

Network model 

• Nodes: intersections and stops 

• Capacitated arcs: roads, walk, switch and public transit

Network Flow Model
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Network Flow Model

Flows 

• Customer flows 

• Rebalancing flows

fm(i, j)
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Network Flow Model
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Extended Graph

Network Flow Model

G = (V, A), V = VR � VP � VW, A = AR � AP � AW � ARW � APW
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Conservation of Customers

Extended Graph
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Conservation of Customers

Extended Graph

X

i2V
fm(i, j) + 1j=om · ↵m =

X

k2V
fm(j, k) + 1j=dm · ↵m 8m 2 M, 8j 2 V

Conservation of Vehicles

Network Flow Model

G = (V, A), V = VR � VP � VW, A = AR � AP � AW � ARW � APW
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Network Flow Model

Capacity of Road and Public Transportation
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Network Flow Model

Objective Social Welfare: time, operational costs and energy

Capacity of Road and Public Transportation
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Network Flow Model

Objective Social Welfare: time, operational costs and energy
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Let us now consider a case study…
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I-AMoD problem. Also, consider a perfect market where self-
interested customers plan their routes with a navigation app
solving Problem 3, a self-interested AMoD operator plans
rebalancing routes by solving Problem 4, and the munic-
ipal transportation authority sets public transit prices and
road tolls according to (22)–(23). Then, the optimal solution�
{ fm (·, ·)}?m, f0 (·, ·)?

 
and the prices (24) are a general

economic equilibrium for the I-AMoD market; that is:
1) fm (·, ·)? is an optimal solution to Problem 3;
2) f0 (·, ·)? is an optimal solution to Problem 4;
3) the AMoD operators’s revenue equals its costs (up to

the regularization term).

Proof Sketch. The proof relies on showing that satisfaction
of the KKT conditions for the I-AMoD Problem 2 implies
satisfaction of the KKT conditions for the customers’ optimal
routing Problem 5 and the KKT conditions for the AMoD op-
erator’s optimal rebalancing Problem 6. We provide a rigorous
proof in Appendix B.

D. Discussion
A few comments are in order. First, in the setting of a

general equilibrium, we assume that the AMoD operators have
no pricing power, i.e., no individual AMoD operator is able to
single-handedly influence the customers’ fares. This assump-
tion holds if multiple operators of similar size compete for
customers’ transportation demands, and is arguably realistic in
several urban environments. For reference, no fewer than five
app-based mobility-on-demand operators (Uber, Lyft, Juno,
Curb and Arro) currently offer mobility-on-demand services
in Manhattan. Second, in this paper, the operations of all
AMoD operators are captured through a single rebalancing
flow and a single set of customer-carrying flows on road arcs
for simplicity and ease of notation. However, the model does
not assume that a single AMoD operator is present. Indeed,
a treatment where different operators control different subsets
of vehicles, each associated with a rebalancing flow, would
result in the same equilibrium. Note that customers, not AMoD
operators, choose the operator by selecting the customer-
carrying flows { fm (·, ·)}?m, and the operators do not compete
on prices. Therefore, Theorem III.8 still holds as the operation
of single AMoD operators are not coupled, and Problem 4
can be decomposed into subproblems, one for each operator.
Third, we assume that the routes followed by customer-
carrying AMoD vehicles are set by the customers themselves
through the navigation apps. In practical implementations, the
customers may be able to choose only among a limited set of
possible routes, for example between a direct route that incurs
congestion tolls and a longer, less congested and thus cheaper
route. Such more sophisticated route selection models are left
for future research. Fourth, we use the cost function (18) to
model customers’ behaviour. Although such an approach does
not entail the level of detail of a user-centric approach [30,
Ch. 4], it suffices for the mesoscopic perspective of this study.
Finally, Theorem III.8 shows that the socially optimal solution
can be achieved as a general economic equilibrium. However,
it does not prove that the flows

�
{ fm (·, ·)}?m, f0 (·, ·)?

 
and the

prices {pP(i, j),tR(i, j), pR(i, j)} are the only equilibrium for

TABLE I
REQUESTS IN BERLIN AND NYC.

NYC Berlin

M 8,658 2,646
Âm2M am 44.943 1/s 3.771 1/s
Âm2M amkom �dmk2/Âm2M am 2.4 km 4.0 km

Fig. 3. Measure of the “betweenness” centrality for each node in the road
digraphs of Berlin (left) and Manhattan (right). The broad and well-connected
structure of Berlin is reflected in several nodes with a high degree of centrality,
whereas the elongated shape of Manhattan results in less central nodes.

the system; indeed, other equilibria may exist that result in
higher societal cost compared to the socially optimal solution.
To overcome this, we envision that the market could be steered
towards the socially optimal equilibrium through the intro-
duction of a non-profit market-making entity whose role is to
match supply with demand while steering the system towards
the socially-optimal equilibrium, akin to the role of non-profit
Independent System Operators in electricity markets.

IV. RESULTS

In this section, we assess the benefits of an I-AMoD system
in terms of travel time, costs, and emissions for real-world case
studies of NYC and Berlin. Section IV-A details these case
studies before we present the optimal solution for the I-AMoD
system in Section IV-B. Additionally, we study the change
in global cost for different vehicle architectures. Finally, we
compare the optimal solution for the I-AMoD system and the
AMoD system operating in isolation in Section IV-C.

A. Case Study
We focus on two distinct metropolitan areas, namely, the

Manhattan peninsula in NYC, NY, and the city center of
Berlin, Germany, as they are complementary in the following
parameters: First, the cities differ in the spatial structure of its
road system. Fig. 3 shows the “betweenness” centrality of road
nodes computed as the probability that a shortest path between
two random nodes will traverse the given node. The center of
Berlin covers a broad region with several nodes that show a
high centrality, whereas Manhattan has less homogeneously
distributed central nodes and a more elongated and thinner
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of the KKT conditions for the I-AMoD Problem 2 implies
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A few comments are in order. First, in the setting of a

general equilibrium, we assume that the AMoD operators have
no pricing power, i.e., no individual AMoD operator is able to
single-handedly influence the customers’ fares. This assump-
tion holds if multiple operators of similar size compete for
customers’ transportation demands, and is arguably realistic in
several urban environments. For reference, no fewer than five
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Curb and Arro) currently offer mobility-on-demand services
in Manhattan. Second, in this paper, the operations of all
AMoD operators are captured through a single rebalancing
flow and a single set of customer-carrying flows on road arcs
for simplicity and ease of notation. However, the model does
not assume that a single AMoD operator is present. Indeed,
a treatment where different operators control different subsets
of vehicles, each associated with a rebalancing flow, would
result in the same equilibrium. Note that customers, not AMoD
operators, choose the operator by selecting the customer-
carrying flows { fm (·, ·)}?m, and the operators do not compete
on prices. Therefore, Theorem III.8 still holds as the operation
of single AMoD operators are not coupled, and Problem 4
can be decomposed into subproblems, one for each operator.
Third, we assume that the routes followed by customer-
carrying AMoD vehicles are set by the customers themselves
through the navigation apps. In practical implementations, the
customers may be able to choose only among a limited set of
possible routes, for example between a direct route that incurs
congestion tolls and a longer, less congested and thus cheaper
route. Such more sophisticated route selection models are left
for future research. Fourth, we use the cost function (18) to
model customers’ behaviour. Although such an approach does
not entail the level of detail of a user-centric approach [30,
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Finally, Theorem III.8 shows that the socially optimal solution
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higher societal cost compared to the socially optimal solution.
To overcome this, we envision that the market could be steered
towards the socially optimal equilibrium through the intro-
duction of a non-profit market-making entity whose role is to
match supply with demand while steering the system towards
the socially-optimal equilibrium, akin to the role of non-profit
Independent System Operators in electricity markets.

