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Stochastic optimal control problem
(MDPs)

e System: X411 = fr(Xp, Uk, Wi), k=0,...,N—1
* Control constraints: u, € U(xy)

* Probability distribution: P, (- |x, uy) of wy

* Policies:mt = {my ..., my_1}, Whereu, = m,(x;)
e Expected Cost:

N-1 :
J(xg) = Ew, k=0,.,N-1 gn(xy) + z I (X, T (X)), Wi)
R k=0 J

 Stochastic optimal control problem
J (xo) = mnin]n(xo)
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Key points

* Discrete-time model

* Markovian model

* Objective: find optimal closed-loop policy
 Additive cost (central assumption)

* Risk-neutral formulation

Other communities use different notation: Powell, W. B. Al, OR and
control theory: A Rosetta Stone for stochastic optimization. Princeton
University, 2012.

4/15/21 AA 203 | Lecture 6 4



-
Principle of optimality

o Letn™ = {my, 7, ..., my_1} be an optimal policy
* Consider tail subproblem

E|anCxn) + ng(xk,nk(xk> wi)

and the tail pollcy {m;, .. »7T1v—1}

Principle of optimality: The tail policy is optimal for the tail
subproblem
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The DP algorithm (stochastic case)

Intuition
 DP first solves ALL tail subproblems at the final stage

* At generic step, it solves ALL tail subproblems of a given time
length, using solution of tail subproblems of shorter length
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The DP algorithm (stochastic case)

The DP algorithm

e Start with
Jn(xy) = gn(xy)
and go backwards using

Je(x ) = min E, [gr (X, Wi, wi) + Jiepq (f Qo ug, wi)) |
ur€el(xg)

fork= 0,1,...,N —1

* Then J*(xy) = Jo(xy) and optimal policy is constructed by setting

m,(x,) = argmin Ey, Lgr (g, Wy, Wi) + Jerr (F (g, Uy, wi)) |
urel(xg)
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Example: Inventory Control Problem (1/4)

 Stock available x;, € N, inventory u;, € N, and
demand w;, € N

* Dynamics: X341 = max(0,x;, + u; — wyg)
* Constraints: x;, + u;, < 2

* Probabilistic structure: p(w;,, = 0) = 0.1,
p(wp =1) = 0.7,andp(wy, =2) = 0.2
* Cost
- 2
E 0 + Z(uk + (.X'k + U — Wk)z)
R k=0 L ' J

g3( x3) i (Xpe, Uk, W)
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Example: Inventory Control Problem (2/4)
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Example: Inventory Control Problem (3/4)

* Algorithm takes form
Je(xe) =  min By Ju, + (0 + up — wy)?

Osugs2-—-xg
/i1 (max(0, x, +u, —wy)) |
fork =0,1,2
* For example

J2(0) = uzrilci)g’Zsz[uz + (U, — wp)?] =

min u, + 0.1(u,)* + 0.7(u, — 1)? + 0.2(u, — 2)?
u2=0,1,2

whichyields /,(0) = 1.3,andm,(0) =1
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Example: Inventory Control Problem (4/4)

Final solution:
.]O(O) — 37)

* Jo(1) = 2.7,and
* Jo(2) = 2.818
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e
Stochastic LQR

Find control policy that m|n|m|zes

E|xlQxy + Z(kukxk +u Rkuk)

subject to
e dynamics x4, = Apx; + Bruy + wy

with x,, {w; } independent and Gaussian vectors (and in addition
{w; } zero mean)
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Stochastic LQR
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Infinite Horizon MDPs

State: x€EX (oftens € §)

Action: u€eU (often a € A)
Transition Function: T(xp |x—1,up—q) = (x| Xp_1, Upq)
Reward Function: . = R(Xx¢, Up)

Discount Factor: 14

MDP: M=, UT,R,y)
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e
Infinite Horizon MDPs

MDP: M =(X,UT,R,y)
Stationary policy: us = mw(x;)

Goal: Choose policy that maximizes
cumulative reward

m* = arg max E z ViR (xs, m(xy))

T
Lt=20 .
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Infinite Horizon MDPs

* The optimal reward VV*(x) satisfies Bellman’s
equation

V*(x) = max R(x,u) +vy Z T(x'|x,u) V*(x")

x'ex

* For any stationary policy m, the reward V(x) is the
unique solution to the equation

V() = RGcw) +v ) TG 6w Ve (&)

x'eXx
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Solving infinite-horizon MDPs

If you know the model, use DP-ideas
 Value Iteration / Policy Iteration

RL: Learning from interaction
* Model-Based

 Model-free
* Value based
 Policy based
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Value |teration

* Initialize Vy(x) = 0 for all states x
* Loop until finite horizon / convergence:

Viers () = max | RGw) +y ) TG, u) Vie(x')

x'ex
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Q functions

V*(x) = max (R(x, u)+vy z T(x"|x,u) V*(x’))

x'ex

G /
Y

Vi(x) = max Q*(x,u)

VI for Q functions

Qs (o) = RGw +y ) T(x'x,u) max Qx (¥, u)

x'ex

4/15/21 AA 203 | Lecture 6 19



Policy Iteration

Suppose we have a policy m; (x)
We can use VI to compute 17, (x)

Define ;4 (x) = arg max (R (X, u) + ¥ Zpree T |2, u) Vo, (x’))
u
Proposition: 1, (x) =2V, (x)Vx€X

Inequality is strict if r;, is suboptimal

Use this procedure to iteratively improve policy until convergence
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Recap

* Value Iteration
» Estimate optimal value function
« Compute optimal policy from optimal value function

* Policy Iteration
 Start with random policy
* |teratively improve it until convergence to optimal policy

* Require model of MDP to work!
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Next time

* Belief space MDPs
* Dual control

* LQG

* Intro to reinforcement learning
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