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Today’s lecture

* Aim
* Introduce the topic of multi-sensor perception and sensor fusion
» Learn about Kalman filtering applied to sensor fusion
* Devise a sensor fusion algorithm for position estimation (low-level fusion)
* Introduce the topic of multi-object tracking
* Discuss emerging sensor fusion techniques

* Readings
* F. Gustafsson. Statistical Sensor Fusion. 2010.
» C. Lundquist, Z. Sjanic, F. Gustafsson. Statistical Sensor Fusion: Exercises. 2015.

e D. Simon. Optimal State Estimation: Kalman, H,,, and Nonlinear Approaches.
2006.
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Multi-sensor approach in robotics

* Self-awareness (localization and positioning)
» Situational awareness (detection and tracking)

Sensing Vehicle control
Localization Localization & Environment & Planning &
sensors map provision self perception control
¢

|

Actuators
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Single-sensor vs multi-sensor perception

» Drawbacks of single-sensor perception
 Limited range and field of view
» Performance is susceptible to common environmental conditions
* Range determination is not as accurate as required
» Detection of artefacts, so-called false positives

* Multi-sensor perception might compensate these, and provide:
* Increased classification accuracy of objects

Improved state estimation accuracy

Improved robustness for instance in adverse weather conditions

Increased availability

Enlarged field of view
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Using stationary sensors

700-800m
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Sensor fusion taxonomies

Fusion level
taxonomy

Fusion
classes
taxonomy

Data-related

taxonomy

Architectural
taxonomy
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Fusion level taxonomy
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Decision Fusion g
Interpretation

* Fusion is typically divided into three ?
levels of abstraction: [ = —

1 ? Characteristics Fusion

? Abstraction

(]
* Low-level fusion
* Intermediate-level fusion =
* High-level fusion —

* They respectively fuse:
* Signals (early)

» Features and characteristics (deep)
t__

* Decisions (late) b vessrement

P8 |— b I

Feature Fusion ’
? ? f Data processing
L

v

Signal processing

? Signal Fusion

Schematic depiction of fusion levels (Stiiker, Heterogene Sensordatenfusion
zur robusten Objektverfolgung im automobilen StrafSenverkehr, 2016)
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Comparison

| Aspect | Early Fusion | Deep Fusion | Late Fusion |

Definition

Raw sensor data (LiDAR, camera,
radar) is combined before process-
ing.

Features from sensors are fused at
multiple processing stages.

Decisions from separate sensor
models are combined at the end.

data for object detection.

and camera for dynamic driving
scenarios.

Advantages Captures sensor interdependencies | Balances early and late fusion ben- | Modular, flexible, and easier to im-
early and is better for low-latency | efits while adapting to complex sce- | plement.
tasks. narios.

Disadvantages High computational cost and com- | More complex design and requires | Misses early sensor synergies and
plexity with high-dimensional data. | careful tuning. has limited cross-sensor learning.

Best Use Cases Real-time sensor fusion for low- | Complex environments needing | Tasks with well-defined, indepen-
latency decisions. adaptive fusion. dent sensor models.

Examples Combining raw LiDAR and camera | Adaptive fusion of LiDAR, radar, | Combining separate LiDAR and

camera model outputs for final de-
cisions.

[Source: K. Huang et al., Multi-modal Sensor Fusion for Auto Driving Perception: A Survey, CVPR, 2024, https://arxiv.org/abs/2202.02703]
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Fusion class taxonomy

Achievements Reliability,

PY CO m petitiv e f u Si O n Accuracy Completeness Emerging Views
» is used when redundant sensors measure |
the same quantity, in order to reduce the
overall uncertainty ﬁ
. (01]1 3L[lll\\. ( UIII*I&I]]LI] ll\ (O() yerative
o CO m p le m e nta ry fu S I O n Fusion l‘l}\l()ll I[ usion ‘ l‘{l\l()lll

* isused when sensors provide a
complementary information about the
environment, for instance distance
sensors with different ranges

¢ Cooperative fUSion Environment @

 isused when the required information
can not be inferred from a single sensor
(e.g. GPS localization and stereo vision)

Sensors

e
-
-

I\O
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Architectural taxonomy

* The centralized architecture is theoretically optimal, but scales badly with respect to
communication and processing