IV. RESULTS

In this section, we assess the benefits of an I-AMoD system
in terms of travel time, costs, and emissions for real-world case
studies of NYC and Berlin. Section IV-A details these case
studies before we present the optimal solution for the I-AMoD
system in Section IV-B. Additionally, we study the change
in global cost for different vehicle architectures. Finally, we
compare the optimal solution for the I-AMoD system and the
AMoD system operating in isolation in Section IV-C.

A. Case Study
We focus on two distinct metropolitan areas, namely, the

Manhattan peninsula in NYC, NY, and the city center of
Berlin, Germany, as they are complementary in the following
parameters: First, the cities differ in the spatial structure of its
road system. Fig. 3 shows the “betweenness” centrality of road
nodes computed as the probability that a shortest path between
two random nodes will traverse the given node. The center of
Berlin covers a broad region with several nodes that show a
high centrality, whereas Manhattan has less homogeneously
distributed central nodes and a more elongated and thinner
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Case Study - NYC and Berlin

Pure AMoD VS I-AMoD - Relative Difference

Coordination with public transit significantly reduces travel times, number of vehicles, emissions and cost!
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A. Recent Research

here comes the literature, bla bla bla - somebody has to
do it

B. Aims and Scope

As can be seen, no study on centrally operated intermodal
passenger transportation exists so far, especially with respect
to AMoD systems. Against this background, we provide
the first study that analyzes the benefit of such an inter-
modal transportation system from a mesoscopic point of
view. We develop an optimization approach that finds the
optimal control policy for this system under steady state
conditions. Herein, we incorporate different objectives that
consider either the total transportation time, or the generated
emissions, or both by incorporating a convexly combined
objective as well as a generalized cost function. We provide
a case study based on real-world data from Manhattan. Based
on the results for this study, we derive managerial insights
for both fleet operators and municipalities.

The contribution of our study is fourfold: First, we pro-
vide the first optimization framework for an intermodal
autonomous mobility-on-demand (I-AMoD) system, which
handles real-world data sets in short computational times
and delivers global optimality. Second, we provide a sound
case that is based on real-world data for Manhattan, an
urban area in which the need for a sustainable transportation
concept is more than urgent. Third, we present results that
are not limited to a single objective but include different
perspectives: i) the social welfare in monetary terms of value
of time and operational costs, and ii) the social welfare in
both monetary and environmental terms. Fourth, we derive
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managerial insights that, besides providing dedicated intu-
itions for single stakeholders, analyse the social optimum
that can be reached.

The remainder of this paper is structured as follows:
Section II presents the methodological background for our
studies. Section III derives a pricing scheme to steer self-
interested agents to the social optimum. Then, Section IV
details our case study and discusses our experiments and
results. Finally, Section V concludes the paper with a short
summary and an outlook on future research.

II. METHODOLOGY

This section presents the methodological background for
our studies. We aim at analyzing the benefit of AMoD
systems in an intermodal setting. Herein, we use a fluidic
optimization approach to determine the optimal equilibrium
for such a system. Within this approach, we consider

• the assignment of transportation requests to transport
flows,

• different modes of transportation,
• capacity limits which are specific to the transportation

mode, such as congestion and seats availability per unit
time on public transportation lines,

• and rebalancing flows for the AMoD system.
Section II-A describes such an optimization approach, as-
suming a globally controlled mobility system. Understanding

the unlikelihood of an intermodal system being globally
controlled, we derive a (Pigovian) pricing scheme that would
influence selfish actors to behave according to the social
optimum in Section III-B.

A. Multi Commodity Flow Based Optimization Approach

To represent the transportation system and its different
transportation modes, we use the (in)complete layered graph

[FR]:?
G = (V ,A ) shown in Fig. 1 with a set of vertices V
and a set of arcs A ✓ V ⇥V , comprising a road network
layer GR = (VR,AR), a subway layer GS = (VS,AS), and a
pedestrian layer GP = (VP,AP). The road layer represents
intersections i 2 VR and road links (i, j) 2 AR. The subway
layer comprises subway stops i 2 VS and the respective lines
(i, j) 2 AS, while the pedestrian layer represents walkable
streets (i, j) 2 AP in between intersections i 2 VP. Finally,
arcs out of set AC ✓VR⇥VP[VS⇥VP connect the pedestrian
layer to the road and to the subway layer, respectively,
such that V = VP [VR [VS, A = AP [AR [AS [AC and
VR \VS = /0 holds.

We use the following notation to describe characteristics
of G and define our optimization problem: Each arc has a
capacity ci j which denotes either the capacity of a certain
transportation mean (AR,AS) or remains as ci j = •, 8(i, j)2
AC,AP for transportation means without capacity limits,
i.e., walking. The travel time ti j denotes the average time
needed to traverse an arc (i, j). Times on arcs (i, j) 2 AC
represent switching times between or to reach a certain mean
of transportation. Let R be the set of all travel requests. A
request rm = (om,dm,am) 2 R is a triple composed by an
origin node om, a destination node dm and a request rate am

that denotes the amount of customers per unit time. Since
we identify different transportation modes by different arc
sets, we use only a single type of flow variables fm (i, j)
that denotes the flow on an arc (i, j) for a certain travel
request m 2 M = [1,M] ✓ N. Furthermore, f0 (i, j) denotes
the rebalancing flow of empty AMoD vehicles on the road
arcs (i, j) 2 AR.

With this notation, the I-AMoD optimization problem
holds as follows: For a given set of transportation demands
(om,dm,am) 2 R, we want to find the optimal customer and
rebalancing flows, fm (i, j) ,(i, j) 2 A and f0 (i, j) , (i, j) 2
AR, such that the objective costs (1a) are minimized. Herein,
customer flow conservation constraints (1b), conservation of
vehicles (1c), capacity constraints on road (1d), and public
transportation links (1e) must hold.
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transportation modes, we use the digraph G = (V ,A ) shown
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arcs A ✓ V ⇥ V . The graph contains a road network
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a pedestrian layer GW = (VW,AW). Herein, the road layer
represents intersections i 2 VR and road links (i, j) 2 AR.
The subway layer comprises subway stops i 2 VP connected
by arcs (i, j) 2 AP, while the pedestrian layer represents
walkable streets (i, j) 2 AW between intersections i 2 VW.
Finally, arcs out of set AC ✓ VR ⇥VW [VP ⇥VW connect
the pedestrian layer to the road and to the subway layer,
respectively. These arcs model the customer’s ability to
switch transportation modes, such that V = VW [VR [VP,
A = AW [AR [AP [AC and VR \VP = /0 holds.

To consider congestion we use a simplified threshold
model: Each arc (i, j) has a capacity ci j which denotes
the maximum flow of passengers or vehicles that the arc
can accommodate without encountering traffic congestion
((i, j) 2 AR) or overcrowding ((i, j) 2 AP). The capacity of
walking arcs remains as ci j = •, 8(i, j) 2 AC,AW. Travers-
ing an arc (i, j) takes on average ti j time units. Note herein,
that ti j8(i, j) 2 AC denotes the time necessary to switch
between two means of transportation. Given the threshold
modeling approach, we assume ti j to be constant if an arc’s
capacity constraint holds.

