AA203: Optimal and Learning-based Control
Stanford University

\ ) RESEARCH INSTITUTE May 1, 2026

Uncertainty-Aware Control at the Limits

Thomas Lew




Teamwork

e Extreme Performance Intelligent Control Team
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https://app.frame.io/presentations/dfeee161-89c6-4df4-90f0-df8c90e8d9ef

Outline

e Driving at the Limits of Handling /—4;_4

e Optimal Control
o Shooting Method
o (Stochastic) Pontryagin Maximum Principle (PMP)

e (Combining Learning & Optimal Control


https://app.frame.io/presentations/dfeee161-89c6-4df4-90f0-df8c90e8d9ef

Driving at the Limits of Handling
Towards expert assistance on the road
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https://app.frame.io/presentations/dfeee161-89c6-4df4-90f0-df8c90e8d9ef
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https://www.youtube.com/watch?v=MfU5 gzgPaM



http://www.youtube.com/watch?v=MfU5_gzqPaM
https://www.youtube.com/watch?v=MfU5_gzqPaM

Driver - Vehicle
Performance & Goal: Infuse expert level @

Safety driving skills in our Al ﬁ “

Core Technology:
Al Expert Driving Skills Handle Icy Conditions
(Limit Handling)

Challenge Problem
Autonomous Drifting



Driving at the limits of handling

State of the art methods leverage model predictive control (MPC)

Optimal Control Problem

T
min / K(azt,ut)dt
0

(z,u)

S.t. dxt = b(.ﬂCt, ut)dt

To = Xo

solve times ~5-30 ms
(replan at ~30-200Hz)




MPC generalizes to different cars & trajectories
MPC is data-efficient, thanks to exploiting structure

Conditional
Diffusion Model

0 l~2Hz

Neural SDE
dz = fO(z,u)dt + 2% (z, u)dW

MPC ~ 200 Hz

Djeumou, Lew, Ding, Thompson, Suminaka, Greiff, Subosits, “One Model to Drift Them All”, CoRL'24 (outstanding paper award)


https://docs.google.com/file/d/16fqaMyD11yslAnQbZYzJ5pUmvBNAaIyI/preview
https://franckdjeumou.github.io/author/franck-djeumou/
https://drive.google.com/file/d/16fqaMyD11yslAnQbZYzJ5pUmvBNAaIyI/view?resourcekey

MPC can fail, even with learned models adapting online

1. Online adaptation is sometimes too slow
Unstable systems are difficult to simultaneously learn & control [Mania’19]

2. MPC often does not account for uncertainty
MPC plans with one model assumed exact

online
adaptation
may be

may-not be
robust to model
mismatch

3x speed

3x speed

Mania, Tu, Recht. “Certainty Equivalence is Efficient for Linear Quadratic Control,” NeurlPS 2019



Accounting for uncertainty increases robustness
MPC Stochastic MPC

3x speed 3x speed
Optimal Control Problem Stochastic Optimal Control Problem
T T
min / O(zy,ue)dt min E[/ f(:ct,ut)dt]
(xz,u) 0 (z,u) 0
s.t.  dxy = b(wy, ug)dt s.t.  dxy :[b(xt, ut)dt}—l—[a(xt)dBt]

uncertain friction parameters disturbances



Unlocking Uncertainty-Aware MPC

Overcoming computational barriers by leveraging problem structure

~

Leveraging
& GPU Acceleration

Risk-Averse Problem Solve on the GPU

T' + le — Teet| +
T2+Hx2_‘rref|‘+ —_— mzin qu+qTQq
T3+ )|2? = @pegl|+ | ———>

y ; - st. [ <Az<u
T* + ||l2* — et

it = f(zb u,0)
2% = f(z?, u,8%)

i3 = f(a3,u,0%)
it = f(z*,u,0%)
(Initial State)

(Engine & Braking Limits)

N == (Stay on the Track) §

(
Leveraging Low-Dimensional
Characterizations of Solutions
z0(t)
ot
Tl gl ffoe ™
____________ N St St
OH )
dp; = _%(xhut,pt)dt - a_g($t)TptdBt
uy = argmax E [H (xy, v, py)]
velU )

~N




Accounting for uncertainty increases robustness

Q: Leveraging low-dimensional characterizations of solutions
to efficiently solve stochastic optimal control problems *?