* The decentralized architecture is a collection of autonomous centralized systems,
and has the same scaling issues

* The distributed architecture scales better, but can lead to information loss because
each sensor processes its information locally

Centralized architecture
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Data-related taxonomy

* Inherent imperfection of the sensory data

* The data-related taxonomy provides us with a checklist of
underlying data issues and how to deal with them

Data-related Fusion Aspects

1

Imperfection Correlation Inconsistency Disparateness
Uncertainty Imprecision Granularity Conflict Outlier Disorder
Vagueness Ambiguity Incompleteness
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Data-related taxonomy

* Sensory data makes a statement about the environment
* "The distance to the nearest caris 35.12 m”
* Due to the inherent data imprecision, we have to deal with:

* Uncertainty: The distance to the nearest car is more than 20 m with
80% probability

* Vagueness: The distance to the nearest car is more than 20 m with
80% probability, and we are 90% confident in this statement

* Ambiguity
* Incompleteness
* The underlying data can contain multiple imperfections at once
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Bayesian statistics in multi-sensor data fusion

» Basic premise: all unknowns are treated as random variables and the
knowledge of these quantities is summarized via a probability
distribution

* Thisincludes the observed data, any missing data, noise, unknown parameters,
and models

* Bayesian statistics provides
« a framework for quantifying objective and subjective uncertainties

* principled methods for model estimation and comparison and the classification
of new observations

« anatural way to combine different sensor observations
* principle methods for dealing with missing information
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Sensor fusion —a simple example

* Problem: determine the distance to n objects using measurements
from two sensors

* Assumptions:

* Both sensors have the same field of view
* First sensor has a higher precision than the second sensor
» Consider the simplest case (n=1)

* How to fuse these measurements properly?
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Sensor fusion —a simple example

 Sensors provide redundant measurements of the same physical
quantity (distance)

* To incorporate the precision information > measurements are
assumed to be normally distributed random variables

* Specifically, the univariate Gaussian distributions are:

di(w) = (2m07) "2 exp (—3 & _5”2) ~ N(m, 0)

AN

1 1 (x— 2
dafe) = (2rod) Fexp (5 T )~ N,
2
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Sensor fusion —a simple example

* Assumption from before:
* First sensor has a higher precision than the second sensor

 This can be captured as: ¢f < 02
* Problemis to find d(z) ~ N (i, 0%)
* The idea is to combine the previous Gaussian distributions

o) = ) )= o) (1 (25 )

2 ok g
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Sensor fusion —a simple example

* Re-arranging the expression in the exponent and dividing the
numerator and denominator by (o + ¢%):

L femm)® @) ) (el 2okm oot (oRud+otud)
2 0% ol 2 ot}
) 229 Mlzgiigff% o M1Z%15%°%
— _ 1 1 2 1 2
2
P

* To obtain an expression of form x? — 2ux + u? = (x — w)? in the
numerator, it is necessary to add and subtract the square of the second
term
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Sensor fusion —a simple example

2 2
2 _ gm0 tpaot (ulcf%ﬂbzaf) - (uw%ﬂua?) | Hioytugo;

2 2 2 2 2 2 2 2
o1+0o3 o1+05 o1+o3 o1+05

2 2
2 0105

2 2
o1 —|—02

1£E

* The expression in the exponent becomes

2 2
e —ptrs | L@ s
2 o2 2 o2 202
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Sensor fusion —a simple example

* Putting everything together leads to the final distribution which
represents the fused information

2 o? 202
2 L 2
= (2mo102) " exp (“2028) exp (—% (ng) )

= (' - exp (_% (w_5)2)

o

d(x) = (27m102)_1 exp (—l (z—p)” | “2_8)
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Sensor fusion —a simple example

* Mean value and variance are »

2 y ol =L

105 + p20] |
o 2 2 Bos] .
o1 + 05 1 |

2 2 '

2 _ 9102 |
0_02+02 W
1 2 21 22 23 24 25 26 27 28 29 30 31 32

distance [m)]

* The fused value is the weighted average of the measurements
* The weighting favors the sensor with higher precision
* The overall uncertainty decreases
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Kalman filter (KF) —again