Let R be the set of all travel requests. A request rm =
(om,dm,am) 2 R is a triple of an origin node om 2 VW,
a destination node dm 2 VW, and a request rate am that
denotes the amount of customers per unit time for each
request. Note that om and dm lie on the pedestrian digraph.
Accounting for different transportation modes by separate
arc sets, fm (i, j) denotes the flow on arc (i, j) 2 A for a
certain travel request m 2 M = [1,M] ✓ N. To account for
rebalancing flows between a customer’s destination and the
next customer’s origin, f0 (i, j) denotes the flow of empty
vehicles on road arcs (i, j) 2 AR.

Given this notation, the I-AMoD optimization problem
holds as follows:

min
fm(i, j), f0(i, j)

C ( fm (i, j) , f0 (i, j)) (1a)

s.t.

Â
i:(i, j)2A

fm(i, j)+1 j=om
·am = Â

k:( j,k)2A

fm( j,k)+1 j=dm
·am

8m 2 M , j 2 V (1b)

Â
i:(i, j)2AR

 
f0 (i, j)+Â

m2M

fm(i, j)

!
=

Â
k:( j,k)2AR

 
( f0 ( j,k)+Â

m2M

fm( j,k)

!
8 j 2 VR (1c)

f0 (i, j)+Â
m2M

fm (i, j) c
R
i j 8(i, j) 2 AR (1d)

Â
m2M

fm (i, j) c
P
i j 8(i, j) 2 AP. (1e)

For a given set of transportation demands (om,dm,am)2R,
we minimize the objective cost C with the customer flows

fm (i, j) and rebalancing flows f0 (i, j) in Eq. (1a). The
constraint (1b) guarantees flow conservation for customers,
whereby 1 j=x is a boolean indicator function. We secure
further flow conservation for vehicles in Eq. (1c), and enforce
capacity limits for roads in Eq. (1d) and public transportation
links in Eq. (1e).

B. I-AMoD Objective

The generalized cost function (1a) can be used to address
different objectives. In our studies, we optimize the social
welfare by minimizing overall costs. Specifically, we define
commuting costs that depend on the customers’ value of
time VT and on operational costs for the AMoD fleet and the
subway. Herein, costs for the AMoD fleet comprise mileage
dependent ownership costs VD,R to account for maintenance
and depreciation as well as energy costs VE. For the subway
system, VD,P comprises all operational costs per passenger
kilometer. This way, we define the social cost as

CM ( fm (i, j) , f0 (i, j)) =VT ·Â
m2M ,(i, j)2A

ti j · fm (i, j)

+Â
(i, j)2AR

(VD,R ·di j +VE · eR,i j) ·
 

f0 (i, j)+Â
m2M

fm (i, j)

!

+VD,P ·Â
(i, j)2AP

di j ·Â
m2M

fm (i, j) .

(2)

Given the mesoscopic nature of our study, we estimate the
energy consumption of a single vehicle eR,i j > 0, (i, j) 2AR
assuming that road arcs are traversed at the constant speed
vi j =

di j

ti j
. Considering electric vehicles with full recuperation

capabilities and an overall tank-to-wheel efficiency hEV, the
energy consumption for a road arc is

eR,i j =
⇣ra

2
·Af · cd · v2

i j
+ cr ·mv ·g

⌘
·

di j

hEV

8(i, j) 2 AR. (3)

The first term in (3) represents the aerodynamic drag com-
posed by the air density ra, the frontal area Af, and the drag
coefficient cd, and the rolling friction computed combining
its coefficient cr with the mass of the vehicle mv and the
gravity g [22].

C. Discussion

A few comments are in order. First, we consider time-
invariant travel requests. This assumption is valid if requests
change slowly compared to the average travel time of an
individual trip, as is often the case in densely populated urban
environments [23]. Second, we adopt a threshold model for
congestion. The model is consistent with classical traffic flow
theory [24] and it is adequate for the goal of efficiently
optimizing customer and vehicle routes. Congestion models
offering higher accuracy can be used for the analysis of
specific control policies. Third, the model in this paper
represents customer and vehicle routes as fractional flows
and does not capture the stochastic nature of the customer
arrival process. These approximations are in line with the
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A. Recent Research

here comes the literature, bla bla bla - somebody has to
do it

B. Aims and Scope

As can be seen, no study on centrally operated intermodal
passenger transportation exists so far, especially with respect
to AMoD systems. Against this background, we provide
the first study that analyzes the benefit of such an inter-
modal transportation system from a mesoscopic point of
view. We develop an optimization approach that finds the
optimal control policy for this system under steady state
conditions. Herein, we incorporate different objectives that
consider either the total transportation time, or the generated
emissions, or both by incorporating a convexly combined
objective as well as a generalized cost function. We provide
a case study based on real-world data from Manhattan. Based
on the results for this study, we derive managerial insights
for both fleet operators and municipalities.

The contribution of our study is fourfold: First, we pro-
vide the first optimization framework for an intermodal
autonomous mobility-on-demand (I-AMoD) system, which
handles real-world data sets in short computational times
and delivers global optimality. Second, we provide a sound
case that is based on real-world data for Manhattan, an
urban area in which the need for a sustainable transportation
concept is more than urgent. Third, we present results that
are not limited to a single objective but include different
perspectives: i) the social welfare in monetary terms of value
of time and operational costs, and ii) the social welfare in
both monetary and environmental terms. Fourth, we derive
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managerial insights that, besides providing dedicated intu-
itions for single stakeholders, analyse the social optimum
that can be reached.

The remainder of this paper is structured as follows:
Section II presents the methodological background for our
studies. Section III derives a pricing scheme to steer self-
interested agents to the social optimum. Then, Section IV
details our case study and discusses our experiments and
results. Finally, Section V concludes the paper with a short
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II. METHODOLOGY

This section presents the methodological background for
our studies. We aim at analyzing the benefit of AMoD
systems in an intermodal setting. Herein, we use a fluidic
optimization approach to determine the optimal equilibrium
for such a system. Within this approach, we consider

• the assignment of transportation requests to transport
flows,

• different modes of transportation,
• capacity limits which are specific to the transportation

mode, such as congestion and seats availability per unit
time on public transportation lines,

• and rebalancing flows for the AMoD system.
Section II-A describes such an optimization approach, as-
suming a globally controlled mobility system. Understanding

the unlikelihood of an intermodal system being globally
controlled, we derive a (Pigovian) pricing scheme that would
influence selfish actors to behave according to the social
optimum in Section III-B.

A. Multi Commodity Flow Based Optimization Approach

To represent the transportation system and its different
transportation modes, we use the (in)complete layered graph

[FR]:?
G = (V ,A ) shown in Fig. 1 with a set of vertices V
and a set of arcs A ✓ V ⇥V , comprising a road network
layer GR = (VR,AR), a subway layer GS = (VS,AS), and a
pedestrian layer GP = (VP,AP). The road layer represents
intersections i 2 VR and road links (i, j) 2 AR. The subway
layer comprises subway stops i 2 VS and the respective lines
(i, j) 2 AS, while the pedestrian layer represents walkable
streets (i, j) 2 AP in between intersections i 2 VP. Finally,
arcs out of set AC ✓VR⇥VP[VS⇥VP connect the pedestrian
layer to the road and to the subway layer, respectively,
such that V = VP [VR [VS, A = AP [AR [AS [AC and
VR \VS = /0 holds.