1. Find informative optimality conditions.
2. Use them for algorithm design.

Optimal Control Problem Stochastic Optimal Control Problem

T T
min / £($t, ’U,t) dt min E |: / g(ZCt, Ut) dtj|
0 0

(z,u) (z,u)

s.t. dzy = b(xy, ug)dt s.t.  dxy = b(wy, up)dt Ho(xy)dBy



Optimal Control

. State Trajectory x; Control Trajectory wu;
Zo | . 110+ : :
t t
Optimal Control Problem
T
min / O(xy,uy)dt cost (e.g., fuel consumption)
(ZL‘,U) 0
S.t. dZEt = b(ZEt, ’U,t)dt dynamics
Tog = Xg initial state
with  x; € R" state

uy € U CR™  control input



Optimal Control

solution structure = optimality conditions

State Trajectory x;

Control Trajectory wu;

Adjoint Trajectory py

t

Optimal Control Problem

T
min / f(&?t, Ut)dt
0

(z,u)

s.t.  dxy = b(wy, uy)dt

0+

Pontryagin Maximum Principle Hamiltonian
If (z,u) is optimal, there is an adjoint vector p H(x,u,p) :=p b(z,u) —L(z,u)

such that:
OH

dpy = ——— (@, ug, pe)dt pr =0

ox

uy = argmax H(z,v,pt)
velU

pr =0




Optimal Control

solution structure = optimality conditions

State Trajectory x; Control Trajectory u; ) Adjoint Trajectory p;
0
pr =20
C | | ) Oa— . ; ; H 014 : :
t t t
Optimal Control Problem B A RMELIIEL LRI |
T E - = - & o, :
min / O, uy) dt : Solutions to Rocket Landing are Bang-Bang ,.y' f
(ac,u) 0 . ‘ : —] .
s.t.  dx; = b(l’t, ’U,t)dt Umazx
Pontryagin Maximum Principle
If (x,u) is optimal, there is an adjoint vector p
such that: _ Yonin
OH . : S S 1]
dp; = —— dt =0 ;
. ox (@, ut, pr) pr : Leparoux, Hérissé & Jean * *
ESAIM: COCV 2022 t,

uy = argmax H(z,v,pt) s k
velU e et et e e eatareeaeeaeaeateeeseaeatareeaaaaeararaeaaaanas -



Optimal Control

solution structure = optimality conditions

State Trajectory x; Control Trajectory wu;

Adjoint Trajectory py

. 04
t

Optimal Control Problem
T

min /f(xt,ut)dt

(z,u)

s.t. [d:z;t — b(:z:t,ut)dt]

Pontryagin Maximum Principle

If (x,u) is optimal, there is an adjoint vector p
such that:

OH
[dpt = __(xtautapt)dt] pr =0

ox

uy = argmax H(z,v,pt)
velU

-----------------------------------------

Shooting Method

Run a Newton method (gradient
descent) on pg until pr = 0.

-----------------------------------------

pr =0




Optimal Control

solution structure = optimality conditions

State Trajectory x; Control Trajectory u; Adjoint Trajectory p;

Optimal Control Problem

T
min / f(&?t, Ut)dt

(z,u)

-----------------------------------------

s.t. [dflft = b(zy, ut)dt] Shooting Method
Pontryagin Maximum Principle . Run a Newton method (gradient
If (x,u) is optimal, there is an adjoint vector p I descent) on pg unti pr = 0.
such that: :
ST\ e
[dpt = —%(xtautapt)dt] pr =0

uy = argmax H(z,v,pt)
velU



Stochastic Optimal Control

solution structure = optimality conditions

State Trajectory x;

Control Trajectory u;
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Optimal Control Problem

T
min / f(&?t, Ut)dt
0

(z,u)

s.t.  dxy = b(wy, uy)dt

Pontryagin Maximum Principle

Stochastic Optimal Control Problem

T
min E[/ E(wt,ut)dt]
(xvu) 0

S.t. dxt = b(wt, Ut)dt + O'($t)dBt

If (x,u) is optimal, there is an adjoint vector p

such that:
OH

dpr = ——— (@, ug, pr)dt pr =10

ox

uy = argmax H(z,v,pt)
velU



Stochastic Optimal Control

solution structure = optimality conditions

State Trajectory x;