« Assumption #1: linear dynamics ; = A;xy—1 + Biuy + €
* i.i.d. process noise €; is N (0, R;)
* Assumption #1 implies that the probabilistic generative model is Gaussian

e Assumption #2: linear measurement model z; = Cix; + 0,

e i.i.d. measurement noise &; is N (0, Q;)
* Assumption #2 implies that the measurement probability is Gaussian
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]
Kalman filter (KF)

e Assumption #3: the initial belief is Gaussian

I

bel (z0) = p(zo) = det(2750) 2 exp <—§(ZE0 — po)" 2g (o — ,UO))

* Key fact: These three assumptions ensure that the posterior bel(x;)
is Gaussian for all ¢, i.e., bel(x;) = N (s, X4)

* Note:
* KF implements a belief computation for continuous states
* Gaussians are unimodal = commitment to single-hypothesis filtering
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Kalman filter: algorithm revisited

Prediction Uncertainty in prediction

Project state ahead
fy = Agpie—1 + Biuy
Project covariance ahead

it — AtEt_lAtT + Ry

Correction

Compute Kalman gain

SY. T N T -1
Kt = EtCt (CtZtCt + Qt)
Update estimate with new measurement

pe = By + Ki(2¢ — Cifiy)

Update covariance

2y = (I o Ktct)zt ﬁ\ Uncertainty in correction
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Kalman filter (KF) — pose estimation

data fusion

A |

Probability [ |
density function

Optimal state estimate
time instant t

N\

Position Car’s position
Time instant t
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Kalman filter (KF) — multi-sensor fusion

IMU only

Motion Predicted Corrected

MU model state state

High rate

Kalman Filter
Fusion

GPS -
Position

observation

Lidar

Low rate
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Sensor fusion example

* Problem: Estimate position, velocity, and
acceleration of a vehicle from noisy position
and acceleration measurements

* Assumptions:
* Single track model for the vehicle

 Lidar provides position measurements with low
precision

* GPS provides position measurements with high
precision

* IMU provides acceleration measurements
* Sensor fusion is done using the Kalman filter

12/1/25 AA 174A | CS 137A | EE 160A

VCIRCE .

\4

A4

Sensor fusion algorithm
Kalman filter

26



Sensor fusion example: Motion model

T
- Statevector: iy = |[p v al
» Change of the state over time is captured by the motion model

T2
Pt = Pi—1 + Lsve_1 + 786%—1 + €pt
Vg = Ve—1 + Lsap—1 + €yt
at+ — at—1 + €qt

* T, represents sampling time
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Sensor fusion example: Motion model

* The motion model can be represented in matrix form

T27 7 [S—

p 1 T 5 p Cp
(% = 10 1 TS v + | €v
Sl 0 0 1] [a t—1 | Caly
L \ , J S
State vector State transition Process noise
matrix

po= Agpi—1 + €
where €, is i.i.d. process noise distributed as N (0, R,)
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Sensor fusion example: Measurement model|

* The measurement model defines a mapping from the state space to the
measurement space

* For this example, two possible fusion scenarios will be considered:
1. Lidar + IMU

2. Lidar+ GPS + IMU

* In the first scenario, only measurements from Lidar and IMU are
available
» Assumption: Lidar provides low precision measurements (noisy data)

* In the second scenario, high precision GPS measurements are also
available

12/1/25 AA 174A | CS 137A | EE 160A 29



Sensor fusion example: Measurement model|

* First scenario - measurement model is given by

p
Plidar e I 0 O 5lz’dar
o v —|—
Aimu 4 0 0 1 5imu 4
L 2
Measurement Measurement State Measurement
vector matrix vector noise
2zt = Crpg + 0y

where §; is i.i.d. measurement noise distributed as NV (0, Q;)
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Sensor fusion example: Initialization

* Choosing the initial state vector u, - depends on -

available information 0
* If thereis a-priori knowledge - initialization is done with known values Ho — 0
* Ifthereis alack of information - initial state is chosen to be zero 0