We use the following notation to describe characteristics
of G and define our optimization problem: Each arc has a
capacity ci j which denotes either the capacity of a certain
transportation mean (AR,AS) or remains as ci j = •, 8(i, j)2
AC,AP for transportation means without capacity limits,
i.e., walking. The travel time ti j denotes the average time
needed to traverse an arc (i, j). Times on arcs (i, j) 2 AC
represent switching times between or to reach a certain mean
of transportation. Let R be the set of all travel requests. A
request rm = (om,dm,am) 2 R is a triple composed by an
origin node om, a destination node dm and a request rate am

that denotes the amount of customers per unit time. Since
we identify different transportation modes by different arc
sets, we use only a single type of flow variables fm (i, j)
that denotes the flow on an arc (i, j) for a certain travel
request m 2 M = [1,M] ✓ N. Furthermore, f0 (i, j) denotes
the rebalancing flow of empty AMoD vehicles on the road
arcs (i, j) 2 AR.

With this notation, the I-AMoD optimization problem
holds as follows: For a given set of transportation demands
(om,dm,am) 2 R, we want to find the optimal customer and
rebalancing flows, fm (i, j) ,(i, j) 2 A and f0 (i, j) , (i, j) 2
AR, such that the objective costs (1a) are minimized. Herein,
customer flow conservation constraints (1b), conservation of
vehicles (1c), capacity constraints on road (1d), and public
transportation links (1e) must hold.

2

A. Recent Research

here comes the literature, bla bla bla - somebody has to
do it

B. Aims and Scope

As can be seen, no study on centrally operated intermodal
passenger transportation exists so far, especially with respect
to AMoD systems. Against this background, we provide
the first study that analyzes the benefit of such an inter-
modal transportation system from a mesoscopic point of
view. We develop an optimization approach that finds the
optimal control policy for this system under steady state
conditions. Herein, we incorporate different objectives that
consider either the total transportation time, or the generated
emissions, or both by incorporating a convexly combined
objective as well as a generalized cost function. We provide
a case study based on real-world data from Manhattan. Based
on the results for this study, we derive managerial insights
for both fleet operators and municipalities.

The contribution of our study is fourfold: First, we pro-
vide the first optimization framework for an intermodal
autonomous mobility-on-demand (I-AMoD) system, which
handles real-world data sets in short computational times
and delivers global optimality. Second, we provide a sound
case that is based on real-world data for Manhattan, an
urban area in which the need for a sustainable transportation
concept is more than urgent. Third, we present results that
are not limited to a single objective but include different
perspectives: i) the social welfare in monetary terms of value
of time and operational costs, and ii) the social welfare in
both monetary and environmental terms. Fourth, we derive

[MaS]:Update
managerial insights that, besides providing dedicated intu-
itions for single stakeholders, analyse the social optimum
that can be reached.

The remainder of this paper is structured as follows:
Section II presents the methodological background for our
studies. Section III derives a pricing scheme to steer self-
interested agents to the social optimum. Then, Section IV
details our case study and discusses our experiments and
results. Finally, Section V concludes the paper with a short
summary and an outlook on future research.

II. METHODOLOGY

This section presents the methodological background for
our studies. We aim at analyzing the benefit of AMoD
systems in an intermodal setting. Herein, we use a fluidic
optimization approach to determine the optimal equilibrium
for such a system. Within this approach, we consider

• the assignment of transportation requests to transport
flows,

• different modes of transportation,
• capacity limits which are specific to the transportation

mode, such as congestion and seats availability per unit
time on public transportation lines,

• and rebalancing flows for the AMoD system.
Section II-A describes such an optimization approach, as-
suming a globally controlled mobility system. Understanding

the unlikelihood of an intermodal system being globally
controlled, we derive a (Pigovian) pricing scheme that would
influence selfish actors to behave according to the social
optimum in Section III-B.

A. Multi Commodity Flow Based Optimization Approach

To represent the transportation system and its different
transportation modes, we use the (in)complete layered graph

[FR]:?
G = (V ,A ) shown in Fig. 1 with a set of vertices V
and a set of arcs A ✓ V ⇥V , comprising a road network
layer GR = (VR,AR), a subway layer GS = (VS,AS), and a
pedestrian layer GP = (VP,AP). The road layer represents
intersections i 2 VR and road links (i, j) 2 AR. The subway
layer comprises subway stops i 2 VS and the respective lines
(i, j) 2 AS, while the pedestrian layer represents walkable
streets (i, j) 2 AP in between intersections i 2 VP. Finally,
arcs out of set AC ✓VR⇥VP[VS⇥VP connect the pedestrian
layer to the road and to the subway layer, respectively,
such that V = VP [VR [VS, A = AP [AR [AS [AC and
VR \VS = /0 holds.

We use the following notation to describe characteristics
of G and define our optimization problem: Each arc has a
capacity ci j which denotes either the capacity of a certain
transportation mean (AR,AS) or remains as ci j = •, 8(i, j)2
AC,AP for transportation means without capacity limits,
i.e., walking. The travel time ti j denotes the average time
needed to traverse an arc (i, j). Times on arcs (i, j) 2 AC
represent switching times between or to reach a certain mean
of transportation. Let R be the set of all travel requests. A
request rm = (om,dm,am) 2 R is a triple composed by an
origin node om, a destination node dm and a request rate am

that denotes the amount of customers per unit time. Since
we identify different transportation modes by different arc
sets, we use only a single type of flow variables fm (i, j)
that denotes the flow on an arc (i, j) for a certain travel
request m 2 M = [1,M] ✓ N. Furthermore, f0 (i, j) denotes
the rebalancing flow of empty AMoD vehicles on the road
arcs (i, j) 2 AR.

With this notation, the I-AMoD optimization problem
holds as follows: For a given set of transportation demands
(om,dm,am) 2 R, we want to find the optimal customer and
rebalancing flows, fm (i, j) ,(i, j) 2 A and f0 (i, j) , (i, j) 2
AR, such that the objective costs (1a) are minimized. Herein,
customer flow conservation constraints (1b), conservation of
vehicles (1c), capacity constraints on road (1d), and public
transportation links (1e) must hold.

2

A. Multi Commodity Flow Based Optimization Approach

To represent the transportation system and its different
transportation modes, we use the digraph G = (V ,A ) shown
in Fig. 1, which has a set of vertices V and a set of
arcs A ✓ V ⇥ V . The graph contains a road network
layer GR = (VR,AR), a subway layer GP = (VP,AP), and

[MaS]:public
trans-
porta-
tion?

a pedestrian layer GW = (VW,AW). Herein, the road layer
represents intersections i 2 VR and road links (i, j) 2 AR.
The subway layer comprises subway stops i 2 VP connected
by arcs (i, j) 2 AP, while the pedestrian layer represents
walkable streets (i, j) 2 AW between intersections i 2 VW.
Finally, arcs out of set AC ✓ VR ⇥VW [VP ⇥VW connect
the pedestrian layer to the road and to the subway layer,
respectively. These arcs model the customer’s ability to
switch transportation modes, such that V = VW [VR [VP,
A = AW [AR [AP [AC and VR \VP = /0 holds.

To consider congestion we use a simplified threshold
model: Each arc (i, j) has a capacity ci j which denotes
the maximum flow of passengers or vehicles that the arc
can accommodate without encountering traffic congestion
((i, j) 2 AR) or overcrowding ((i, j) 2 AP). The capacity of
walking arcs remains as ci j = •, 8(i, j) 2 AC,AW. Travers-
ing an arc (i, j) takes on average ti j time units. Note herein,
that ti j8(i, j) 2 AC denotes the time necessary to switch
between two means of transportation. Given the threshold
modeling approach, we assume ti j to be constant if an arc’s
capacity constraint holds.