Control Trajectory u;

Adjoint Trajectory p;
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Optimal Control Problem

T
min / f(&?t, Ut)dt
0

(z,u)

s.t.  dxy = b(wy, uy)dt

Pontryagin Maximum Principle

If (x,u) is optimal, there is an adjoint vector p
such that:

OH
dp; = —%(xt,ut,pt)dt pr =0

uy = argmax H(z,v,pt)
velU

Stochastic Optimal Control Problem

T
min E[/ E(wt,ut)dt]
(xvu) 0

S.t. dxt = b(wt, Ut)dt + O'($t)dBt

Stochastic Pontryagin Maximum Principle

If (x,w) is optimal, there are stochastic processes (p,@)
such that:

OH
dpt = _%(wtauhpt)dt + pr =20

uy = argmax E [H (x4, v, pt)] Yong & Zhou,

Stochastic controls
vE U (...), Springer 1999




Stochastic Optimal Control

solution structure = optimality conditions

e |n practice, use deep learning...

5 oH
............. . dpt — —%(xt’ ut’pt’dt —|- pr =0

Deep learning for BSDEs: Weinan, Han, Jentzen, 2017

State Trajectory x; Control Trajectory uy Adjoint Trajectory p;
0 1 —— B
] (\:ﬁ/:"’;‘:—:’,}i e | 5
~ | 0-:::;;'4‘<=¥5?1“";:iz:ig
t t t
Stochastic Optimal Control Problem
T
LA shooting method is out of reach... (r:?g; E[/o Ha ut)dt]
o Unknowns are (p,@ st day = (e, ug)dt +W
e Forward-backward SDEs are difficult : Stochastic Pontryagin Maximum Principle
to simulate (except in special cases) If (x,u) is optimal, there are stochastic processes (p,@)

such that:

uy = argmax E [H (x4, v, pt)] Yong & Zhou,

Stochastic controls
vE U (...), Springer 1999



Stochastic Optimal Control

solution structure = optimality conditions

State Trajectory x;

Control Trajectory u;

Adjoint Trajectory py

S~ | pr=0
01, i T —C)

Rough path theory
Idea: Study SDEs pathwise

m

-

| tl1 tlim t
Recent theory of stochastic
calculus (T. Lyons, 1990s) actively
studied today (Friz, Hairer, ...)
Many applications

~

/

t | | t
Stochastic Optimal Control Problem

T
min E[/ E(a:t,ut)dt]
(xvu) 0

dxy = b(wy, uy)dt Ho(zy)d By

Rough Stochastic Pontryagin Maximum Principle

If (x,u) is optimal, there is a stochastic adjoint vector p
such that:

OH oo
Uy = argmax E [H('Tta ’U,pt)]

velU

Lew, SICON 2026



Stochastic Optimal Control

solution structure = optimality conditions

State Trajectory x4 Control Trajectory uy » Adjoint Trajectory p;
| i # 00
e —— O\
‘(\’,"“/,_""—-‘A T~ e =\
s I audl : %_\ e e — ——— | pr =0
ol | . i 4013 ; e —= ()
t t t
e N Stochastic Optimal Control Problem
l. - T
A Stochastic Indirect : min E [ / en ut)dt]
Shooting Method! : (,0) 0
S.t. dxt = b(xt, Ut)dt = O'($t)dBt
Use Monte Carlo approximation.

Rough Stochastic Pontryagin Maximum Principle

Run a Newton method (gradien.t If (x,u) is optimal, there is a stochastic adjoint vector p
descent) on samples of pg until such that:

: 7 = 0 for all samples. : OH do
P dp; = _%(l’t,ut,pt)dt — —(x;) " pydB; pr =0

Ox
Uy = argmax E [H('Tta ’U,pt)]

velU Lew, SICON 2026




Stochastic Optimal Control

solution structure = optimality conditions

State Trajectory x; Control Trajectory wuy » Adjoint Trajectory py
. ' T 0
gt — ,—_’»;‘—:"_’?—E—_‘-—il
== oo
0 | 0
t t
A StOChaStiC Indirect Computation Time (s) il
- . /) N R D S S——
Shooting Method! : "1 1ox faster .y e
. . : ].OU ———————— § - ==&y /<__e' 30
Use Monte Carlo approximation. |:> . == = N
Run a Newton method (gradient 102 =5 ?ulect ;
: —o— Indirect
descent) on samples of pg until ndirec

. 10
— . 5 10 20 30 40 50
PT = O for all SampleS. . Sample Size M

---------------------------------------------

Results on rigid body stabilization task

Lew, SICON 2026



Stochastic Optimal Control: Proof of the PMP

min
ueL>([0,T],U)

S.t.