* For this example the initial state vector is set to zero -

* Choosing the initial covariance matrix Z, - should be

defined based on the initialization error 1 0 0
« If theinitial state is not very close to the correct state - £, will have -~
large values ZO =10 10
* Iftheinitial state is close to the correct state - Z, will have small values 0O 0 1
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Sensor fusion example: Noise model tuning

* The process noise covariance matrix R; - describes the confidence in the
system model

* Small values indicate higher confidence - predicted values are more
weighted

* Large values indicate lower confidence - measurements become dominant

* The measurement noise covariance matrix Q; - describes the confidence
in the measurements

* Has a similar interpretation as R;
* Both matrices need to be symmetric and positive definite

(0.05 0 0 | 2 0
Re=| 0 0001 0 Q: = [ T 2 ]
0 0  0.05 e
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Sensor fusion example: Position estimation
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Sensor fusion example: Position estimation

Position

Lidar data

0 2 4 6 8 10 12 14 16 18
t[s]
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Sensor fusion example: Position estimation

Position
7 —
Lidar data
Estimate
s kit t e Ground truth

Estimate is very noisy because of the poor Lidar

measurements
| | | | | |

o 2 4 6 8 10 12 14 16 18
t[s]
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|—-—-— Ground truth |

Velocity estimation
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Sensor fusion example: Velocity estimation

Velocity

2 —
Estimate
————— Ground truth

v [m/s]

t[s]
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Sensor fusion example

Acceleration
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Sensor fusion example: Acceleration estimation

Acceleration

IMU data

0 2 4 6 8 10 12 14 16 18
t[s]
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Sensor fusion example: Acceleration estimation

Acceleration

IMU data
6 Estimate
—==—== Ground truth
4 +—
2 —
E
0
2
4 -
-6
0 2 4 6 8 10 12 14 16 18

t[s]
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Sensor fusion example: New measurement model

* In the previous scenario - the position estimate is quite noisy
(because of the low precision of the Lidar measurements)

* Now: position is measured with Lidar.and GPS

_plidar _1 0 0 4 _5lidafr_
Pogps | = |1 0 O {v| + | Ogps
i Aimu 1y _O 0 1_ _CL_ " i (Sz'mu 1y

2zt = Oy + 0y
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Sensor fusion example: Noise model tuning

* The measurement noise covariance matrix Q, for this scenario has
an additional GPS variance

o2, 0 01 [05 0 0]
Qt — 0 O-gps 0 — 0 012 0
0 0 o2.1 |0 0 022
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Sensor fusion example: Position estimation

Position

i u %WW W"F#lt&,

=l Mlﬁ
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W‘,ﬂ” W'"" Mwwwm
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Sensor fusion example: Position estimation

Position
7 —
Lidar data
GPS data
61 Estimated KF

——— Ground truth

p [m]

Combining Lidar and GPS data results in a more

accurate estimation
| | | | |
0 2 4

|
6 8

10 12 14 16 18
t[s]
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Sensor fusion example: Position variance

Position variance

1+
— 2
lidar
09 52
! gps
09 —-
081 estimated
08
0.7
07}
05
0.6 - ek 0.025 -
03 002
05 02 0015
e 0.01
04 e . . . . : : :
03| of
02 P . ‘ ‘ .
011
0E T T T T T T T T T
0 2 4 6 8 10 12 14 16 18 2 2 2
t[s] O estimate < (Tgps < Olidar
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Sensor fusion example: Conclusion

* Problem: Vehicle state estimation using EKF

* The example pointed out: X
* How to create a motion model and a measurement
model 2( ’//
« How to fuse the data from different types of sensors
* How to set the initial state vector and the initial
covariance matrix

measurement noise covariance matrices

* How to achieve a more accurate state estimation by
adding more sensors

» How fusion of data decreases the overall estimation
variance

 How to chose appropriate values for process noise and 'W‘-"
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Useful trick

* Augment the state vector with some auxiliary states and then apply the
EKF to the augmented state space model

* What can we handle?
* Colored state noise
* Colored measurement noise
» Sensor offset and drifts
» Sensor faults (sudden offset)
» Actuator fault (sudden offset)
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-
Live demo / Autoware by M. Schratter

1. Lidar- and GNSS-based localization
2. Parameter variation (noisy data, bias, drift)
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Multi-sensor approach in robotics