Let R be the set of all travel requests. A request rm =
(om,dm,am) 2 R is a triple of an origin node om 2 VW,
a destination node dm 2 VW, and a request rate am that
denotes the amount of customers per unit time for each
request. Note that om and dm lie on the pedestrian digraph.
Accounting for different transportation modes by separate
arc sets, fm (i, j) denotes the flow on arc (i, j) 2 A for a
certain travel request m 2 M = [1,M] ✓ N. To account for
rebalancing flows between a customer’s destination and the
next customer’s origin, f0 (i, j) denotes the flow of empty
vehicles on road arcs (i, j) 2 AR.

Given this notation, the I-AMoD optimization problem
holds as follows:

min
fm(i, j), f0(i, j)

C ( fm (i, j) , f0 (i, j)) (1a)

s.t.
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P
i j 8(i, j) 2 AP. (1e)

For a given set of transportation demands (om,dm,am)2R,
we minimize the objective cost C with the customer flows

fm (i, j) and rebalancing flows f0 (i, j) in Eq. (1a). The
constraint (1b) guarantees flow conservation for customers,
whereby 1 j=x is a boolean indicator function. We secure
further flow conservation for vehicles in Eq. (1c), and enforce
capacity limits for roads in Eq. (1d) and public transportation
links in Eq. (1e).

B. I-AMoD Objective

The generalized cost function (1a) can be used to address
different objectives. In our studies, we optimize the social
welfare by minimizing overall costs. Specifically, we define
commuting costs that depend on the customers’ value of
time VT and on operational costs for the AMoD fleet and the
subway. Herein, costs for the AMoD fleet comprise mileage
dependent ownership costs VD,R to account for maintenance
and depreciation as well as energy costs VE. For the subway
system, VD,P comprises all operational costs per passenger
kilometer. This way, we define the social cost as

CM ( fm (i, j) , f0 (i, j)) =VT ·Â
m2M ,(i, j)2A

ti j · fm (i, j)

+Â
(i, j)2AR

(VD,R ·di j +VE · eR,i j) ·
 

f0 (i, j)+Â
m2M

fm (i, j)

!

+VD,P ·Â
(i, j)2AP

di j ·Â
m2M

fm (i, j) .

(2)

Given the mesoscopic nature of our study, we estimate the
energy consumption of a single vehicle eR,i j > 0, (i, j) 2AR
assuming that road arcs are traversed at the constant speed
vi j =

di j

ti j
. Considering electric vehicles with full recuperation

capabilities and an overall tank-to-wheel efficiency hEV, the
energy consumption for a road arc is

eR,i j =
⇣ra

2
·Af · cd · v2

i j
+ cr ·mv ·g

⌘
·

di j

hEV

8(i, j) 2 AR. (3)

The first term in (3) represents the aerodynamic drag com-
posed by the air density ra, the frontal area Af, and the drag
coefficient cd, and the rolling friction computed combining
its coefficient cr with the mass of the vehicle mv and the
gravity g [22].

C. Discussion

A few comments are in order. First, we consider time-
invariant travel requests. This assumption is valid if requests
change slowly compared to the average travel time of an
individual trip, as is often the case in densely populated urban
environments [23]. Second, we adopt a threshold model for
congestion. The model is consistent with classical traffic flow
theory [24] and it is adequate for the goal of efficiently
optimizing customer and vehicle routes. Congestion models
offering higher accuracy can be used for the analysis of
specific control policies. Third, the model in this paper
represents customer and vehicle routes as fractional flows
and does not capture the stochastic nature of the customer
arrival process. These approximations are in line with the
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Interaction with Infrastructure

A. Recent Research

here comes the literature, bla bla bla - somebody has to
do it

B. Aims and Scope

As can be seen, no study on centrally operated intermodal
passenger transportation exists so far, especially with respect
to AMoD systems. Against this background, we provide
the first study that analyzes the benefit of such an inter-
modal transportation system from a mesoscopic point of
view. We develop an optimization approach that finds the
optimal control policy for this system under steady state
conditions. Herein, we incorporate different objectives that
consider either the total transportation time, or the generated
emissions, or both by incorporating a convexly combined
objective as well as a generalized cost function. We provide
a case study based on real-world data from Manhattan. Based
on the results for this study, we derive managerial insights
for both fleet operators and municipalities.

The contribution of our study is fourfold: First, we pro-
vide the first optimization framework for an intermodal
autonomous mobility-on-demand (I-AMoD) system, which
handles real-world data sets in short computational times
and delivers global optimality. Second, we provide a sound
case that is based on real-world data for Manhattan, an
urban area in which the need for a sustainable transportation
concept is more than urgent. Third, we present results that
are not limited to a single objective but include different
perspectives: i) the social welfare in monetary terms of value
of time and operational costs, and ii) the social welfare in
both monetary and environmental terms. Fourth, we derive
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managerial insights that, besides providing dedicated intu-
itions for single stakeholders, analyse the social optimum
that can be reached.

The remainder of this paper is structured as follows:
Section II presents the methodological background for our
studies. Section III derives a pricing scheme to steer self-
interested agents to the social optimum. Then, Section IV
details our case study and discusses our experiments and
results. Finally, Section V concludes the paper with a short
summary and an outlook on future research.

II. METHODOLOGY

This section presents the methodological background for
our studies. We aim at analyzing the benefit of AMoD
systems in an intermodal setting. Herein, we use a fluidic
optimization approach to determine the optimal equilibrium
for such a system. Within this approach, we consider

• the assignment of transportation requests to transport
flows,

• different modes of transportation,
• capacity limits which are specific to the transportation

mode, such as congestion and seats availability per unit
time on public transportation lines,

• and rebalancing flows for the AMoD system.
Section II-A describes such an optimization approach, as-
suming a globally controlled mobility system. Understanding

the unlikelihood of an intermodal system being globally
controlled, we derive a (Pigovian) pricing scheme that would
influence selfish actors to behave according to the social
optimum in Section III-B.

A. Multi Commodity Flow Based Optimization Approach

To represent the transportation system and its different
transportation modes, we use the (in)complete layered graph

[FR]:?
G = (V ,A ) shown in Fig. 1 with a set of vertices V
and a set of arcs A ✓ V ⇥V , comprising a road network
layer GR = (VR,AR), a subway layer GS = (VS,AS), and a
pedestrian layer GP = (VP,AP). The road layer represents
intersections i 2 VR and road links (i, j) 2 AR. The subway
layer comprises subway stops i 2 VS and the respective lines
(i, j) 2 AS, while the pedestrian layer represents walkable
streets (i, j) 2 AP in between intersections i 2 VP. Finally,
arcs out of set AC ✓VR⇥VP[VS⇥VP connect the pedestrian
layer to the road and to the subway layer, respectively,
such that V = VP [VR [VS, A = AP [AR [AS [AC and
VR \VS = /0 holds.

We use the following notation to describe characteristics
of G and define our optimization problem: Each arc has a
capacity ci j which denotes either the capacity of a certain
transportation mean (AR,AS) or remains as ci j = •, 8(i, j)2
AC,AP for transportation means without capacity limits,
i.e., walking. The travel time ti j denotes the average time
needed to traverse an arc (i, j). Times on arcs (i, j) 2 AC
represent switching times between or to reach a certain mean
of transportation. Let R be the set of all travel requests. A
request rm = (om,dm,am) 2 R is a triple composed by an
origin node om, a destination node dm and a request rate am

that denotes the amount of customers per unit time. Since
we identify different transportation modes by different arc
sets, we use only a single type of flow variables fm (i, j)
that denotes the flow on an arc (i, j) for a certain travel
request m 2 M = [1,M] ✓ N. Furthermore, f0 (i, j) denotes
the rebalancing flow of empty AMoD vehicles on the road
arcs (i, j) 2 AR.