Open-loop controls
Control bounds

Equality constraints

E[ /0 Tﬁ(xt,ut)dt}

dzy = b(xt,ut)dt + O'(It)dBt, L& [O,T]

u € L>([0,T],U)
g € U
E[h(zr)] =0

(deterministic controls)
(e.q., limited engine torque)

(e.q., goal reaching)

Control Trajectory u;

State Trajectory x;

g

t t



Linearized Rough Differential Equations (RDES)

Needle-like variation Error bound: Consider
Perturb th timal trol
erturb the optimal contro dzy = b(xs, up)dt + o (z4)dB;

oy u ifte [tl,tl +?7],
— T T s T
' u;  otherwise. dil?t = b(aﬁt y Uy )dt = a(azt )dBt

I
-1

t t1 +n t

=> How do the solutions change?

A B,
T
n

| €<—>,

t1 t1 +1n ¢



Linearized Rough Differential Equations (RDES)

Needle-like variation
Perturb the optimal control

{u if ¢ € [t1,t1 + 7],

7| 5
ity = .
u; otherwise.

I
-1
1
1
1

t t1+1n t

=> How do the solutions change?

Error bound: Consider
dr; = b(xs, ug)dt 4+ o(x)dBy
dxy = b(z], u; )dt + o(x] )dBy
and the linearized RDE
dv; = Vb(xy, ug)vedt + Vo (xg)v:dBy
from vy, = b(wy,, u) — b(xe,, us, ) -

Then,
2" —z|| < Cg -7

lo™ —2z —n -0 < Cs-n*

Relies on key results by b Integrable bounds
Cass, Litterer, Lyons (2013) and Friz & Riedel (2013) ° Directional derivative



Proof of the PMP
Step 1/3) Hyperplane Separation Argument

Cost-augmented system

dft:[

Separating hyperplane

d[l?t
dx?

|

|

E(wtv ut) 0

b(ﬂft, ’U,t) dt + 5'([Et) dBt

b(fb’t»“t)] dt + lg(xt)] dB,

min E[ /0 Té(azt,ut)dt]

s.t. dJZt = b([lft, ut)dt + O'(th)dBt

Terminal cost value

/OT €(sct,ut)dt]

E[zy] =E

Any needle-like variation 1}
is suboptimal.



Proof of the PMP
Step 1/3) Hyperplane Separation Argument

Cost-augmented system

djft:[

d[l?t
dx?

|

|

Separating hyperplane

E(thv ut) 0

b(ﬂft, ’U,t) dt + 5'([Ct> dBt

b(fcta“t)] dt + lg(xt)] dB,

min E[ /0 Tz(xt,ut)dt]

s.t. dJZt = b([lft, ut)dt + O'(th)dBt

Terminal cost value

/OT €(sct,ut)dt]

E[zy] =E

Any needle-like variation 1}
is suboptimal, so

El[p'o7] <0



Proof of the PMP min B[ [ tGerua]
Step 2/3) Adjoint equation st. dzy = b(zy, up)dt + o(z,)dBy

e Adjoint equation, defined backwards in time (compare with It6 & FBSDES)
dpy = —Vb(Zy,ur) ' Pedt — V& (Z,) ' pidBy pr =P

e Recall the variations
Ao = Vb(&, u) o7 dt + V& (&) or dBy

e By Ité’s formula for geometric rough paths:

~ T ~7r ~ T ~7r . T
Ve, = V for all times, a.s. R . A
pt t pT T p

= |k [ﬁz—@?] < () forall times. Ep'o7] <0



Proof of the PMP min B[ [t ua]