* Self-awareness (localization and positioning)
» Situational awareness (detection and tracking)

Sensing Vehicle control
Localization Localization & Environment & Planning &
sensors map provision self perception control
¢

|

Actuators
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Modeling the environment

» Two types of algorithms are typically used (multiple sensors)

* Object tracking algorithms
* Occupancy grid algorithms

* Goal of object tracking algorithms

* to determine the list of objects, which are currently present in the
environment

e to estimate their state variables

 Occupany grid approach

» we describe the environment in a form of a discrete grid with certain
height and width of the cells (fixed resolution step size)

* each cell has a probability that it is occupied (or not), defined by sensor
observations

12/1/25 AA 174A | CS 137A | EE 160A 50



Tracking vs. occupancy grids

t3
@
/
o~
/
*tl
ot /
. Sensor
Observations

Track 1
u

\

\ O

Trca)ci 2
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D Free cells

. Unknown cells

. Occupied cells

Laser beam
Free Occupied  Unknown
P(Occ) =1

P(Occ) =0.5

P(Occ) =0
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Free space
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Combined Gridmap (scan): 0

Occupancy grids

Statie Free | Unknown.

b:
L\\\ Z ) % 0.0
\\\

15.0

* Unknown: not observed by the sensor

* Free: not occupied by any object

-30.0 -15.0 0.0 15.0

* Static: occupied by a non-moving object wepestton () *  Blue: unknown
* Gray: free

* Brown: static
* Yellow: dynamic

* Dynamic: occupied by a moving object
(information like velocity and heading)

12/1/25 AA 174A | CS 137A | EE 160A 52



Single object tracking

* Single model estimation filter (Kalman filter type)

Description of the system and the measurement models:  x; = A;z;_ 1 + Bius + €

* Process noise €; isN(0, Ry) zy = Cyxy + Oy
* Measurement noise &; is/N (0, Q;)

Correction

Project state ahead Sy 3T 5 T —1
J > A B Kt — EtCt (CtEtCt + Qt)
M = elp—1 T Dy Update estimate with new measurement

Proi . h o -
rOJecicovarlancea ead - iy = [Ty + Kt(zt _ Ct,ut)
Ez‘, — Atzt—lAt + Rt Update covariance

[ — ¥ = (I - K;C)Xy
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Single object tracking

* \Vehicle model?

oo

Vehicle is moving in
different modes

Constant velocity (CV)
Constant acceleration (CA)

Constant turn rate (CT)
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Multi-object tracking

2. Data association problem

filter
filter \/
J
O] 0
filter filter

- &

The difficulty of multi-object tracking We have acat associaon proem

deletion

Track creation

1. Uncertainties in predictions and in measurements
of the objects

uncertain prediction

4. Track maintenance due to uncertainties

uncertain prediction

A uncertain measurement
-/'- False positive observation or

o o a new object to track?

uncertain measurement

Missed detection or did the
object disappear?
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Multi-object tracking

) ) . (o - )
When tracking multiple objects: {:
* What are the ways to approach the data association problem? £ s é
* What are the ways to address the track maintenance problem? _}
- Multi-object tracking flow chart LI "L
Add/delete tracks
1-to-1, many-to-1, 1-to-many GNN, JPDA...
ti assignment ach
observations 2 maintenance
Rejecting unlikely estimation
observations f,’]{-epins CF IMM filter

Figure adapted from Design and Analysis of Modern Tracking Systems by Samuel Blackman and Robert Popoli (Artech House Radar Library).
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Sensor fusion using radar and vision data

Define Radar and Vision Sensors

Sensors defined / ego vehicle:
* 6radarsensors:
* 2long-range radar sensors covering 20 degrees (in front and back),
* 4 short-range radar sensors covering 90 degrees (two per side),
* 2vision sensors:
* Front-facing camera located at front windshield,
* Rear-facing camera located at rear windshield,

* sensors have some overlap and some coverage gap.
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e
Sensor fusion using radar and vision data

« totrack the vehicles that are close to the ego vehicle,

3 * Note:
1. initialize the motion model
Qo000

2. initialize the EKF that works with position and velocity

What is the tracker responsible for?