With this notation, the I-AMoD optimization problem
holds as follows: For a given set of transportation demands
(om,dm,am) 2 R, we want to find the optimal customer and
rebalancing flows, fm (i, j) ,(i, j) 2 A and f0 (i, j) , (i, j) 2
AR, such that the objective costs (1a) are minimized. Herein,
customer flow conservation constraints (1b), conservation of
vehicles (1c), capacity constraints on road (1d), and public
transportation links (1e) must hold.
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time on public transportation lines,
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suming a globally controlled mobility system. Understanding
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influence selfish actors to behave according to the social
optimum in Section III-B.

A. Multi Commodity Flow Based Optimization Approach

To represent the transportation system and its different
transportation modes, we use the (in)complete layered graph
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G = (V ,A ) shown in Fig. 1 with a set of vertices V
and a set of arcs A ✓ V ⇥V , comprising a road network
layer GR = (VR,AR), a subway layer GS = (VS,AS), and a
pedestrian layer GP = (VP,AP). The road layer represents
intersections i 2 VR and road links (i, j) 2 AR. The subway
layer comprises subway stops i 2 VS and the respective lines
(i, j) 2 AS, while the pedestrian layer represents walkable
streets (i, j) 2 AP in between intersections i 2 VP. Finally,
arcs out of set AC ✓VR⇥VP[VS⇥VP connect the pedestrian
layer to the road and to the subway layer, respectively,
such that V = VP [VR [VS, A = AP [AR [AS [AC and
VR \VS = /0 holds.

We use the following notation to describe characteristics
of G and define our optimization problem: Each arc has a
capacity ci j which denotes either the capacity of a certain
transportation mean (AR,AS) or remains as ci j = •, 8(i, j)2
AC,AP for transportation means without capacity limits,
i.e., walking. The travel time ti j denotes the average time
needed to traverse an arc (i, j). Times on arcs (i, j) 2 AC
represent switching times between or to reach a certain mean
of transportation. Let R be the set of all travel requests. A
request rm = (om,dm,am) 2 R is a triple composed by an
origin node om, a destination node dm and a request rate am

that denotes the amount of customers per unit time. Since
we identify different transportation modes by different arc
sets, we use only a single type of flow variables fm (i, j)
that denotes the flow on an arc (i, j) for a certain travel
request m 2 M = [1,M] ✓ N. Furthermore, f0 (i, j) denotes
the rebalancing flow of empty AMoD vehicles on the road
arcs (i, j) 2 AR.

With this notation, the I-AMoD optimization problem
holds as follows: For a given set of transportation demands
(om,dm,am) 2 R, we want to find the optimal customer and
rebalancing flows, fm (i, j) ,(i, j) 2 A and f0 (i, j) , (i, j) 2
AR, such that the objective costs (1a) are minimized. Herein,
customer flow conservation constraints (1b), conservation of
vehicles (1c), capacity constraints on road (1d), and public
transportation links (1e) must hold.
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a pedestrian layer GW = (VW,AW). Herein, the road layer
represents intersections i 2 VR and road links (i, j) 2 AR.
The subway layer comprises subway stops i 2 VP connected
by arcs (i, j) 2 AP, while the pedestrian layer represents
walkable streets (i, j) 2 AW between intersections i 2 VW.
Finally, arcs out of set AC ✓ VR ⇥VW [VP ⇥VW connect
the pedestrian layer to the road and to the subway layer,
respectively. These arcs model the customer’s ability to
switch transportation modes, such that V = VW [VR [VP,
A = AW [AR [AP [AC and VR \VP = /0 holds.

To consider congestion we use a simplified threshold
model: Each arc (i, j) has a capacity ci j which denotes
the maximum flow of passengers or vehicles that the arc
can accommodate without encountering traffic congestion
((i, j) 2 AR) or overcrowding ((i, j) 2 AP). The capacity of
walking arcs remains as ci j = •, 8(i, j) 2 AC,AW. Travers-
ing an arc (i, j) takes on average ti j time units. Note herein,
that ti j8(i, j) 2 AC denotes the time necessary to switch
between two means of transportation. Given the threshold
modeling approach, we assume ti j to be constant if an arc’s
capacity constraint holds.

Let R be the set of all travel requests. A request rm =
(om,dm,am) 2 R is a triple of an origin node om 2 VW,
a destination node dm 2 VW, and a request rate am that
denotes the amount of customers per unit time for each
request. Note that om and dm lie on the pedestrian digraph.
Accounting for different transportation modes by separate
arc sets, fm (i, j) denotes the flow on arc (i, j) 2 A for a
certain travel request m 2 M = [1,M] ✓ N. To account for
rebalancing flows between a customer’s destination and the
next customer’s origin, f0 (i, j) denotes the flow of empty
vehicles on road arcs (i, j) 2 AR.

Given this notation, the I-AMoD optimization problem
holds as follows:

min
fm(i, j), f0(i, j)

C ( fm (i, j) , f0 (i, j)) (1a)

s.t.
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For a given set of transportation demands (om,dm,am)2R,
we minimize the objective cost C with the customer flows

fm (i, j) and rebalancing flows f0 (i, j) in Eq. (1a). The
constraint (1b) guarantees flow conservation for customers,
whereby 1 j=x is a boolean indicator function. We secure
further flow conservation for vehicles in Eq. (1c), and enforce
capacity limits for roads in Eq. (1d) and public transportation
links in Eq. (1e).

B. I-AMoD Objective

The generalized cost function (1a) can be used to address
different objectives. In our studies, we optimize the social
welfare by minimizing overall costs. Specifically, we define
commuting costs that depend on the customers’ value of
time VT and on operational costs for the AMoD fleet and the
subway. Herein, costs for the AMoD fleet comprise mileage
dependent ownership costs VD,R to account for maintenance
and depreciation as well as energy costs VE. For the subway
system, VD,P comprises all operational costs per passenger
kilometer. This way, we define the social cost as

CM ( fm (i, j) , f0 (i, j)) =VT ·Â
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Given the mesoscopic nature of our study, we estimate the
energy consumption of a single vehicle eR,i j > 0, (i, j) 2AR
assuming that road arcs are traversed at the constant speed
vi j =

di j

ti j
. Considering electric vehicles with full recuperation

capabilities and an overall tank-to-wheel efficiency hEV, the
energy consumption for a road arc is

eR,i j =
⇣ra

2
·Af · cd · v2

i j
+ cr ·mv ·g

⌘
·

di j

hEV

8(i, j) 2 AR. (3)

The first term in (3) represents the aerodynamic drag com-
posed by the air density ra, the frontal area Af, and the drag
coefficient cd, and the rolling friction computed combining
its coefficient cr with the mass of the vehicle mv and the
gravity g [22].

C. Discussion

A few comments are in order. First, we consider time-
invariant travel requests. This assumption is valid if requests
change slowly compared to the average travel time of an
individual trip, as is often the case in densely populated urban
environments [23]. Second, we adopt a threshold model for
congestion. The model is consistent with classical traffic flow
theory [24] and it is adequate for the goal of efficiently
optimizing customer and vehicle routes. Congestion models
offering higher accuracy can be used for the analysis of
specific control policies. Third, the model in this paper
represents customer and vehicle routes as fractional flows
and does not capture the stochastic nature of the customer
arrival process. These approximations are in line with the
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Interaction with Infrastructure

A. Recent Research

here comes the literature, bla bla bla - somebody has to
do it

B. Aims and Scope

As can be seen, no study on centrally operated intermodal
passenger transportation exists so far, especially with respect
to AMoD systems. Against this background, we provide
the first study that analyzes the benefit of such an inter-
modal transportation system from a mesoscopic point of
view. We develop an optimization approach that finds the
optimal control policy for this system under steady state
conditions. Herein, we incorporate different objectives that
consider either the total transportation time, or the generated
emissions, or both by incorporating a convexly combined
objective as well as a generalized cost function. We provide
a case study based on real-world data from Manhattan. Based
on the results for this study, we derive managerial insights
for both fleet operators and municipalities.