Step 3/3) Maximality Condition st. dzy = b(zy, up)dt + o(z,)dBy

e Adjoint equation

dﬁt — —VE(CUt, U,t)—rﬁtdt — V&(wt)TﬁtdBt

® ,
e Maximality condition Lﬂ/ Ol
-0/ ur,
uy = argmax E [H (T4, v, py)] N ‘l/:

with H(Z,u,p) =p' b(Z,u).
By contradiction, find a better control:

K [H(:%U u??ﬁi) o H(:’Etv ut7ﬁt)]
=E[p; (b(Z:,u]) — b(d,u))] =E [p, 97| >0 => contradicts E [p, 77| <0



Summary: Stochastic PMP

e Optimal Control via (pathwise) rough path theory Questions

T
min ]E[/ (s ut)dt] e Other formulations ?
],U) 0 7

u€L>=([0,T (risk-averse, ...)
st i = bl ug )b+ orlag) By e Control in the diffusion ?
e Pontryagin Maximum Principle e Analysis of the shooting

OH s, method ?
dp; = —%(xtautapt)dt — a—g(wt)TptdBt pr =20
e A different path towards
up = arg max £ [H (w1, v, p0)] extending the deterministic

e Shooting Method N optimal control literature




Augmenting Optimal Control with Learning ?

4 ) 4 )

\
Differentiable Bayesian Learning Perception
MPC on the _ & Control
GPU (+ RL)

PCG—

oL
o 0z

S =
0




Robustness to Uncertainty via Reinforcement Learning

Reinforcement Learning Differentiable MPC as a
in Simulation structured policy class
( mPCc
A
/ <

Rudin et al, CoRL'21

\ ‘ ) data
Black-Box e N Aa—
oY

Neural Networks 2 e Make MPC trainable & combine with learning ?
< e Make MPC scalable on the GPU ?
e Leverage MPC’s structure ?



Differentiable MPC on the GPU

e DiffMPC as a structured, control-oriented 4
learning backbone

github.com/TovotaResearchInstitute/diffmpc

e Solvers on the GPU => we can scale up o
Pass
o Hardware-algorithm co-design )

ol :
e DIffMPC + RL to handle uncertainty \ /

Data

Reinforcement learning
Imitation learning
System identification
Perception & control
Auto-tuning

Adabag et al, “Differentiable MPC on the GPU”, ICLR’26


https://github.com/ToyotaResearchInstitute/diffmpc



http://www.youtube.com/watch?v=r42iJBw-L4E
https://www.youtube.com/watch?v=r42iJBw-L4E

Bayesian Learning & Information Gathering

Posterior

{ Active Learning

€x
Y. @ @ s

Nominal Driving

()
(5))

Information Gathering #1

3 e online adaptation +
B oy ' e s i ' 8 MPC may struggle
% : ‘ | e prior adaptation on
; information-rich
Information Gathering #2 2 data imml‘?dic?t?ly
, initiates the drift

Davydov et al, “First, Learn What You Don’t Know”, RA-L'25



Vision-Conditioned Bayesian Dynamics Models

Vision conditioning

9 fine-tuned
SEGMAN-T
—_—

Limited data Data on dry
w. puddle L8

water score sequence LSTM @ pre-training

_= === fine-tuning
Pt—N

0} > Ct€

apply pixel weighting " ; —*

VBLL
Neural network backbone head
= / p(Azigy | 21, ¢0)

po(ze) B8 po(z) © yp(cr) + Byler)
feature-wise affine p(Azii | 21)
transformation (FiLM)

2z -

Linear
Linear

Data collection

37

Brunzema et al, “Vision-Conditioned VBLLS”, Arxiv'26


https://docs.google.com/file/d/17QgPlK2ISJo32mRQRvu-VUnLSASgQVeU/preview

Uncertainty-Aware Control at the Limits

-

Uncertainty-Aware
Optimal Control

~N

-

N\

Differentiable MPC
on the GPU + RL

Backward
Pass

/

~N

By turning optimal control into a
scalable & trainable decision-making engine
that reasons about uncertainty,
we improve the ability of intelligent vehicles to
drive safely near their performance limits.

-

Bayesian Learning
& Control

~N

Perception & Control

]




Thank You