A. Assigning detections to tracks. D. Updating existing tracks based on assigned
e peos : detections.
B. Initializing new tracks based on unassigned
detections. All tracks are initialized E. Coasting (predicting) existing unassigned tracks.
as 'Tentative', accounting for the possibility that : : : :
they resulted from a false detection. F. Deleting tracks if they have remained unassigned

(coasted) for too long
C. Confirming tracks if they have more

than M assigned detections in N frames.
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Sensor fusion using radar and vision data

file Edit View Insert Tools Desktop Window Help ~
Dade @ 0EKE
Top View Bird's-Eye Plot
60
4 vision
o radar
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O track
(history)
I 40+ 8
20— 1
E oL |
Chase Camera View S
20+ 4

-40

/ 0
/
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e
Sensor fusion using radar and vision data

12/1/25

Chase Camera View Passing Vehicle Ego Vehicle
A vision @ radar lane A vision @ radar |lane
- O  track (history) O  track (history)
= ‘ S~
— e T T T T T T T T T
— ~ 25 F ‘ : ] 40 T ﬂ
Bird's-Eye Plot ' ' [ |
-30 | 1 30|
| A
60 -35 1
| | 2 |
40} | | ‘
40 ‘ |
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20| a3 | o I
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Gaussian mixture phd tracker (here: MATLAB implementation)
Can handle multiple detections per object per sensor (here: 6 radars, 2 cameras)

It estimates the size and orientation of the object (along with pose and velocity)
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Takeaways

* Multiple target tracking (MTT), multi-object tracking (MOT)
* multiple detections from multiple targets,

* use of one or more Sensors,

* one or more tracks are used to estimate the states of the targets.
* Note: Extended object tracking

* high-resolution radar/lidar sensors,

« can handle multiple detections per object.
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Emerging mathematical frameworks - outlook

How to handle the unpredictable nature of real-world environments?

 Dynamic Bayesian filtering: from static to dynamic uncertainty
» Standard: sensor uncertainty are static, pre-defined probabilities.
* Dynamically adapt probability models based on sensor performance / environmental conditions.
* E.g.,robot moves into a shadowy corner = system adjusts the weighting of visual vs. Lidar data.

* Context-aware filtering
» Standard KFs rely on fixed noise models.
* Adaptive noise covariance matrices that evolve based on environmental conditions.

 Effect: reduction of estimation error e.g., in scenarios involving rapid environmental changes.

* Hybrid architectures
* They combine classical filtering with modern machine learning.

. the.of neural networks to learn optimal filter parameters from experience, rather than manual
uning.
* Effect: reduced calibration time while improving accuracy.
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Sensor fusion attention mechanisms

* Combines data from multiple sensors by dynamically weighting their
contributions depending on context, reliability, and relevance.

* Main benefits:
* Prioritize high-quality signals
* Suppress noisy or unreliable data
* Adapt to changing environments
* Improve robustness in edge cases

* Examples:
* Rely more on LiDAR in low-light conditions
» Switch focus to camera when fine texture is needed
* Elevate radar signals in fog or rain
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How it works (conceptually)

* Each sensor provides a feature representation
* e.g., RGB image features, Lidar point cloud features, radar Doppler features

* The attention module computes similarity scores between sensor
features (queries, keys, values).

* These scores determine which sensors or modalities contribute more to
the fused output.

* The result is a context-dependent weighted fusion.
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Possible architecture
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[Source: P. Shi et al., Att-BEVFusion: An Object Detection Algorithm for Camera and LiDAR Fusion Under
BEV Features, World Electr. Veh. J. 2024, 15(11), 539; https://doi.org/10.3390/wevij15110539]
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Common problems in multi-sensor data fusion

 Registration: Coordinates (both time and space) of different sensors or
fusion agents must be aligned.

* Bias: Even if the coordinate axis are aligned, due to the transformations,
biases can result. These have to be compensated.

* Correlation: Even if the sensors are independently collecting data, processed
information to be fused can be correlated.

 Data association: multi-target tracking problems introduce a major
complexity to the fusion system.

* Out-of-sequence measurements: Due to delayed communications between
local agents, measurements belonging to a target whose more recent
measurement has already been processed, might arrive to a fusion center.
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