The contribution of our study is fourfold: First, we pro-
vide the first optimization framework for an intermodal
autonomous mobility-on-demand (I-AMoD) system, which
handles real-world data sets in short computational times
and delivers global optimality. Second, we provide a sound
case that is based on real-world data for Manhattan, an
urban area in which the need for a sustainable transportation
concept is more than urgent. Third, we present results that
are not limited to a single objective but include different
perspectives: i) the social welfare in monetary terms of value
of time and operational costs, and ii) the social welfare in
both monetary and environmental terms. Fourth, we derive
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managerial insights that, besides providing dedicated intu-
itions for single stakeholders, analyse the social optimum
that can be reached.

The remainder of this paper is structured as follows:
Section II presents the methodological background for our
studies. Section III derives a pricing scheme to steer self-
interested agents to the social optimum. Then, Section IV
details our case study and discusses our experiments and
results. Finally, Section V concludes the paper with a short
summary and an outlook on future research.

II. METHODOLOGY

This section presents the methodological background for
our studies. We aim at analyzing the benefit of AMoD
systems in an intermodal setting. Herein, we use a fluidic
optimization approach to determine the optimal equilibrium
for such a system. Within this approach, we consider

• the assignment of transportation requests to transport
flows,

• different modes of transportation,
• capacity limits which are specific to the transportation

mode, such as congestion and seats availability per unit
time on public transportation lines,

• and rebalancing flows for the AMoD system.
Section II-A describes such an optimization approach, as-
suming a globally controlled mobility system. Understanding

the unlikelihood of an intermodal system being globally
controlled, we derive a (Pigovian) pricing scheme that would
influence selfish actors to behave according to the social
optimum in Section III-B.

A. Multi Commodity Flow Based Optimization Approach

To represent the transportation system and its different
transportation modes, we use the (in)complete layered graph
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G = (V ,A ) shown in Fig. 1 with a set of vertices V
and a set of arcs A ✓ V ⇥V , comprising a road network
layer GR = (VR,AR), a subway layer GS = (VS,AS), and a
pedestrian layer GP = (VP,AP). The road layer represents
intersections i 2 VR and road links (i, j) 2 AR. The subway
layer comprises subway stops i 2 VS and the respective lines
(i, j) 2 AS, while the pedestrian layer represents walkable
streets (i, j) 2 AP in between intersections i 2 VP. Finally,
arcs out of set AC ✓VR⇥VP[VS⇥VP connect the pedestrian
layer to the road and to the subway layer, respectively,
such that V = VP [VR [VS, A = AP [AR [AS [AC and
VR \VS = /0 holds.

We use the following notation to describe characteristics
of G and define our optimization problem: Each arc has a
capacity ci j which denotes either the capacity of a certain
transportation mean (AR,AS) or remains as ci j = •, 8(i, j)2
AC,AP for transportation means without capacity limits,
i.e., walking. The travel time ti j denotes the average time
needed to traverse an arc (i, j). Times on arcs (i, j) 2 AC
represent switching times between or to reach a certain mean
of transportation. Let R be the set of all travel requests. A
request rm = (om,dm,am) 2 R is a triple composed by an
origin node om, a destination node dm and a request rate am

that denotes the amount of customers per unit time. Since
we identify different transportation modes by different arc
sets, we use only a single type of flow variables fm (i, j)
that denotes the flow on an arc (i, j) for a certain travel
request m 2 M = [1,M] ✓ N. Furthermore, f0 (i, j) denotes
the rebalancing flow of empty AMoD vehicles on the road
arcs (i, j) 2 AR.

With this notation, the I-AMoD optimization problem
holds as follows: For a given set of transportation demands
(om,dm,am) 2 R, we want to find the optimal customer and
rebalancing flows, fm (i, j) ,(i, j) 2 A and f0 (i, j) , (i, j) 2
AR, such that the objective costs (1a) are minimized. Herein,
customer flow conservation constraints (1b), conservation of
vehicles (1c), capacity constraints on road (1d), and public
transportation links (1e) must hold.

2

A. Recent Research

here comes the literature, bla bla bla - somebody has to
do it

B. Aims and Scope

As can be seen, no study on centrally operated intermodal
passenger transportation exists so far, especially with respect
to AMoD systems. Against this background, we provide
the first study that analyzes the benefit of such an inter-
modal transportation system from a mesoscopic point of
view. We develop an optimization approach that finds the
optimal control policy for this system under steady state
conditions. Herein, we incorporate different objectives that
consider either the total transportation time, or the generated
emissions, or both by incorporating a convexly combined
objective as well as a generalized cost function. We provide
a case study based on real-world data from Manhattan. Based
on the results for this study, we derive managerial insights
for both fleet operators and municipalities.

The contribution of our study is fourfold: First, we pro-
vide the first optimization framework for an intermodal
autonomous mobility-on-demand (I-AMoD) system, which
handles real-world data sets in short computational times
and delivers global optimality. Second, we provide a sound
case that is based on real-world data for Manhattan, an
urban area in which the need for a sustainable transportation
concept is more than urgent. Third, we present results that
are not limited to a single objective but include different
perspectives: i) the social welfare in monetary terms of value
of time and operational costs, and ii) the social welfare in
both monetary and environmental terms. Fourth, we derive
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managerial insights that, besides providing dedicated intu-
itions for single stakeholders, analyse the social optimum
that can be reached.

The remainder of this paper is structured as follows:
Section II presents the methodological background for our
studies. Section III derives a pricing scheme to steer self-
interested agents to the social optimum. Then, Section IV
details our case study and discusses our experiments and
results. Finally, Section V concludes the paper with a short
summary and an outlook on future research.

II. METHODOLOGY

This section presents the methodological background for
our studies. We aim at analyzing the benefit of AMoD
systems in an intermodal setting. Herein, we use a fluidic
optimization approach to determine the optimal equilibrium
for such a system. Within this approach, we consider

• the assignment of transportation requests to transport
flows,

• different modes of transportation,
• capacity limits which are specific to the transportation

mode, such as congestion and seats availability per unit
time on public transportation lines,

• and rebalancing flows for the AMoD system.
Section II-A describes such an optimization approach, as-
suming a globally controlled mobility system. Understanding

the unlikelihood of an intermodal system being globally
controlled, we derive a (Pigovian) pricing scheme that would
influence selfish actors to behave according to the social
optimum in Section III-B.

A. Multi Commodity Flow Based Optimization Approach

To represent the transportation system and its different
transportation modes, we use the (in)complete layered graph
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G = (V ,A ) shown in Fig. 1 with a set of vertices V
and a set of arcs A ✓ V ⇥V , comprising a road network
layer GR = (VR,AR), a subway layer GS = (VS,AS), and a
pedestrian layer GP = (VP,AP). The road layer represents
intersections i 2 VR and road links (i, j) 2 AR. The subway
layer comprises subway stops i 2 VS and the respective lines
(i, j) 2 AS, while the pedestrian layer represents walkable
streets (i, j) 2 AP in between intersections i 2 VP. Finally,
arcs out of set AC ✓VR⇥VP[VS⇥VP connect the pedestrian
layer to the road and to the subway layer, respectively,
such that V = VP [VR [VS, A = AP [AR [AS [AC and
VR \VS = /0 holds.

We use the following notation to describe characteristics
of G and define our optimization problem: Each arc has a
capacity ci j which denotes either the capacity of a certain
transportation mean (AR,AS) or remains as ci j = •, 8(i, j)2
AC,AP for transportation means without capacity limits,
i.e., walking. The travel time ti j denotes the average time
needed to traverse an arc (i, j). Times on arcs (i, j) 2 AC
represent switching times between or to reach a certain mean
of transportation. Let R be the set of all travel requests. A
request rm = (om,dm,am) 2 R is a triple composed by an
origin node om, a destination node dm and a request rate am

that denotes the amount of customers per unit time. Since
we identify different transportation modes by different arc
sets, we use only a single type of flow variables fm (i, j)
that denotes the flow on an arc (i, j) for a certain travel
request m 2 M = [1,M] ✓ N. Furthermore, f0 (i, j) denotes
the rebalancing flow of empty AMoD vehicles on the road
arcs (i, j) 2 AR.

With this notation, the I-AMoD optimization problem
holds as follows: For a given set of transportation demands
(om,dm,am) 2 R, we want to find the optimal customer and
rebalancing flows, fm (i, j) ,(i, j) 2 A and f0 (i, j) , (i, j) 2
AR, such that the objective costs (1a) are minimized. Herein,
customer flow conservation constraints (1b), conservation of
vehicles (1c), capacity constraints on road (1d), and public
transportation links (1e) must hold.
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A. Multi Commodity Flow Based Optimization Approach

To represent the transportation system and its different
transportation modes, we use the digraph G = (V ,A ) shown
in Fig. 1, which has a set of vertices V and a set of
arcs A ✓ V ⇥ V . The graph contains a road network
layer GR = (VR,AR), a subway layer GP = (VP,AP), and
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a pedestrian layer GW = (VW,AW). Herein, the road layer
represents intersections i 2 VR and road links (i, j) 2 AR.
The subway layer comprises subway stops i 2 VP connected
by arcs (i, j) 2 AP, while the pedestrian layer represents
walkable streets (i, j) 2 AW between intersections i 2 VW.
Finally, arcs out of set AC ✓ VR ⇥VW [VP ⇥VW connect
the pedestrian layer to the road and to the subway layer,
respectively. These arcs model the customer’s ability to
switch transportation modes, such that V = VW [VR [VP,
A = AW [AR [AP [AC and VR \VP = /0 holds.

To consider congestion we use a simplified threshold
model: Each arc (i, j) has a capacity ci j which denotes
the maximum flow of passengers or vehicles that the arc
can accommodate without encountering traffic congestion
((i, j) 2 AR) or overcrowding ((i, j) 2 AP). The capacity of
walking arcs remains as ci j = •, 8(i, j) 2 AC,AW. Travers-
ing an arc (i, j) takes on average ti j time units. Note herein,
that ti j8(i, j) 2 AC denotes the time necessary to switch
between two means of transportation. Given the threshold
modeling approach, we assume ti j to be constant if an arc’s
capacity constraint holds.

Let R be the set of all travel requests. A request rm =
(om,dm,am) 2 R is a triple of an origin node om 2 VW,
a destination node dm 2 VW, and a request rate am that
denotes the amount of customers per unit time for each
request. Note that om and dm lie on the pedestrian digraph.
Accounting for different transportation modes by separate
arc sets, fm (i, j) denotes the flow on arc (i, j) 2 A for a
certain travel request m 2 M = [1,M] ✓ N. To account for
rebalancing flows between a customer’s destination and the
next customer’s origin, f0 (i, j) denotes the flow of empty
vehicles on road arcs (i, j) 2 AR.

Given this notation, the I-AMoD optimization problem
holds as follows:

min
fm(i, j), f0(i, j)

C ( fm (i, j) , f0 (i, j)) (1a)

s.t.

Â
i:(i, j)2A

fm(i, j)+1 j=om
·am = Â

k:( j,k)2A

fm( j,k)+1 j=dm
·am

8m 2 M , j 2 V (1b)

Â
i:(i, j)2AR

 
f0 (i, j)+Â

m2M

fm(i, j)

!
=

Â
k:( j,k)2AR

 
( f0 ( j,k)+Â

m2M

fm( j,k)

!
8 j 2 VR (1c)

f0 (i, j)+Â
m2M

fm (i, j) c
R
i j 8(i, j) 2 AR (1d)

Â
m2M

fm (i, j) c
P
i j 8(i, j) 2 AP. (1e)

For a given set of transportation demands (om,dm,am)2R,
we minimize the objective cost C with the customer flows

fm (i, j) and rebalancing flows f0 (i, j) in Eq. (1a). The
constraint (1b) guarantees flow conservation for customers,
whereby 1 j=x is a boolean indicator function. We secure
further flow conservation for vehicles in Eq. (1c), and enforce
capacity limits for roads in Eq. (1d) and public transportation
links in Eq. (1e).

B. I-AMoD Objective

The generalized cost function (1a) can be used to address
different objectives. In our studies, we optimize the social
welfare by minimizing overall costs. Specifically, we define
commuting costs that depend on the customers’ value of
time VT and on operational costs for the AMoD fleet and the
subway. Herein, costs for the AMoD fleet comprise mileage
dependent ownership costs VD,R to account for maintenance
and depreciation as well as energy costs VE. For the subway
system, VD,P comprises all operational costs per passenger
kilometer. This way, we define the social cost as

CM ( fm (i, j) , f0 (i, j)) =VT ·Â
m2M ,(i, j)2A

ti j · fm (i, j)

+Â
(i, j)2AR

(VD,R ·di j +VE · eR,i j) ·
 

f0 (i, j)+Â
m2M

fm (i, j)

!

+VD,P ·Â
(i, j)2AP

di j ·Â
m2M

fm (i, j) .

(2)

Given the mesoscopic nature of our study, we estimate the
energy consumption of a single vehicle eR,i j > 0, (i, j) 2AR
assuming that road arcs are traversed at the constant speed
vi j =

di j

ti j
. Considering electric vehicles with full recuperation

capabilities and an overall tank-to-wheel efficiency hEV, the
energy consumption for a road arc is

eR,i j =
⇣ra

2
·Af · cd · v2

i j
+ cr ·mv ·g

⌘
·

di j

hEV

8(i, j) 2 AR. (3)

The first term in (3) represents the aerodynamic drag com-
posed by the air density ra, the frontal area Af, and the drag
coefficient cd, and the rolling friction computed combining
its coefficient cr with the mass of the vehicle mv and the
gravity g [22].

C. Discussion

A few comments are in order. First, we consider time-
invariant travel requests. This assumption is valid if requests
change slowly compared to the average travel time of an
individual trip, as is often the case in densely populated urban
environments [23]. Second, we adopt a threshold model for
congestion. The model is consistent with classical traffic flow
theory [24] and it is adequate for the goal of efficiently
optimizing customer and vehicle routes. Congestion models
offering higher accuracy can be used for the analysis of
specific control policies. Third, the model in this paper
represents customer and vehicle routes as fractional flows
and does not capture the stochastic nature of the customer
arrival process. These approximations are in line with the
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Conclusion

• Autonomous driving might lead to a transformational paradigm for personal 
urban mobility  

• Integration of autonomous driving with the urban infrastructure gives rise to an 
entirely new class of problems (and opportunities)  

• Solutions to these problems are key to enable AMoD and to carefully evaluate 
their value proposition
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